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On certain subclass of hormalized analytic function
associated with Rusal differential operator
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Abstract

In this article the author discusses the two subclasses namely I?,,(A’i;y,u,m,ﬁ) and K,(A};y,u,m, ) of normal-
ized analytic functions. With convex combination of Ruschwey and Al-Oboudi differential operator we derived
Rusal differential operator. Two new subclasses If,,(Aﬁ;y,u,m,B) and K, (A} ;v,u,m,B) are studied with help of
Rusal differential operator.Growththeorem, Closure theorem, Integral mean inequality, extreme point theorem,
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1. Introduction and Preliminaries

Let N denotes subclass of all analytical functions in open
unit disk U = {z: |z] < 1} normalized with conditions

given by

fl)=z+ Z aZ
k=2

(1.1)

Ruscheweyh in [3] has introduced following differential oper-
ator.
R": N — N defined by

R'(f(2)) =

__*
(] _Z)n+l

—z+Z”+" 'Cuard (z€U)

xf(z), neNU{0}

(1.2)

Where * is hadmard product deﬁn/ed in (7. 1)/.

We note that R'f(z) = f(2),R f(z) = zf (2)

[6] has used following definition 1.1 and 1.2
Definition 1.1. A function f in N is said to be in C(&), if and
only if

R{fR)}>a (ecU&O<a<1) (1.3)

Definition 1.2. A function f in N is said to be in CS* () if

and only if
EK{fT(Z)} >a

(zeU&O<a<]1) (1.4)

We write the classes C(0) = C, CS*(0) = CS™.

Definition 1.3. For two functions f and g analytic in U, we
say that the function f(z) is subordinate to g(z) in U and write

f(2) >gz) (z€U) (1.5
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If there exit Schwarz function w(z), analytical in U with
w(0) =0 and |w(z)| < 1 such that

f(@)=gw(z)) (z€U)

Definition 1.4. For f € N, [1] has introduced following dif-
ferential operator, known as Al-Oboudi differential operator.
D" : N — N defined by

(1.6)

Dyf(z) = f(2) (1.7)
Dif(x)=(1-)f(x)+2f () =Df(x) >0 (18
Duf(z) = D(D"' f(2)) (1.9)
From (1.10) and (1.5) we have
D) =2t Y1+ (k- Dala (zeU)
. (1.10)

We will make use of definition of subordination between ana-
lytic functions [2] in our further investigation.

J.E. Littlewood has introduced following subordination
theorem which we stated as lemma.

We use this lemma to prove integral mean inequality given
in theorem 6.1

Lemma 1.5. Let f and g analytic in unit disc and suppose
g < f, then for0 <t < o

27 . 27 .
| letreprrae < [ 5e))ae

0<r<1,:>0)

(1.11)

Strict equality holds for 0 < r < 1 unless f is constant or
w(z) = az, o] = 1.

2. Rusal Differential OQerator, Classes
Kp(A% ;7. 1,m,B) and K, (A% 5y, p,m, B)

We formed the Rusal differential operator by making con-
vex combination of Ruschwey & Al-Oboudi differential oper-
ators discussed in (1.2) and (1.10) respectively. We also intro-
duced New subclasses K, (A% ; 7, 4,m, ) and pr (A%s7,1,m,B)
which are generalization of K (7, it,m,3) and K(y, i, m, 3) re-
spectively [7].

Definition 2.1. Letn € NU{0},A >0, A} : N — N defined
by

AL (f(2)) = (1 =)D F(Z) + AR f(2) 2.1

On simplifying, we observed that

=

A5 (f(2) =2+ Y (14 (k—=1)a)" (1 — 1)+ A C)ar 2.
k=2
2.2)

Ifn=0,

AYf(2) = f(2) 2.3)
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Definition 2.2.
Kp(AYsy,u,m,B)

_ N o
={ren: | ((p-u)

+u(A7f) —p)l <B}

2.4
Where z€ U, ye C[{0},peRT, 0<B <1 0<pu<p,
m € NU{0}, A} f is defined in (2.1).

We illustrate the subclass Kp(A%';y, u,m, B) with follow-
ing example.

