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1. Introduction

In classical real analysis, Lusin’s theorem governs the
continuity and the approximation of measurable functions on
metric spaces in non-additive measure theory this well known
theorem was generalized by Wu and Ha [13] under the condi-
tions of continuity and auto continuity. This was furthered by
Jiang et. al [4, 5] and Li and Yasuda [8], Li and Yasuda [8]
proved Lusin’s theorem on finite fuzzy measure spaces by
using weak null-additivity. Alina Cristiana Gavriluj [1] using
monotone uniformly auto continuous functions has proved
the Lusin type theorems. We have proved Lusin’s theorem of
uniformly auto continuous functions.

The paper is organized as follows. Section 2 Preliminaries
and we have exposed the interconnection between uniform
auto continuity and pseudo metric generating property. In
Section 3 condition (E) of monotone measures is elaborated.

Section 4 is devoted to the issue of regularity of monotone
measures.

2. Preliminaries

We suppose that (X, P) is a metric space and O and C are
the classes of all open and closed sets in (X, P) respectively.
Let B is the Borel o-algebra on X. It is the smallest ¢ algebra
containing O. Let F' denote the class of all finite real valued
measurable functions on the Borel measurable space (X, B)
unless stated otherwise all the subsets mentioned are supposed
to belong to B, and all the function mentioned are supposed
to belong to F.

Definition 2.1. A non-negative set function |1 : B — [0, +]
is said to be finite if (X ) < oo.

Definition 2.2. A non-negative set function [ : B — [0,00] is
continuous from below if lim y (A,) = w(A) whenever A, 1
n—oo

Aand there exists no with [ (Anp) < o°.

Definition 2.3. A non-negative set function \ : B — [0,00] is
continuous from above if lim [ (A,) = u(A) whenever A, |A

n—soo
and there exists ny with | (A,) < oo

Definition 2.4. A non-negative set function [t : B — [0,00] is
continuous if W is continuous from below and above.

Definition 2.5 ([3]). A non-negative set function L : B —
[0, 0] is order continuous if lim p (A,) = 0 whenever A, | 0.
n—oo
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Definition 2.6 ([3]). A non—decreasing set function L : B —
[0,9] is exhaustive if lgn U (E,) = 0 for any infinite disjoint
n—oo

sequence {E, }nen.

Definition 2.7 ([6]). A non—decreasing set function |l : B —
[0, 0] is strongly order continuous if lim U (A,) = 0 whenever
n—o0

Ay JA and n(A)=0.

Definition 2.8 ([12]). A non—decreasing set function U : B —
[0, 0] is null additive if W (EUF) = W(F) whenever E, F € B
and W(F)=0

Definition 2.9 ([12]). A non-decreasing set function |1 : B —
[0, 0] is weakly null additive if i (E UF ) = 0 whenever (L(E) =

w(F)=0.

Definition 2.10 ([11]). A non-decreasing set function |t : B —
[0,09] is called auto continuous from above (resp from be-
low) if for every € > 0 and every A € B there exists § =
O (A, €) > 0such that m(A) —e < m(AUB) + &(resp. m(A) —
< m(%) <m(A)+¢€). Whenever BE B, ANB =0 (resp
B CA) and m(B) < 8 holds.

Definition 2.11 ([10]). A monotone measure on B is an ex-
tended real valued set function [ : B — [0, 0| satisfying

1 u(e)=0
2. 1(A) < u(B) whenever AC Band A,B € B

when [l is a monotone measure the triple (X,BL) is called
a monotone measure space. In this paper we always assume
that [l is a monotone measure on B.

Definition 2.12. u is called countably weakly null additive if

u < D A,,> = 0 whenever {A,},.y C Band u(A) =0, n=
n=1
1,2

gy

Definition 2.13 ([1]). U is called null continuous if
u < U A, | =0 for every increasing sequence

n=1
{An}en C B such that u(A) =0,n=1,2,....

Definition 2.14 ([9]). u is countably weakly null additive if
and only if W is both weakly null additive and null continuous.

Theorem 2.15 ([1]). If u is strongly order continuous and
weakly null additive then it is null continuous.

Theorem 2.16 ([9]). If u is strongly order continuous and
weakly null additive then it is countably weakly null additive.

We define the Hausdorff pseudo metric /2 on Py (x) as
h(M,N) = max{e(M,N),e(N,M)} for every M,N € P;(X)
where
e(M,N) = supyy d(X,N), e is called the excess of M over
N.
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Definition 2.17. If u : C — Py(x) is a set multifunction by
|i| we mean the real extended value set function defined by
|| (A) = |u(A)| for every A € C where Py(x) is the farmly of
closed non-void sets of X.

