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On the solutions of a higher order recursive
seguence
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Abstract

In this paper, we introduce an explicit formula and discuss the global behavior of solutions of the recursive

sequence

_ Xn—2k—1
b+Cr"(:0Xn72Ifl

where a,b,c are positive real numbers, the initial conditions x_x_1,X_2,...,X_1,Xp are real numbers and k is a
nonnegative integer. We show that every admissible solution with |‘|}<=0x,2(|+1)+i = a;cb, i =1,2is periodic with
prime period 2k+ 2. Otherwise, the solution converges to zero if a < b or converges to a period-(2k+ 2) solution
if a > b. We finally study some special cases and give illustrative examples.
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wherex_z,X_2,X_1,X € (0, ).
Also in [24], D. Simsek et al. introduced the solution of the
difference equation

Difference equations have played an important role in Xn_5
analysis of mathematical models of biology, physics and en- Xni1 = 1% 1% 3’ n=01,..,
gineering. Recently, there has been a great interest ily-stud
ing properties of nonlinear and rational difference edqurati  With positive initial conditions.
One can see?l-7, 9, 10, 13-16, 18-22, 25, 26] and the refer- R. Karatas et al.]7] discussed the positive solutions and the
ences therein. attractivity of the difference equation

1. Introduction

Xn—5

We have discussed i8] the global behavior of the solu- o o s 01,
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where the initial conditions are nonnegative real numbers. The proof is by induction ohfor each 1<i < 2.
In [11], E.M. Elsayed discussed the solutions of the differWWhent = 0, we have for each £ i < 2,

ence equation

k
X5 _g1 . p(0,i) = IELX—2(|+1)+i =q;.

—1+Xn2Xn—5

where the initial conditions are nonzero real numbers witfP" the other hand, the right hand side of Equalyl{when
X_sX_» £ 1,X_aX_1 # 1 andx_sXo # 1. t=0foreachI<i<2is

Also in [12], E.M. Elsayed determined the solutions to some a—b a—b

difference equations. He obtained the solution to the diffe
ence equation

Xn+1 =

= = q;.
6+c aboau o T
I

Xn— i —
Yol = n-3  n=01,.. Suppose that for a certainOt < k-— 1, we have
1+%n-1%-3 b
. a— .
where the initial conditions are nonzero positive real num- ML) = (2)te +c foreach 1<i<2.
a

bers.
In [1], the authors obtained the expressions of solutions ofhen for each K i < 2,

the following difference equations
k k

Xn—2k+1 pt+1,0) :||:!)X72(|+1)+2(t+1)+i = X2t 4i IEI\XJHZIH

Xny1 = ) n:O,l,...,
£1++ |_||k=oxn—2l+1

X kst Ko

with initial conditionsx_j, j = 0,1,...,2k — 1, wherek € b+ e X ausay s LLX’Z('”)*Z‘“

(1,2,..}.

In this paper, we introduce an explicit formula and in-

_ AN oX 20 a4 au(t,i)
b+ X 2(41)+ 241 P+ CH (L)

vestigate the global behavior of solutions of the recurse«e B ae%ab% B a(a—b)
guence b+°<ge>‘t_e,b+c b((g)te. +c)+c(a—b)
X1 = 2L n=01.., (L) __ab
b+cioXn—21-1 (&yt+16 +c
wherea, b, ¢ are positive real numbers, the initial conditions This completes the proof.
X_2k_1,X_2k, ..., X_1,Xo are real numbers arldis a nonnega- N
tive integer.
Theorem 2.2. Let X_ox_1,X_2k,...,X_1 and Xg be real num-
2. Solution of Equation (1.1) bers such that for any i € {1,2}, @ # — g5l for all
n € N. Then the solution {xn}y__5._; Of Equation (1.1) can