Example 2.3. If f(z) =z thenfory=1,u =p,m=0,0<
B <1, show that f(z) € K, (A% v, ft,m, B)
Fory=1,u=pm=0,0<pB <1,

(0™ uag ) - p)
0
= (-0 2L 4 pal ) - p)
— (g 1
=1~ 1|
— -1
< B.

Hence,
f(z) €Kp(A:1,p,0,B)

Definition 2.4. Let K, (A%5Y,1u,m,B) be the subclass of N
which satisfies inequality

oo

) (p+(k—1)u)

k=2
([1+ (k= 1)a1" (1 =) + Ay 1O |ar| < plyIB (2.5)

Remark 2.5.

Kp(A7:1,1,0,8) € C(1-B)
Remark 2.6.

Kp(A}:1,1,0,B) € CS*(1—B)

3. Coefficient inequality, growth and
distortion theorems, closure theorems

Our first theorem gives sufficient condition for normalized
analytic functions to be in Kp(A};y, 1, m, )

Theorem 3.1. Ler f(z) € N satisfy

=

Y (p+ (k= D) ([1+ (k—1)2]"(1- 1)

k=2

+ATHIClay| < plyIB (3.1)

yeCH{0},0<B <1 0<pu<pmeNU{0} Then f €
Kp(A%sy, 1,m, B).
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Proof. Assume (3.1) is valid for f(z) € N and y(y € C|{0}),

BO<B<1),u(0<u<|pl),meNU{0}, Using (1.10) we
have
(002 s+ pags - p)
=P Y (k- a4y
z k=2
+A (Z*k*IC)akzk.]
+u[l+i([1+(k—l)8]"(l—l)
k=2
+ A O ka1 - p
i"z w1+ (k—1)3]"(1—2)
+AGHIO) a2
Therefore
(p- w2 4 uiags) —p)
i(p+(k—1)u)([1+(k—1)3]"(1—1)
FAGHIO) ag] + 12
< ¥ (p+ (k= D) ([1+ (k— 1)a]"
k=2
(1=2)+A"0)a
<plvIB
Hence
-0 vutags -l < B
py P At
Thus f(z) € Kp(AYsy, u,m,B). O

Corollary 3.2. Kp(A};7,1,m,B) C Kp(A}sy,1,m. B)

The following example illustrate that converse of the
above corollary need not be true.
Example 3.3. If f(z) =z+§ and |p| > 1. Takingy=1,u =
p,m =0, =1, we will get

Ii((p—u)MJru(Aﬁ"f)/—p)l
,lf

—\*((p p)7+p(A(if)’—p)\
:\(Aﬁf) —1

= \<z+§>’— 1

=1+23 1]

=lz] < 1.

Therefore, f(z) € Kp(AY:1,p,0,1). But

oo

Y (p+(k=1)p)([1+(k—1)9]°(1-2)

k=2
+AGTHNO)

= ka(l—?t+7t)|ak\

k=2
1
=2p.—
P
=p % plyIB.
Therefore,
f(z) ¢ Kp(A9:1,p,0,1)
Hence,
f(z) €Kp(A3:1,p,0,1)
but

f(z) ¢ Kp(A3:1,p,0,1).
Our next theorem gives coefficient inequalities for f(z)

belonging to class Kyp(A’}L’; Y, 1,m, B).

Theorem 3.4. (Coefficient inequality)
If f(z) € Kp(A}; v, ;u,m, B) then

plYIB
1)) (1—A)+Apth=1c)
k>2

lax| <
(p+k—1)u)([1+ (k—

Proof. Given that f(z) € Kp(AT:;y,1u,m, )
Therefore

oo

Y (p+(k=Du)([1+

k=2
+AIC) a] < plvIB
(p+(k=Dp)([1+ (k=1)d]"(1-2)
+AC) a] < plvIB

(k=1)a]"(1-2)

|ax| < plYIB
~ (p+k=Du)([14 (k—1)3]1(1 = A) + A2*1C)

O

Now we prove the following theorem

Theorem 3.5. (Growth theorem)
Let function f(z) defined by (1.1) be in class
Kp(A7;y,1,m,B), then

o] — plYB
[p+ul((1+9)"(1—
<|f(2)]

<lz|+

2
)+)~n+1C) ‘Z|

p|’}/|ﬁ | |2

p+ul(1+0)(1—A)+ A ) (3.2)

00
Loty
SeV272
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Equality is attained for function f(z) given by

rlvIB 2
[p+ul((1+9)"(1=2)+Ar*'C)

flz)=z+

Proof.

