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1. Introduction

The theory of fractional differential equations is a new
branch of mathematics by valuable tools in the modelling of
many phenomena in various fields of science and engineering.
Indeed, we can find numerous applications in viscoelasticity,
electrochemistry, control, porous media, electromagnetic, etc.
(see [6, 11-13, 16, 19]). There has been a significant develop-
ment in fractional differential and partial differential equations
in recent years, see the monographs of Kilbas ef al [14], Miller
and Ross [17], Samko et al [21] and see [1-3, 8, 10, 18, 23]
and the references therein.

Impulsive differential equations have become important
in recent years as mathematical models of phenomena in both
the physical and social sciences. There has a significant devel-
opment in impulsive theory especially in the area of impulsive
differential equations with fixed moments, see for instance
the monographs by Benchohra et al [9], Lakshmikantham et
al [15], and Samoilenko and Perestyuk [22], K.Balachandran
and J.Y.Park [5] and the references therein.

Archana chauhan et al [4] studied the existence of mild
solutions for impulsive fractional- order semilinear evolution
equations with nonlocal conditions and Bashir Ahmad & S.
Sivasundara [7] investigated the some existence results for
fractional integro - differetial equations with nonlinear condi-
tions in a Banach space.

In [25] investigated fractional evolution equations with
nonlocal conditions of the form

D%x(t) = Ax(t) + f(t,x(1)), t#t,t€J,0<a<],
Ax|i—; = Li(x(1)), i=1,2,...m, x(0) = g(x)

These results are obtained using Banach contraction fixed
point theorem.

In this paper studies existence and uniqueness results in a
Banach space for a impulsive fractional Integro-Differential
equations

Dix(1) = A(t)x(t) + £ (1,x(1)) + Jo k(2,5,x(s))ds,
red =J/{t1,....tn},J :=1[0,T],
x(t) =x(t) +ye, k=1,2,...m y€X
x(0) +g(x) = xo
(1.1)

where DY is the Caputo fractional derivative of order q, 0 <
g < 1. A(t) is a bounded linear operator on Banach space X.
fiIxX =X, k:JxJxX — X are jointly continuous, g :
C — X is continuous, # satisfy 0 =1y <] < ... <ty < tpt1 =
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T, x(t;) = limg o+ x(tx + €) and x(r; ) = lim,_o- x(1x + €)
represent the right and left limits of x(¢) at t = #.

2. Preliminaries

In this section, we study notations, definitions and pre-
liminary facts. We introduce the Banach space PC(J,X) =
{x:J=>X:xeC(ty,txs1],X},k=0,1,2,...,m and their ex-
ist x(r, ) and x(1;"),k = 0,1,2,..,m with x(r; ) = x(1) with
the norm ||x||pc 1= sup {||x(¢)|| : t € J}.

Definition 2.1. The fractionl integral of order y with the lower
limit zero for a funtion f : [0,0) — X is defined as

1t f(s)
F(V)/o (t—s)1=

provied the right side is point-wise defined on [0,
['(.) is the gamma funtion.

I'fr)= Sds, 1>0,7>0

o), where

Definition 2.2. The Riemann-Liouville derivative of order y
with the lower limit zero for a funtion f : [0,00) — X can be
written as

1 d"/ f(s)
[ BN VA
C(n—y)dm Jo (t—s)vti-n""

t>0,n—1<y<n.

LDl f(r) =

Definition 2.3. The Caputo derivative of order 7 for function
f:[0,0) = X can be written as

nltk
-E 4ol

t>0,n—1<y<n.

‘Dif(t) ="D | f

Definition 2.4. A function x € PC'(J,X) is said to be a solu-
tion of the problem (1.1) if x satisfies the equation

“Dix(t) = A(t)x(t) + f(t,x(t)) +/Otk(t,s,x(s))ds, rel

a.eonl, g:C— X is continuous and the conditions x(th) =
x(t ) +ye, k=1,2,...,m and x(0) + g(x) = xo.

Lemma 2.5. Let g € (0,1) and h : J — X be continuous,g :
C — X is continuous. A function x € C(J,X) is a solution of
the fractional integral equation

1 ! -
x(t) =x0—g(x)+ 50 /0 (t — )T 1A(s)x(s)ds

1 a _
7@/0 (a—s)4"h(s)ds

1 t
e / (t — 5)7 h(s)ds,
I(q) Jo

if and only if u is a solution of the following fractional Cauchy
problems

2.1

2.2)
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As a consequence of Lemma 2.6 we have the following
result which is useful in what follows.

