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1. Introduction

The concepts like stratifiable space and semi-stratifiable
space were extensively studied by Gary Gruenhage.For a de-
tailed discussion reference may be made of [4]. The class of
stratifiable spaces does not differ too much from the class of
metrizable spaces. Alexander P. Sostak extended the concept
of stratifiable space to the fuzzy case [1].In this paper we es-
tablish some properties of fuzzy closure-preserving collection,
fuzzy stratifiable space and fuzzy semi-stratifiable space.

2. Preliminaries

We use the term fuzzy topological space in Chang’s sense
[2]. A fuzzy point x4 is a fuzzy set which takes every element
in X to 0 except one element x € X and its value at X is ¢
where (0 < o < 1).0 is the fuzzy set which maps all element
in X to 0 and 1 is the fuzzy set which maps every element in X
to 1. The closure of a fuzzy set U in a fuzzy topological space

is denoted by U. In this paper each fuzzy topological space
is assumed to be 77 and regular.N denotes set of all natural
numbers.We list some of the definitions which we are using
in this paper.

Definition 2.1. [11] A collection <f of fuzzy subsets of a fuzzy
topological space (X, F) is called discrete if for each fuzzy
point xq, there is a G € F with xq < G and GANA # 0 holds
for at most one element A of <.

Definition 2.2. [9] Let &7 be a cover of a fuzzy topological
space (X, F).For a € (0,1] and a fuzzy point xq, st(Xq, o/ ) =
V{B:B¢< & ,B(x) > o} and for a fuzzy set G, st(G, o) =V
{B:B<€ o/ and BAG # 0}

Definition 2.3. [9] Let (X, F) be a fuzzy topological space.A
Juzzy point xq, 0 € (0,1] is called a cluster point of the set
{(xn) o : n € N}, where (x,)q is a fuzzy set with support x, and
value o, if for each fuzzy set G € F such that x4 < G,there
exists ng € N with x,, # x and (xpy)o < G.

Definition 2.4. [7] Let (X,F) be a fuzzy topological space
and let Fy C F. Then Fy is called a fuzzy base of F if F =
{\/&7 ol C Fo}.

3. Fuzzy closure-preserving collection

In this section we define fuzzy closure-preserving col-
lection and fuzzy o-closure-preserving collection.
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Definition 3.1. A collection F€ of fuzzy subsets of a fuzzy
topological space (X,F) is called fuzzy closure-preserving
if VA =V{H :H € A} for each A C H. If H =
Up— 7€, where each F;, is fuzzy closure-preserving, then 5
is called a fuzzy 6-closure-preserving.

Theorem 3.2. Fuzzy locally finite collections are fuzzy closure-
preserving.

Proof. Let of be/a fuzzy locallly ﬁnit/e collecti9n of fuzlzy s,ub-
setsof X. Let & C &7. LetA € &/ . NowA <V{A :A €
</} which implies A’ < V{A : A" € &'} Thatis A’ < V.’
foreachA' € &'. So V{A": A € &'} <V.&/’. Thus we need
to prove the other side. Clearly, V{A' :A" € &'} <V{A":A' €
'} I V{A A € o'} is closed, then V{A : A" € &/} <
V{A A e &'} thatis Vr’' < V{A : A € &'}. So it suf-
fices to prove that, V{A' : A" € 7'} is closed.

Let xo < (V{A": A" € &/'})°. Since o is locally finite
collection , & is also locally finite collection and hence so
is {A":A" € &/'}. Let G be a fuzzy open set with xo < G
and G/\A # 0 holds for ﬁmtelymany A cd say1<i<
n. Then xq < GAN A} and (GANL 1A'L) ANVIA A €
o) = (\/{A A e
o He, there exists a fuzzy open set GA AL A, with x¢ <
GANL A “and G/\/\:’ IX < (V{A":A" € &' })°. Therefore
(V{A": A" € &7'})° is open and hence V{A' : A" € &'} is
closed. O

0. Therefore for every fuzzy point x4 <

4. Fuzzy semi-stratifiable and fuzzy
stratifiable spaces

Definition 4.1. [1] A fuzzy topological space (X,F) is called
stratifiable if to every U € F, one can assign a sequence of
Sfuzzy sets U, € F such that

(WU, <U foralln e N

)V, U, =U

(3)U <V(V € F) implies U, <V, foralln € N

When studying the properties of fuzzy stratifiable spaces
it is convinient to use the following dual characterization.