=)

[p+p)((1+0)"(1=2)+A;71C) Y Ja]

k=2
<Y (p+k—1)u)([1+ (k—1)a]"
k=2
(1=2)+ A7 1C)ay|
<plvB
Therefore
- plvIB
< 3.3
LS e -naag &Y
Also f(z) =z+ Y50 a;7* and using (3.3)
1F@)] < lzl+ Y lax]|2*]
k=2
<lzl+ 127 Y fal
k=2
< 2 plYIB .
<K ara —n o
(3.4)
Similarly
1f @) >zl + Y lax]|2*]
k=2
> 2| =12 Y fad
k=2
> |Z|—‘Z|2 plYlB —
[P+ul(1+9)"(1-24)+An"C)
(3.5)

Using (3.4) and (3.5)

|Z‘_ ph/'ﬁ |Z|2
[p+ul((1+9)"(1-2)+A5"'C)
<[f@@)|
plvIB 2
S e —my e
Hence
|Z‘* p|’}/|B |Z|2
[p+ul((1+9)"(1-2)+A5""C)
<|f@@)|

p+u(1+ay(1—A) +A0)
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Equality is attained for function f(z) given by

_ pl1iB 2
O = i rar (- m = 2o

Theorem 3.6. (Distortion theorem)

Let function f(z) defined by (1.1) be in class Kp (A% v, 1,m, B),
then

{_ 2plyIB "
u((1+0) (1 —=2)+ A7)
<|f'(2)]
2p[vIB E
u(143)1(1 =) +ArHcC)

Equality attained for the function f(z) given by

plvIB 2

F&) =t oy - 1+ A10)

Proof. Let f(z) =z+ Y5 kX and f'(z) = 1+ L, ka1

@] <1+ X ka2
k=2

<1+1z) ) klag (3.6)
k=2
But
Yio(p+ (k—Dp([1+ (k—1)d]"(1 —24) + A2*1C)
lax| < plv|B
Also
2p+(k=2)u =0
2p+ku—2u >0
2p+2kpu —2u > ku
k
7“ <p+k—1)u
Similarly
(p+ (k= Du)([1+ (k—1)3"(1-2)p=*""C)
> Moy et
y k'u n n+1
Y S (149 (1= )+ A7) oy
k=2
< Y (p+ (= D) ([1+ (k= 1)I)"(1 = A)p=1C) e
k=2
<plvIB

- 2p|y|B
k <
LM< S o

Atle

o
L0,
Ssa2ez
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from (3.6)

2p|y|B
14+ (1=2)+Ac

|f)| <1+ - 2| (3.7)

Similarly

1f @] =1=Y ka2

k=2

> 11—z ) kla]
k=2

B 2p|71B
u((14 ) (1-2) + 41710

(3.7) and (3.8) implies that

3 2p[vIB
u(149)1(1 =)+ Ar1C)

lzl  (3.8)

Iz|

2p|vIB
u((14+9)"(1—=A)+Ar10)

|z

Equality attained for the function f(z) given by

plvB
u((14+9)"(1 =)+ Ar10)

2.

fl@)=z+

4. Closure Theorem

In this theorem we prove that finite convex combination
of the functions in the class
K, (A%, u,m, B) is again belongs to K, (A% v, u,m, B.