In this section, we give an explicit formula for the solu-

tion of Equa’uon 1.9 with a# b bewritten

Let g = &= a’c"' wherea; = [ oX_o(141)4i, 1 = 1,2.
We need the following lemma to prove the main result in this ol bykidig

section. X k1% 75533“1)“13; =1,(2k+3),...,

X a2 Q) Vet =2,(+4)
Lemma2.l. LetX_ox_1,X_2k,...,X_ 1andxo be real numbers g (D) DI, 4¢’ =4 A
b (k+1)1+19

such that for any i € {1,2}, a ;A W for all ne N. X 2k+l|—|2(k 5 E%;kﬂ)i“eiz’ — 3 (2k+5),...,
Then =4 XN Tl e =4, (2k+6)

. b n 2k+2 j= (g)“‘*l)j*ZQerC’ 3 3oy

a— .
I_LX72(I+1)+ZH:?7 0<t<k and 1<i<2
I= (5) 6' +cC N(2K4D) (ke 1)jrk
X 117" H n=2k+1,(4k+3),...,
a 1
Proof. Let u(t,i)= I—Ii(:oX72<|+1)+2t+i, where 0<t <k and MAkl) (b)keDitkg, ¢
1<i< 2. Itis required to show that M2 piwarrge N= 2k+1).4k+1)....
b (2.2)
a_
t,i)=—+—— for 0<t<k and 1<i<2 (2.1 Cbca .
HiLD ()6 +c @D where 6 = =5 ba‘ S, ai = M oX_2(41)+i 1 = 1,2

696 T
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Proof. We can write the given solutior2(2) in the form

m

(B)krvittg 1
Xo(k1)mi-2t+i = X2(K4-1)+-2t-+i p
a

k+1)j+t+16i + c’ (2_3)

m= 71,0,1,...,

where 0<t <kand 1<i < 2.

We prove the theorem by induction am
Whenm= 0, using LemmaZ.1) we get

« AX_2 (k1) 42t +i AX_(k+1) 42t +i
2+ = K = b
b+cr|I:OX—2(|+l)+2t+i b+c(g)‘9.+c

_ axfz(k+1)+2t+i((g)t9| +¢)
~ b((B)e+c)+cla-b)
()t +c

=X_ .
2(k+1)+2t+i (2)”19. Tc

On the other hand, using Formuta ), whenm= 0 we get

o (2)te+c
Xot+i = X_2(kt 1) 42t +i W’

as expected.
Now suppose that Formul&.Q) is true for a giverme N. Then

B (e 1y 2t +i

Xo(k+1) (M) 2+ =

(e pmed) 2 b+ C MK o Xo(k Dme2(k-rt—1)+i
(ke Di+g ¢

a1+ Mo miwrmTTg o

( )(k+1)1+k+t \9+C
bJrC|_|| o(X2(1+1)4+2+i M- Om)

(b)(k+1)]+t9+c
ax_p(icr1)+2+i M0 W

( )(k+l)|+k+t |9+C
bJrC|_|| oX-20+ 1424 [0 M =0 (B) Dt T7g 1

(R Dittg ¢
ax (ke 1)+ 2041 ] om

|_|I 0( )k+1)1+k+t |9+C
( )(k+l)]+k+t |+19+C

b+ oX 2041421+ M oq

by(k+1)j+t
Am (a) 6+c
AX_a(k+1)+2+i [j=0 (0)Dr1g 1

bJrC|_|| oX=2(+1)+2t4i []Z 07

(a)(k+1)l+tg+c
)(k+l)(]+l)+lg+c

b\ (k+1)j+t
Am (BTG 4c
g Mito m
K (Dytg+c
b+ C(ﬂl:oX72(|+1)+2t+i)(7@)(;(&(#1)“&%)
(Q k+1)1+tﬂ+c)
ax_ 2(k+1)+2t+|(( )(Hl)(mﬂ HG JFC) HT:O a) Di+t+lg yc

)
(k+
~b((B) WD, +6) 4 oo X_a(42y20) (218 +€)°

But from Lemma 2.1) we have[T¥_oX_p(41) 21+ = (gf;ﬁ-
a
Therefore,

697

X2 (k41) (MH-1) -2t +i

by( k+1)1+tﬂ
Xkt 1y 24 ((2)KHVMEDHG o), ((giz mﬂﬁc
b((B)<H I8 +-0) + o 552 )((2)'8 +0)
(k+1) J+[9
_ax (k+1) +2t+|((a)(k+1 (ml)+tg 4 c) |_|J 0 NWWQC&;