Theorem 4.2. A fuzzy topological space (X, F) is fuzzy strat-
ifiable if there is a function G which assigns to each n € N
and fuzzy-closed subset H of X, a fuzzy-open set G(n,H ) with
H < G(n,H) such that

()H = N,G(n,H)

(2)H <K = G(n,H) < G(n,K)

(3)H = N\,G(n,H)

Remark 4.3. we can assume the following condition satisfies:
(4)G(n+1,H) < G(n,H) for each n € N.

Definition 4.4. A fuzzy topological space (X,F) is called
fuzzy semi-stratifiable if there is a function G which assigns
to each n € N and fuzzy closed subset H of X, a fuzzy open set
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G(n,H) with H < G(n,H) such that
(1)H = N,G(n,H)
(2)H <K = G(n,H) < G(n,K)

Definition 4.5. [10] A sequence (<;,) of fuzzy open covers of
a fuzzy topological space (X, F) is called a fuzzy development
for X, if for o € (0,1),a fuzzy point xq, the set {st(xq, %) :
n € N} is a base at xq.A fuzzy topological space (X,F) is
fuzzy developable if it has a fuzzy development.

Theorem 4.6. Every fuzzy developable space is fuzzy semi-
stratifiable.

Proof. Suppose (X, F) is a fuzzy developable space. Let (<7,)
be a fuzzy development for X. Let n € N and H be a fuzzy
closed subset of X. Let G(n,H) = st(H,,).Clearly H <
st(H, ) = G(n,H) and H = Ayst(H,2,) = N\yG(n,H).If
H < K then st(H,.,) < st(K,,). Therefore (X, F) is fuzzy
semi-stratifiable.

O

Definition 4.7. A fuzzy topological space (X,F) is called a
fuzzy My-space if X has a fuzzy o-closure preserving base.

Theorem 4.8. Every fuzzy Mi-space is fuzzy stratifiable.

Proof. Suppose (X,F) is a fuzzyM,-space.Let = U, %,
be a fuzzy o-closure preserving base for X. Let H be a
fuzzy closed subset of X and let n € N.Let G(n,H) = (V,{B:
B € $,, BANH =0})°. Then H < G(n,H). Clearly H =
MG(n,H) = NyG(n,H). AlsoH <K = G(n,H) < G(n,K).
Therefore (X, F) is fuzzy stratifiable. O

Theorem 4.9. A fuzzy topological space (X, F) is fuzzy semi-
stratifiable if and only if for each fixed o € (0,1] there is a
Sfunction g : N x {xq : x € X} — F such that

(i) Xo = Nng(n,X0r)

(ii) yo < g(n, (xn)a) == (Xn)a = Ya

(X, F) is fuzzy stratifiable is we can also obtain

(iti)if yo & H,where H is fuzzy-closed subset,

then yq % V{g(n,xq) : xq < H} for some n € N.

Proof. Suppose (X,F) is fuzzy semi-stratifiable. Fix a €
(0,1]. Let g(n,xq) = G(n,xy), where G satisfies definition
4.4, with G(n+ 1,H) < G(n,H) for each n. Since H =
MG(n,H), xq = NG (n,x4) = Ang(n,x¢). Therefore (i) holds
true. To see (ii), assume that yo < g(n, (x,)¢) and (x,) g = Ya.
Then there is an infinite subset A C N with
Ya & V{(xs)a :n € A}. Then yoq £ G(m,V{(xs)e :n € A})
for some m € N. Choose n € A with n > m.Then y, <
g (5)a) = Gon(wa) < GnV{(u)a:neA})
< G(m,V{(xn)o : n € A}), since n > m. This is a contradic-
tion. Therefore (x,)q — Ya-

Suppose (X, F) is fuzzy stratifiable. To check (iii), as-
sume that y, £ H where H is a closed fuzzy subset. Since
H = N\,G(n,H), there exists n € N with yq £ G(n,H). But
Vig<iG(n,xq) < G(n,H). S0 yq £ Vi< G(n,xq) and hence
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Yo £ V{g(n,xa) i xq <H}.

Conversely, assume that there is a function g satisfying
the conditions of theorem. Let n € N and H be a closed fuzzy
subset. Let G(n,H) =V q—py(x8(1,Xa ). Clearly H < G(n,H).
Then AyG(n,H) = A Va—p(x) §(1,%a) = V g—p(x) (Ang (1, Xa
) = Va=H(x)Xa = H.

Suppose H < K where K is a closed fuzzy subset. Then
G(n7H) = v(x:H(x)g(n’th) < va:K(x)g(naxOC) = G(an)'The'
refore (X, F) is fuzzy semi-stratifiable. Clearly A,G(n,H) =
AV a—H(x)g(nrq) = H by (iii). Hence (X, F) is fuzzy stratifi-
able. O
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