Theorem 4.1. Let

oo

file) =z+ Z Cliw'Zk7

k=2
[i(2) € Kp(A3sy,1,m, B),
then for g(z) = Yi_, ¢ifi(2).
8(z) € Ky (A7 v p,m, B),
where Y1 _ c;j=1.
Proof. Let .
filz) = Z—&-kzzakak

o

Y [p+utk=D]([1+ (k= 1)) (1= A);71C) a5
k=2

<plvB
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o l
=z+ Z exd where e = Z cjag,;
k=2 j=1

Claim:g(z) € K, (A}, 14,m,B)

Y (o u(k— D)1+ (k= 1A (1— A1 1C) ey

=2

=~

gk

P [p+p(k=D]([1+ (k—1)]"

[\S]

l

Y cia

j=1

(1= 1)

Therefore
g(Z) € KI’( T;'}/,[J,m,ﬁ).

5. Extreme Point Theorem

In this section we will prove the extreme point theorem.

We also find the extreme points for the subclass K, (A%, u,m, B).

Remark 5.1. Forye C|0,0<B<1,0<u<p,meNUO
the following functions are in class K, (A% v, u,m, B)

B pBIY 2
filz) = (p+)((1+)"(1=2)+ArC)
) PB 1Y ;
P = 20y (1= W)+ A20)°
f3(e) =z+ - i
(p+m)((149)"(1=A) +A4r*C)
p|’)/|ﬁ—1 Z3
(p+20)((1429)"(1=2) + A1 77C)
(zeU)
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Theorem 5.2. Let fiz=zandk>?2

filz) =z+
plvlB *
(p+ (k= Du)(1+ (k—1)d)"(1—14) + A1 *C)
(5.1)

Then f(z) € KP(A’)’f;}/,[J,m,B) if and only if
@)=Y Afi(z)
k=1

Where A, > 0 and

i M =1.

k=1
Proof. Suppose that
@)=Y &fi(2)

k=1
=M fi(z) + i A2+
k=2
IV 4

(p+ (k= 1)) ((1+ (k=1)9)*(1 = 1) + A;>C)
=(1- Z Ae)(z+
=2

plYlﬁ Zk)
(p+ (k= 1)) (14 (k=1)9)*(1 = 1)+ A;>C)
=z+ i M2t
k=2
p|vIB
(p+ (k= 1)) (14 (k—1)9)*(1 =) + A 7>C)
=z+ iakzk
k=2
where
o — rivB PR

(p+ (k= D)w)((1+ (k=1)9)"(1 = A) + A1 2C)

Claim: f(z) € K,(AZ:y,1u,m, B)

i[p+(k— DJ([1+ (k= 1)a]" (1= 2) + 2,71 |ay]

k=2

- i[P-i-(k— Du]([1+ (k—1)9]"(1—A) _‘_kaflc)
k=2

ply|B A
(p+ (k— D) ((1+ (k—1)a) (1-2) +4472¢)
=P|Y|ﬁz/lk
k=2
— pINB(1—1)
<plvB
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From theorem (2.1). If f(z) € pr(A'}f;y,u,m,ﬁ).
Conversely suppose that f(z) € K,(A%;y,iu,m, B)

Setting
4, = P E=Du)(A+(k—1)9)"(1-2) +4,120)
k= ai
plvIB
and .
M=1-Y A
k=2

i Akfk(z) = llfl (Z) + i lkfk(z)
k=1 k=2

(- Y A)et Y Al
k=2 k=2
n pIvB
(p+ (k= D) (1 + (k— 1)) (1 —A) + A 72C)

— rlvIB
_z+k;2 (p+ (k— D) (1 + (k— 1))y (1— A)+ AZ2C)

)

)

o (Pt (k= D) ((1+ (k—1)9)"(1=4) + A C)ay

= plvIB
plvlB .
(p+ (k=) ((1+ (k—1)a)y"(1-2) +A720)
=z+ i akzk
k=2
= f(2).
Hence

£@) =Y k(2.
k=1

O

Corollary 5.3. The extreme points of the 15,, (A% v, u,m, B)
are the functions fi(z) = z and

B pivB
MO = D (4 - )9y (= D)+ A5 10)
k=2,3,4,..