Lemma 2.6. Let g € (0,1) and h:J — X be continuous,g :
C — X is continuous. A function x is a solution of the frac-
tional integral equation

%0 = 8(x) + gy Jo(t — )7 A(s)x(s)ds

+ﬁf’(r— $)4 ' h(s)ds fort € [0,71]
xo—g(x )+Y1+r(1q fo( s A(s)x(s)ds
Wfo( — )9 h(s)ds fort € (t1,1)

X0 —&(x) +y1 +y2

—i—ﬁ fé(t —s5)7'A(s)x(s)ds

x(t) = + 1 Jo (e = )7 h(s)ds fort € (,13]
xo — g(x) + ZYi
i=0
+g Jo(t =) Als)x(s)ds

(s)ds fort € (ty,T]
2.3)

(
+ﬁf(§(1—s)q’lh

if and only if u is a solution of the following impulsive problem

Dix(t) = A(t)x(t) +h(r), t €T,
x(6D) =x(t0) +ye, k=1,2,...,m 2.4)
x(0) +g(x) = xo

Now, we state a known result due to Krasnoselskii which
is needed to prove the existence of at least one solution of

(1.1).

Theorem 2.7. (Krasnoselskii Theorem) Let M be a closed
convex and nonempty subset of a Banach space X. Let A,B be
the operators such that

(i) Ax+ By € M whenever x,y € M
(ii) A is compact and continuous
(iii) B is a contraction mapping.

Then there exists Z € M such that Z = Az + Bz.

3. Main Results

This section deals with the existence and uniqueness of solu-
tions for the problem (1.1). Before stating and proving the
main result, We introduce the following hypotheses.

(Hy) A(t) is a bounded linear operator and

max||A(1)|| = C
teJ

and let us take
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(H,) There exists a constant L; > 0 such that
1 (2x0) = f(t,22)[| < L[]y =22,
vield x1,x € X.

(Hz) k:AxX — X is continuous

[k (2, 5,21) = k(2,8,x2)[| < Lalx1 — x|,
Vi,seJ xi,x €X.
(H4) gis continuous, and there exists a constant A < 1 such
that
llgCxr) —g(x2)[| < Afber —x2| [V 21,22 € X,
and M = |[g(0)][|-

(Hs) There exists functions u,c € L} .(I,R") such that
£, < (@), (63) € [0,T] x X
[|k(z,5,%)|| < o(t), (t,5,x) €[0,T] x [0,T] x X
Theorem 3.1. Assume that (Hy) — (Hs) hold. If

Ar+M+[] Y yill +Cry+Liy+Lagn < 1
i=0

=

3.1)

Then the problem (1.1) has a unique solution provided

1 [(g+1) I'(g+2)

A<= Ly < .
<20 S T S gra

Proof. We transform the problem (1.1) into a fixed point prob-
lem. Consider the operator 6 : PC(J,X) — PC(J,X) defined
by

xp — g(x)
+ 1 Jolt =) A)x(s)ds
_5_% Jo(t =) [f(2,x(t))

+ Jok(o,s,x(s))do]ds for t € [0,1;)
x0 —g(x) +y1

+ﬁ Jo(t—s)T A(s)x(s)ds

+gy Jot =) [f (1,x(1))

+ [y k(0,5,x(s))do]ds for t € (t1,1]
X0 —g(x) +y1+x

+ﬁfé(t—s)‘1’1A(s)x(s)ds

+gy Jot =) [f (1,x(1))

+ [y k(0,5,x(s))do]ds for t € (t2,13]

xo—g(x)+ Y. vi
i=0
+ﬁ Jo(t— )17 A(s)x(s)ds

-
+rar Jo(t =)0 [ (1.x(1))
+ g k(0,5,x(s))do]ds for 1 € (1, T]
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Clearly, the fixed points of the operator 6 are solution of the
problem (1.1).

We shall use the Banach contraction principle to prove
that F has a fixed point.

We shall show that 0 is a contraction. Let us set
Sup||f(t70)” = Ml;
tet’

and
sup [|k(t,5,0)[| = Mz,

tset’

it can be shown that 6B, C B,, where B, = {x € X
Choose

x|| <r}.

m
r> 2(x0+),r+M+||Zyi||+Cry
i=0

+(L1r+M1)y+(L2r+M2)}/1)

11(6x)(1)]| X0+ A+ M+ (] Y vill
i—0

14

i [ =9 IO as
e (-5 10

n /tmT k(0 5,x(s))|do | ds

IA

m Tq
xo+Ar+M+| Y yil|+Cr——-+
0 ||i:0yl|| F(q+1)

1 T B
+%/t (1= )" IL£(1.x(0) ~ £(5,0)

HE0I+ [ (Ik(osx(5)

—k(c,5,0)|| + ||k<o,s,0)||)da} ds

IN

m
xo+7Lr+M+||Zyi||+Cry
i=0

Lir+M; (T _
T s
Lor+ M, T
WK (t—S)qu

xo+Ar+M+||Y yil| +Cry
)