((g) k+1)(mH1)+t g +¢)+c(a—b)

(g) K+1)( m+1)+t9 4c M (2)( J+ta +c
=X_2(k+1)+2t+ (g)( )(mH1)+t+1g, +cJ (g)( Di+t+lg 4 ¢
B (g) k+l)J+t9
—Xatkiny s LL m

This completes the proof.
O

3. Global behavior of Equation (1.1)

In this section, we investigate the global behavior of Eiunat
(1.2) with a # b, using the explicit formula of its solution.

We can write the Solution forn2(3) of Equation (.1) as

m
X2k Ly 2+ = X 2(kt 1)+ 20+ I_LB(J'JJ), m=-1,0,1,..,
J:

where Dy (k+1)j+t
- (Oy(k+Dittg ¢ .
B(J,t,|):m 0St§kandl§|§2

We define the ses= {(t,i):0<t<k and 1<i<?2}.

Theorem 3.1. Let {Xn};__,_, be a solution of Equation
(1.1) such that for any i € {1,2}, aj # —@% for all
neN. If oy =22 for all i € {1,2}, then {xn}2_ ;IS
periodic with prime period 2k + 2.

Proof. Assume that; = a;cb foralli € {1,2}. Then6 =0
foralli e {1,2}.
Therefore,

m
X2k Ly 2+ = X 2(kt 1)+ 24+ ]_Lﬁ(j i)

= X72<k+l)+2t+i? m= _17 07 17

This completes the proof. O

In the following theorem, suppose that # a;cb for all
i€{12}.
Theorem 3.2. Let {Xn};__»_; be a solution of Equation
(1.1) such that for any 1 <i < 2, a; # —ﬁ for all
r=

n € N. Then the following statements are true.
1. Ifa<b, then {xn};__,_4 convergesto 0.

2. Ifa> b, then {x,}n__
2) solution.

o1 Convergesto a period-(2k+
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1. If a< b, thenB(j,t,i) converges tf < 1 as
j— oo, forall0<t <kand 1<i < 2. So, for every
pair (t,i) € Swe have for a given & < ¢ < 1 that,
there existgjo(t,i) € N such that8(j,t,i) < € for all
j > jo(t,i). If we setjo=maxy j)csjo(t,i), then for all
(t,i) € Swe get

Proof.

m
[ Xo(kt-1ymu-2t+i |=] X2k 1)42t4i 1l ]_LB(J',U) |

jo—1 m
:‘X7 IH B(Jvtvl)H B(Jvtvl)‘
2(k+1)+2t+ JI:L |_|

1=lo
Jo_1 R m—jo+1
<[ X ar )2t |l ]_LB(M,I)IE bt
J:

As mtends to infinity, the solutioxn}__, 4 converges
to 0.

2. Ifa> b, thenB(j,t,i) >1asj —» oo, 0<t<kand 1<
i < 2. This implies that, for every pait,i) € S, there exists
j1(t,i) € N such thatB(j,t,i) > 0 forall j > jy(t,i). If we
setj1 = maxy s ji(t,i), then for all(t,i) € Swe get

m
Xo(kt 1) 2t+i = X-2(k1)+ 2t +i ]‘LE(J}U)

j1i-1 m

= X_o(kt1) 42+ I-Lﬁ(jvtvi)e)(p( z In
j=

i=h

(B(i,t,1))-

We shall test the convergence of the sefis; |In(B(j,t,i))|.