Zks

6. Integral Mean Inequality

Theorem 6.1. f(z) € K,(A7;v,1u,m, ) and suppose that

oo

Y ([1+ (k= 1)a" (1= 2) + A1) |

k=2
plvB
=GrG-m e
Also let the function
filz) =z+
plvip J
(p+( = D)1+ =13 (1 =2) +A10)
(j=2)

o
L0,
Ssa2ez
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Consider the function w(z) as given bellow

1 (Pt U-DM) oy
v =g Bl

[1+(k—1)8]”+lg’+k—lC]akzk_l.
Then for z = re'® with0 < r < 1.
2 " p 2 . :
/0 AL f(2)| deg/o AL fi(2)] dé
(0<A<1,t>0)

Where AY) is differential operator defined in (1.7).

Proof. We have from definition (1.7)

"FE@ =2t YA - A1+ (k- 1))
k=2

+ AR C gy

plvIB

i G-DR)°

5 fiz) =2+

For z = re'® with 0 < r < 1 we have to show that

t

A”r1+3fulx>u+<knar+25“—wﬂmf-lde
2 piMB il
<f [ oru-mwe |
(t>0)

By applying Littlewoods sunordination theorem, it would
sufficient to show that

1 +ki2[(1 — )1+ (k= 1)a]" + A, Clay !

plvIB "

R TER A
That is

t(z) < h(z)
Where
tz) =1+ i [(1=2)[1+ (k= 1)3)" + A5 ' Clag ™!
k=2
. PB4
= G-

That is we want to show that 7(z) = h(w(z)),w(0) = 0 and
wz)| <1

241

h(w(z))

B plvIB

RRRRTERTE)
plviB (p+(—Du)
(p+(—hu)  plvB

Y1 =2)[1+ (k= 1)3)" + A Clay !

k=2

w(z)/ !

oo

1+ Y [(1=2)[1+ (k= 1)9)" + 71 Clay 2!
k=2

=1(z)

Therefore (w(z)) =#(z) and w(0) =0
Moreover, We prove that analytic function |w(z)| < 1,z € U.

(@) = [LELZD § - 2y -l

k=2
25 Clad |
(p+(=DR) &y ol
P ](;2[(1 A1+ (k—1)0]
+ 2 [

(p+(—Du)
plvB ,;2
[(1=2A)[1+ (k—1)3)" + A7 C |ay

< |z] < 1 by hypothesis (6.1)

=)

o

<z

Hence proved.

7. Convolution Theorems
Definition 7.1. If

f@)=z+Y adgx) =z+ Y b,
k=2 k=2

then hadmad product (Convolution) is defined as given bellow

frg=z+ i(akbk)Zk (7.1)

k=2

We now turn to convolution theorem, which gives that the class
K, (A%, u,m, B) is closed under convolution.

Theorem 7.2. Let f,g € pr(A;}l;}/,,u,m,ﬁ)

f =2+ Y ad, g@)=z+) b
k=2 k=2

with ai > 0,b; > 0 and (agby)? < 1. Then

f*gelgp(AZL’/J/muwmaﬁ)
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Proof. We have f € I?,,(Aﬁ”;}/,,u,m,ﬁ) if and only if

oo

Y [p+uk=DJ([1+ (k—1)9]"(1-2)

k=2
+A,C) lar] < p1YIB

g € K, (AT, 1t,m, B) if and only if

oo

Y [p+uk=DJ([1+ (k—1)9]"(1-2)

k=2
+ 4,10 bl < pIYIB

By Cauchy Schwarz inequality

oo

1 = 1 = 1
Y (elael e lbel)? < (Y telael)2 (Y telbil)?
= =2 =2
Where

te=(p+ (k= Du)([1+ (k—1)3]"(1 = 1) + A21C)

oo

Y (p+(k=Dp)([1+(k—1)9)"(1-2)

k=2

+AE1C) i < pl Y1 B (72)
By assumption
(akbk)% <1
Then
axby < (arby)? (7.3)
Thus from (7.2) and (7.3)
Y (p+ (k= Du)([1+ (k—1)9]"(1 - 1)
k=2
+ 410 Jarbe| < p Y1 B
Hence
f*g GKIJ( ;Ln;’y’,uvmvﬁ)‘
O
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