L

IN

+(Lir+My)y+ (Lar + M)y

r

IN

(6x) ()] <7



Some results on fractional semilinear impulsive integro-differential equations — 262/263

Now, for x1,x; € X, We obtain

[1(6x1)(2) — (6x2) (1)]|
< llgCer) —gx2) [+l ;}yill

1T B
el / (r = )T ||A(s) (x1 (5) —x2(s)) |Ids

1 T B
*@/tm (t—s)? 1{Ilf(t,xl(r))—f(t,xz(t))||

+/tT|\k(c,s,x1(s))—k<o,s,x2(s))||do}ds

S Ajsoy Ly TgllX1 —xa|

m
where Ay cy1, 1,19 = A+ || Y il +CY+ Liv+ Lom.
i=0
Consequently by (3.1), 6 is a contraction. As a conse-
quence of Banach fixed point theorem, we deduce that 8 has
a fixed point which is a solution of the problem (1.1). This
completes the proof of the theorem. O

Theorem 3.2. Assume that (Hy),(Hs),(Hs) hold. Then the
problem (1.1) has atleast one solution on [0,T].

Proof. Choose

m
r22(x0—|—lr+M+HZyiH+Cr}/
i=0

|l T4
[(g+1)

qI\GHL/T‘”')
I(g+2) /

Consider B, = {x € X : ||x|| < r}. We define the operators &
and W on B, as

1 d -
@0 = g [ 9 Al
+ﬁ /0 (1= )7 [ £(5,x(5))
+/0tk(6,s,x(s))d6} ds
(Px)(r) = Xog(x)iniyi

For x,y € B,. We find that

| Px+Wyl| = [lxo—2g(x)

m 1 t B

+,§{yi+@/o (t—s5)91A(s)x(s)ds
1o .

gy 97 [t

I
+ [ ko.5.1(5))do] as]
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[|Px+ Wyl

IN

XO+||g(x)—g(0)||+|g(0)||+|iyi|
1 ! _
+@/O(I—S)q A llkx(s)llds
1 ! _
gy b €0 (1ol
+ [ lk(o.5.x(5))[do ] ds
xo+7Lr+M+HiyiH+Cr}/
i=0

qllo||, 7!
I'(g+2)

IN

||| T4
I'(g+1)
< r

Thus, ®x+ ¥y € B,.

If follows that the assumption (Hs) that ¥ is a contraction
mapping. continuity of f and k demanded in (1.1) implies
that the operator @ is continuous.

Also @ is uniformly bounded on B, as

0] < <||u|L/Tq+q||o||L/Tq“>

_|_

[(g+1) I'(g+2)

Now, we prove the compactness of the operator . Since
f and k are respectively bounded on the compact sets Q| =
[0,T] x X and @ = [0,T] x [0,T] x X, therefore, we define
sup [|f(t,x)[| =C1, sup [[k(t,5,x)|| = Ca.
(t.x)€Q (t,5,x)€Q)
Fory,t1 €[0,T], x € B, Now we see (®x) () and (Px) (1)
equation are

@) = o [ (=) A()ds

I(q) Jo
Jrﬁ/oz(tzfs)q_l[f(&x(s))

+ /Otz k(o, s,x(s))dc] ds

1 g _
@/0 (t1 — )T A(s)x(s)dsv

1

=9 70

-I-/O k(G,s,x(s))dO'} ds
Taking norm on both side, we get
[[(®x)(72) — (Px) (1)
||/02(l‘2 — )97 A(s)x(s)ds

(®x)(11) =

1
I'(q)
—/01(1‘1 —s)q*IA(s)x(s)ds—&—/02(t2—s)q*1 [f(S,x(s))

(5]

+ k(O',s,x(s))dG} ds— /Otl (t; —s5)7! [f(s,x(s))

0
+/Otl k(G,s,x(s))dG} ds||
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|[(Px)(72) — (Px) (1)
<L‘[ —t |q
S Tq+D) 22—
C
-‘rﬁ‘z h—nh q+lq—t2‘
qC ‘ 1, ,q+2 q+1‘
———12(tr—11)4 1 —z
2
< ————|h—nli(C+C
_F(q—&-l)‘z 7 (C+Cy)
2qC
qC2 |t2—t |q+]
I'(g+2)

which is independent of x. so @ is relatively compact on B,.
Hence, By Arzela Ascoli Theorem, & is compact on B,. Thus
all the assumption of Theorem 3.2 are satisfied. Consequently,
the conclusion of Theorem 3.2 applied and the problem (1.1)
has atleast one solution. O

(1]

[2]

31

(4]

[51

[6]

[71

[8]

91

References

A.Anguraj, M.Kasthuri, P. Karthikeyan, Existence of so-
lutions for impulsive fractional differential equations with
anti-periodic and integral jump conditions, Nonlinear
Studies, 24(3)(2017), 501-510.