Since for all 0<t <k and 1< i < 2 we have lim_. |
% =9, using L'Hospital’s rule we obtain

InB(j+1t,i) |:(t3

k+1
InB(j.t.1) 2 <L

lim |
j—e
Itfollows from the ratio test that the serig§’_;, [InB(j,t.i) |

is convergent. This ensures that there & 2 real numbers
i, 0<t <kand 1<i < 2 such that

Nm o ymeasi = Mi, 0<t<k and 1<i<2,

where

(g) k+1)j+t9 +c

Hti = X_2(k+1)+2t+i ]—Lm

0<t<k and 1<i<2.
O

Example (1) Figure(1) shows thatia=1.2,b=25,c=1
(a< b), then the solutiofx, };»__¢ of Equation (.1) with ini-
tial conditionsx_s = —3,Xx_4=1.8,Xx_3=05,x_» = —-2.1,
x_1 = 1.1 andxy = 1.4 converges to zero.

Example (2) Figure (2) shows thatifa=3,b=1,c=25
(a> b), then the solutiofx, };»__- of Equation (.1) with ini-
tial conditionsx_7=—-2.1,Xx_g=1.5,x_5=0.2,Xx_4=-2.1
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X_3=-21,x »=-13,x 1 =1.2 andxg = 1.8 converges
to a period-8 solution.

Example (3) Figure(3) shows thatifa=1,b=15,c=2
(82 = -0.25=a;, i = 1,2), then the solutior{x}%_

of Equat|0n L.D with initial conditionsx_3 = —0.2, Xx_p =
—0.1,x_1 = 1.25 andxg = 2.5 is a period-4 solution.
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Figure 3. Xn+1 = 572
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4. Special Cases

In this section, we introduce the solutions, show the ercste

of periodic solutions and discuss the global behavior ofesom

special cases of Equatioh. ().
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4.1 Casea=b Proof. It is clear thaty(j,t,i) > 1asj — o, 0<t < kand
In this subsection, we study the equation 1 <i < 2. This implies that, for every pait,i) € Sthere
existsja(t,i) € N such thaty(j,t,i) > 0forall j > jo(t,i). If

Xnt1 = Fn-2k-1 , n=0,1,..., (4.1) we setj; = maxyesj2(t,i), then for all(t,i) € Swe get

K
a+C[]j=gXn-21-1

wherea,c are positive real numbers, the initial conditions m

X_ok_1,X_2k, -..,X_1,Xo are real numbers arklis a nonneg- Xo(kt- 1)mH-2t+ = Xo2(k-1)+2t+i IELV(J,LI)
ative integer.

j2—1
Theorem 4.1. Let x,Zk,Lx,Zk?...,x_l and Xo be real num- = X_o(k1)+2t+i ]_L y(j,t,i)exp(— z In Vo0
bers such that for any i € {1,2}, a; # (n+1 for all n€ N. Y
Then the solution {x}7__,,_, of Equation (4.1) is We shall show that
© 1 > atca((k+1)j+t+1)
20D Y atca (k+1)j _ In—— = In - =
Xac1llizo aenonige LKA j:z,z vt 4, atcai((k+1)j+t)
(k+1)j _
X_ 2k|_|]2(k01 % n=2(2k+4,..., .
by considering the serieg” ; ——— . As
= k =i (SRS
x_ 2k+l|_|]2(k0 :iscf?(((kill))llj—%7 n=3,(2k+5),.., 2 aea{icraity
_ ¥ (k+1)j+1) _ In(1/y(j,t,i))
Xn={ x_ 2k+2|_|2(k Bt o n=4,(2k+6),..., 4 _
i=0 atcax((k+1)j+2)’ joaoh cai/(a+cai((k+1)j +t)) ,
L aycan(kh1)j+k) ' using the limit comparison test, we ggf:jzlnﬁ = 0o,
Xfll_lJ:O W, n= 2k+ 1, (4k+3)7, Then k)
" atodp(kid)jtk)
%Mizo areaianjan: "= 2Kk+1),4(k+1),.., -1 m

L 1
4.2) X P =X_ < y(j,t,1)exp(— n———
(4.2)  Xo(ks1)mi2ti =X 2(ki 1)+ 2t+i J]:L (J,t,7) exp( J_ZZIZ V(JJ,'))

where a; = I—”(:OX—Z(|+1)+i’ i= 1./ 2. -
converges to 0 as — . Therefore{xn}n:72k71 converges

For simplicity, lety(j,t,i) = -2l DIF)_ Then we 10 0.