Definition 2.18. A set multi function | : C — P¢(x) is said
to be uniformly auto continuous if for every € > 0 there is
6(€) > 0 so that for every A,B € C with |L(B)| < 8 we have
h(u(AUB), u(A)) <e.

Remark 2.19. If u : C — Py(x) is uniformly auto continuous
then it Has the pseudo metric generating property.

3. Condition (E) of monotone measures

In [7] Li Introduced the concept of condition (E) of a
set function and proved that it is a necessary and sufficient
condition for Egroffs theorem. In this Section We present
some properties for the condition (E) (Or Egroffs condition)
of a monotone measure. They play important roles in proving
regularity and Lusin’s theorem.

Definition 3.1 ([7]). A set Function W : B — [0,00] is said

to fulfill condition (E) if for every double sequence {E,sm) |

n,M € N} < B satisfying the conditions:
For any fixedm=1,2,... ,<,m) — E™(n — o) and

w0 E<'">) _o.
m=1

There exits increasing sequences {n;}icy and {m;}ien of

( U E,S,m’)) —0.

natural numbers such that lim u
oo r=k

Theorem 3.2 ([7]). If U is a finite continuous monotone mea-
sure then it fulfills the condition (E)

Theorem 3.3 ([7]). If U fulfills condition (E) then it is strongly
order continuous and hence it is order continuous and exhaus-
tive.

Theorem 3.4 ([9]). If i is weakly null additive and fulfills
condition (E) then it is null continuous and countably weakly
null additive.

Theorem 3.5 ([9]). The following conditions are equivalent:

1. u fulfills the Condition (E).

2. Forany € >0 and a double sequence {{E,(,m) | n,me N}
C B satisfying the conditions for any fixed m = 1,2,. ..,
EM - EM™(n — o) and u ( U E(’")> = 0. There

m=1
exists an increasing sequence {n,}M € N of natural

numbers such that 1L ( U E,g:?) <E.
m=1

Theorem 3.6 ([9]). The following conditions are equivalent

1. u is weakly null additive and fulfills condition (E)
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|n me N}
C B satisfying the conditions for any fixedm =1,2,.. .,
EM™ — g (n—o0)and u (E("”) = 0 there exists an

2. For any € > 0 and double sequence { Ex"

increasing sequence {ny},cn of natural numbers such
that [ ( G E,(lfn")> <e.
m=1

3. For any fixed KEN and any double sequence
{En |n,m e N} C B satisfying conditions for any
fixedm =1,2,... ,S m E(m>(n — o) and U (E('")) =
0 there exists an increasing sequence {nm( )fmeN
of natural numbers such that [L ( U En ) < % and

for any fixed m=1,2,.. (><n (K+1)-
Note In the above statement (3) for the double subsequence

{ |mK€N} of{E,l |n, mEN} We have |J E,(,::()k)
m=1

‘m(k)

D U Enm (k1) K=12,...and %Lr}[;u (mUI E’S‘:nngk)) =0.

4. Regularity of monotone measures
on metric spaces

It is known that every probability measure P on a metric
space is regular. Now we prove that this property is also
enjoyed by monotone measures with condition (E).

Definition 4.1. A set function U is called regular if for every
A € B and € > 0 there exists a closed set F; and an open set
Ge of X such that F; CA C Gg and 1 (Ge — F;) < €.

Theorem 4.2. If u fulfils condition (E) and auto continuous
then U is regular.

Proof. Let A be the class of all sets A € B such that for any
€ > 0 there exist a closed set F; and an open set G satisfying
F: CACGgand u(Ge —Fe) < €.
To prove the theorem it is sufficient to show that B C A.
It is easy to verify that A is an algebra we shall now prove
that A is closed under the formation of pairwise disjoint count-
ably unions. Let

{A(’") }M N < A be the sequence of pairwise disjoint sets and
€

€ > 0 be given.

By Remark 2.19, since u is auto continuous it possesses
pseudo metric generating properly.

From the definition of A and A(™) € A we know that for
every

m=1,2,..., there exists a sequence {G,(lm>} is decreasing
n=

)

is increasing. Therefore for any fixed m =

and {Fn(m)}m:
1,2,...,{ ) _ g

n(m)} is a decreeing sequence of sets
n—=
with respect to n an as n — oo

Gglm) _El(m) N ﬂ Gglm) . Fn(m)
n=1
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Denote D,, = )

n=1

as n — oo, noting that u (D,,) < U (G,(;n) fF,fm)) <lin=
1,2,....

We have u (D) =0;m=1,2,....

to the double sequence {GS,"1> — F,fm) |n,meN }

(Gﬁ,’") . F,,("”) Then G\ — F™ — D,

Applying Theorem 3.6
and the se-
quence {D,, },._; of sets then for 6 > 0 mentioned above there
exists a sub sequence {Gﬁ,'z) —F (m)} of {Gflm) —F™ }, such

that i (

>)<5.