R. P. Agarwal, M. Benchohra and S. Hamani, Bound-
ary value problems for fractional differential equa-
tions, Advanced Studies in Contemporary Mathematics,
16(2)(2008), 181-196.

G. Akram and F. Anjum, Existence and uniqueness
of solution for differential equation of fractional order
2 < o < 3 with nonlocal multipoint integral boundary
conditions, Turkish Journal of Mathematics, 42(2018),
2304-2324.

A. Chauhan and J. Dabas, Studied the existence of mild
solutions for impulsive fractional- order semilinear evolu-
ation equations with nonlocal conditions, Electronic jour-
nal of Differential Equations, 2011(2011), 1-10.
K.Balachandran and J.Y.Park, Nonlocal Cauchy prob-
lem for abstract fractional semilinear evolution equation,
Nonlinear Analysis, 71(2009), 4471-4475.

D. D. Bainov, P. S. Simeonov, Systems with Impulsive
effect, Horwood, Chichister, 1989.

B. Ahmad And S. Sivasundaram, Some existence results
for fractional integro - differetial equations with non-
linear conditions, Communications in Applied Analysis,
12(2)(2008), 107-112.

M. Benchohra, J. R. Graef and S. Hamani, Existence
results for boundary value problems with nonlinear frac-
tional differential equations, Journal of Applied Analysis,
87(7)(2008), 851-863.

M. Benchohra, J. Henderson and S. K. Ntouyas, Impul-
sive Differential Equations and Inclusions, Hindawi Pub-
lishing Corporation, 2(2006).

263

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

(18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

D. Delbosco and L. Rodino, Existence and uniqueness
for a nonlinear fractional differential equation, Journal
of Mathematical Analysis and Applications, 204(1996),
609-625.

V. Gupta, J. Dabas, and M. Feckan, Existence results of
solutions for impulsive fractional differential equations,
Nonautonomous Dynamical Systems, 5(2018), 35-51.
W. G. Glockle and T. F. Nonnenmacher, A fractional
calculus approach of self-similar protein dynamics, Bio-
physical Journal, 68(1995), 46-53.

R. Hilfer, Applications of Fractional Calculus in Physics,
World Scientific, Singapore, 2000.

A. A Kilbas, H. M. Srivastava, and J. J. Trujillo, Theory
and Applications of Fractional Differential Equations,
204. Elsevier, Amsterdam, 2006.

V. Lakshmikantham, D. D. Bainov and P. S. Simeonov,
Theory of Impulsive Differential Equations, Worlds Sci-
entific, Singapore, 1989.

F. Metzler, W. Schick, H. G. Kilian and T. F. Nonnen-
macher, Relaxation in filled polymers: A fractional cal-
culus approach, Journal of Chemical Physics, 103(1995),
7180-7186.

K. S. Miller and B. Ross, An Introduction to the Frac-
tional Calculus and Differential Equations, John Wiley,
New York, 1993.

P. Karthikeyan, R.Arul, Existence of solutions for
Hadamard fractional hybrid differential equations with
impulsive and nonlocal conditions, Journal of Fractional
Calculus and Applications, 9(1)(2018), 232-240.

K. B. Oldham and J. Spanier, The Fractional Calculus,
Academic Press, New York, London, 1974.

I. Podlubny, Fractional Differential Equation, Academic
Press, San Diego, 1999.

S. G. Samko, A. A. Kilbas and O. 1. Marichev, Frac-
tional Integrals and Derivatives. Theory and Applications,
Gordon and Breach, Yverdon, 1993.

A. M. Samoilenko, N. A. Perestyuk, Impulsive Differen-
tial Equations, World Scientific, Singapore, 1995.

C. Yu and G. Gao, Existence of fractional differential
equations, Journal of Mathematical Analysis and Appli-
cations, 310(2005), 26-29.

Z.W. Lv, J. Liang and T.J Xiao, Solutions to Fractional
Differential Equations with nonlocal initial condition
in Banach Space, Advances in Difference Equations,
2010(2010), 1-10.

Z. Dahmani and S. Belarbi, New results for fractional
evolution equations using Banach fixed point theorem,
International Journal of Nonlinear Analysis and Applica-
tions, 5(2)(2014), 22-30.

ok ok ok ok ok ok ok k
ISSN(P):2319 — 3786
Malaya Journal of Matematik
ISSN(0):2321 — 5666
ok ok ok ok Kk ok ok


http://www.malayajournal.org

	Introduction
	Preliminaries
	Main Results
	References