) ) a+cai((k+1)j+t+1) O
can write the Solution4.2) as
mo 4.2 Casea=b=c
Xo(k+ D)m 2+ = X-2(k1)+ 2t +i [LV(LL i), Whena = b = ¢, Equation {.1) reduced to the equation
Xn—2k—1
o (KED)] ) X1=—-—F————, nN=0,1..., (4.3)
Wherey(J,t,l):%,ogtgkand 1<i<2. T4+ %211

Theorem 4.2. Let {x,}>__,,_, be a nontrivial solution of where the init?al conditionxiZle,x,Zk,...,x,1,x0 are real
Equation (4.1) such that for any i € {1,2}, a; # _c(ni-l) for Numbers andt is a nonnegative integer.

alneN. If aj=0for all i € {1,2}, then {Xa}__o_,iS Theorem 4.4. Let x_2k_1,x_2k,...,x,1 and Xo be real num-
periodic with prime period 2k + 2. bers such that for any i € {1,2}, aj # —3%; for all n€ N.

Then the solution by of Equation (4.3) is
Proof. Assume thatr; =0 for alli € {1,2}. Theny(j,t,i) = Dotz a (431

1forall0<t <kand 1<i < 2. Therefore,

(k 7 L4ai(k+1)j -
- X_2k-1[1; 621 WM n=1(2k+3),..
Co ¢ Ttap(ktl
Xo(ket mi-2t-+i = X-2(k1) 42+ I_LV(J,U) X 2k|_|]2k631 Tl n=2,(2%k+4),.,
- 2060 Lai(ktl)j+1) _
. _ —_ 101 X_ 2k+l|_|] 5 1+all((k+1)]+2) n=3,(2k+5),..
_sz(k+l>+2t+l7 m= 3 My Ly eeee B k+41) 1+ ap(k-1)j+1) 4(KiB
. Xn=1q X-2kt2 ﬂ] =0 Trop(i1)]12)’ n=4,(2k+6),...,
This completes the proof. O .
In the following theorem, suppose that+£ O for alli € e Lray(kr1)j+k) _
12}, X 1 |—|J +nm, n=2k+1,(4k+3),...,
2D Hap(k+1)j+kK _
xo|-|120+1 Tt n=2(k+1),4(k+ 1), .,

Theorem 4.3. Let {xa}r_  , , bea solution of Equation
(4.1) such that for any i € {1,2}, o; # n+1 for all ne N.

Then {Xn}%_ 5, convergesto 0. where a; = [TF_oX_o(1 1)1 i = 1.2

699 X
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Note: To study the global behavior of Equatiof ), we
note that Equation4(3) is the same as Equatiod.({) with

(2

(3

(4

(5

(6]

(8

[

(10

(11]

a=_c. So the proof of the following two theorems will be %

omitted.

Theorem 4.5. Let {xn};,__5_; be a nontrivial solution of
Equation (4.3) such that for any i € {1,2}, a; # _Fll for
alneN. Ifaj=0for all i € {1,2}, then {Xn}n__o_; iS

periodic with prime period 2k + 2.

In the following theorem, suppose that=£ O for all i €
{1,2}.

Theorem 4.6. Let {x,}__,_, be a solution of Equation
(4.3) such that for any i € {1,2}, aj # — 37 for all ne N.
Then {Xn}n__ o1 CONvergesto 0.

Example (4) Figure (4) shows that ifa=c= 1.3, b= 2,
then the solutiofx,}»__g of Equation &.3) with initial con-
ditionsx_ g = —-2,X_4=-18,Xx3=15Xx-,=21,x_1=

—1.1 andxg = 1.2 converges to zero.

Example (5) Figure (5) shows that ifa = b = c, then the
solution {x,};r__, of Equation ¢.3) with initial conditions
X7=11,xg=-16,Xx5=-12,x4=15x3=21,
X_2=17,x_1 = —2 andxy = 5.8 converges to zero.
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