On the other hand U an

U Gn’: - Fn(::l

U — @(K — o).

We observe that u fulﬁlls cond1t1on (E) if follows from
Theorem 3.3 that it is order continuous. So we have

K
lim p (U an U Fn(,',ln)> =0
m=1

K—ro0

There exists to such that

oo Ko
u(unf,;">— UF,f,:”) _s
m=1 m=1

Ko
Denote G¢ = U Gnm and F; = U F,l(,T ) then G¢ is an open
m=1 m= l
set and F; is a closed set and Fr C U A Ge and
m=1
1 (Ge — Fe)

:"L(UGnm Uan>
m=1

:U’<UG’(1m _an > (UGnm
m=1 m=1
g G A™ €A

m=1

Thus we proved that A is a o-algebra.

We know that for any closed set F € [ there exists se-
quence of open sets {Gy},,_; such that G,, — F — @(m —
o). Therefore it follows from the order continuity of u that
limm — oot (G, —F) = 0. Thus C C A since A is a closed
under the formation of complements we have O C A.

Thus shows that A is a c-algebra containing O.

S.BCA. O

O Fn(m

m=1

>><g

Corollary 4.3. Under the assumptions of Theorem 4.2 for
any E € B there exists an increasing sequence {F,}," | of
closed sets and a decreasing sequence {G,},-_, of open sets
such for everyn=1,2,...,
Fy,CECGuu(Gy,—E)<landpu(E-F,) <1

By Theorem 4.2 and invoking the condition that U is con-
tinuous from below, exhaustive and auto continuous then if
fulfills the condition (E) we can obtain the following corollary
immediately.
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Lemma 4.4 ([8]). u is weakly null additive if and only if for
any € > 0 and any double sequence {Ag,K) } nz1,K>1CB

satisfying
AK) — Dp(K — ), u(D,) =0, n=1,2,..., there exists a

subsequence {A;Km} of {A;K) }, n>1, K> 1 such that

u < D A;K”)> <egKi<Ky<---).
n=1

5. Lusin’s theorem on monotone
measure spaces

In [7] Li Proved that the condition (E) is a necessary and
sufficient condition for Egroffs theorem on monotone measure
spaces

Theorem 5.1 ([7]). The following conditions are equivalent:
1. U fulfils condition(E)

2. For f € F and {f,},cny C F if any {f,} converges to
f almost every where on X then for any € > 0 there
is a subset X¢ € B such that 1L (X /X,) < € and {f,}
converges to f uniformly on Xg.

Theorem 5.2 (Egroffs theorem). let a monotone measure [
fulfils condition (E) and auto continuous. If {f,} converges
to f almost everywhere on X then for any € > 0 there exists
a closed subset Fe € C such that (X — F¢) < € and {f,}
converges to f uniformly on Fg.

Proof. Given that {f,} converges to f almost everywhere on
X. Then there exists an increasing sequence {X,,}, _; CB

such that u (X - U Xm> =0 and f, converges to f on Xy,

m=1
uniformly for any fixed m =1,2,....

Denote H =X — |J X,, then u(H) =0.
m=1

u is weakly null additive. Then for any E€B there exists a

sequence {F ) }k 1 of closed sets and a sequence {G<k) }k |

of open sets such that for every -

K=1,2,...F® c £ G®u (G0 - E) < & and
u(E-F9) <1

Here the sequence {F (%) }:zl is increasing in K and the
sequence {G(") }:71 is decreasing in K.

.. for every fixed Xm, m=1,2,.... There exists a se-

quence {F,S,k)}: | of closed sets satisfying F,S,k) C X, and
u (Xm — F,Slk)) < % forany K =1,2,..., without loss of gener-

ality we can assume that for fixedm=1,2,.... {Xm — F,,(,k) }k |

is decreasing as K — oo thus
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X — F,ﬁ N (Xm — F,,(,k)> as K— oo, Write
k=1

Dy = ( (X —F,,(/‘)))

= lim 1 (X, — £

k—soo0

T

=0

and log the weakly null additivity of u.

oo

We get .u(Dm) = ,Ll(ﬂ (Xm_FrStK)> UH) =0, m=
k=1
1,2

gy

By Lemma 4.4 the double sequence, { (Xm — F,,(,k)) UH }

of sets and the sequence {D,, }, _, of sets then for any € > 0
there exists a subsequence { (Xm — Fn(fm)) UH } of

{ (Xm — F,Slk)) UH } such that
u < U (Xm—F,,S’“m)) UH> <e.

m=1

Since X — U F¥ < () (X,,, - F,,Sk)) UH.
m=1

m=1

We have u (X — D F,,S"’")) <E.

m=1

N pm) = polm)
FromX— U Fy, 'l X— U F, ’ as N— oo and the
m=1 m=1
continuity from above of i, We have

N o
. . (km) \ . km)
1\115110“1 (X mL:_JlFm ) —.U<X mL:JlFm )
<€

.". there exists Ny such that
No
u (X— U F,E,"’")> <e
m=1

No
Denote F; = |J F,,(qkm) then Fy isaclosedset u (X —F;) < €
=1
m o
and from Fz C |J X, we know that {f;,}, converges to f
m=1
uniformly on F;. O

Theorem 5.3. Lusin’s Theorem

Let a monotone measure [ fulfils condition (E) auto con-
tinuous and f be a real valued measurable function on X.
Then for each € > 0 there exists a closed subset F; € C such
that W (X — F;) < € and f/F; the restriction of f to F; is
continuous on Fx.

Proof. We prove the theorem in the following two situations.
1. Suppose that f is a simple function
S
(ie.) f(x) = L G, (x);x € X,
n—
where Y, (x) is the characteristic function of the set E,,

N %,
= 7

(N
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N
and X= J E, (a disjoint finite union). For every fixed

n=1
E,.n=12,...,
any E € B there exists a sequence {F (k)} of closed

U being weakly null additive then for

=

set and a sequence {G(") }

eachk=1,2,...,

of open sets such that for

FO cEcG®,
u (GU‘) —E) < % and [ (E—F(k)) < ]

Applying this to the double sequence {E” - F,fk) }, n=
1,2,...,
k=1,2,... of sets there exists a sub sequence {En — F,,(kn) }

of {E,, — Fn(k)} such that

u (O (E,,F,,(k"))) <e.

We take F; = U F ) then f is continuous on the

closed set F¢ on X and

B(X—F) < (U OF&"'”)
=1 n=1
<M<U(En—F,§"">)><e

n=1

2. Let f be areal valued measurable function. Then there
exists a sequence {@,(x)},_, of simple functions such
that @, — f(n — o) on X. By the result obtained in (a)
for each simple function ¢, and every k =1,2,. .., there

(k)

exists closed set X, * C X such that @, is continuous on

x® and (X—x,i")) <lg=12,..

There is no loss of generality in assuming the sequence

{X,Ek)} | of closed sets in increasing with respect to
e

k for anyiﬁxed n.
Yin(x-

And thus we have

“<ﬁ(x—x’5”)>=,}£&“(x—xr5“)

k=1
=0,n=1,2,....

k)) as k — oo,

Now we consider the double sequence
{X xK \n LK > 1} of sets. By Lemma 4.4 for
every m, m = 1,2,..., we may take a sub sequence

(m) e
{X—X,{(” } of {X—X,SK)},n> LK>
n=1
that '

“ n(m) 1 = m 1
y(UX—X,I; ><mnamely,u<X—ﬂX,{("()><m.
n=1 n=1

1 such
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Since the double sequence {X — ,5K) }, n>1,K>1
of sets is decreasing in k for fixed n, without any loss of
generality we can assume that for fixedn,n =1,2,...,
K< kP << kM

Write Hy = () X,f”(m), m=1,2,....

n=1
Then we obtain a sequence {H,,}, _, of closed sets
satisfying
HCHC---

u<X— UHm> = lim u (X — H,,) = 0.
m=1

n—roo

. . . M m
Noting that ¢, is continuous on X,{(”( ) and H,, C X,f"< ),
n=1,2,.... . Foreach H,, ¢, is continuous on H,, for
everyn=1,2,....

Since ¢, — F(n — o) on X by Egroffs Theorem there
exists an increasing sequence {Xy, },,_; of closed sets
satisfying

X=X — X — | Xun(n — o)

m=1

u <X— U Xm) =0 and {@,} converges to f uni-
m=1
formly on closed set for eachm = 1,2,.

Considering the sequence {(X — H,,) U
of sets then as m — o

(X —Hp)U(X —Xn) ( UH) (X—plxm>

By using the continuity from above and weakly null
additivity of fuzzy measures we have

(X Xn) Yo

m=1

lim p (X — Hpy) U

m—yoo

{5 )

That is limy,_,e tt (X —Hpy NXy) = 0.

Therefore given € > 0 we can take m, € such that

W (X — Hpp N Ximo) < &. Put Fg = Hyp N Xy then Fe
is a closed set and (X — Fg) < € we how show that
f is continuous on F;. In fact F; C Hy,, and ¢, is
continuous on H,,,. Therefore ¢, is continuous on F;
for every n = 1,2,.... We observe that {¢, } converges
to f on F¢ uniformly then f is continuous on Fe. [

(X‘fxﬁ))
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