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A note on edge domination in fuzzy graphs

A. Selvam '* and C.Y. Ponnappan 2

Abstract

An edge dominating set D' of a fuzzy graph G = (o, 1) is an effective edge dominating set if every edge in D’
is effective. In the present work, the concept of effective edge domination in fuzzy graphs is introduced. We
determine the effective edge domination number ¥ (G) of some kind of fuzzy graphs. We present some general
bounds related to the effective edge domination number. In addition, this new domination is being discussed in

the join of fuzzy graphs.
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1. Introduction

A mathematical framework to describe uncertainty in the
real - life situation was first suggested by Zadeh [1, 3]. Rosen-
feld [7] first introduced the idea of fuzzy graphs. Then, the
theory of fuzzy graphs became a huge field of research. Appli-
cations of fuzzy graph include data mining, image segmenta-
tion, clustering, image capturing, networking, communication,
planning, scheduling, and more. Crisp graph and fuzzy graphs
have the same structural features. But when there is uncer-
tainty about the vertices and edges, then the fuzzy graphs have
a distinctive meaning. When the world is so full of uncertainty,
fuzzy graphs appear in many real life situations. Bhutani and
Rosenfeld have worked on strong arcs in fuzzy graphs [10].
Mathew and Sunitha have classifies the types of arcs in fuzzy
graphs and investigated their properties [9]. Domination in
fuzzy graphs is one of the widest fields which have witness

a tremendous growth recently. The study of domination set
in graphs begun by Ore [6] and Berge [2]. A. Somasundaram
and S. Somasundaram present the concept of domination in
fuzzy graphs [5].

In recent years, some kinds of domination in fuzzy graphs
have been studied. Most of those belong to the vertex domina-
tion of fuzzy graphs [4]. The above observation motivates the
researcher in the study of edge domination in fuzzy graphs.
The concept of edge domination in graphs was introduced by
Mitchell and Hedetniemi [11]. Characteristics of edge domi-
nation in graphs are obtained by Arumugam and Velammal
[12]. This article introduces the concept of effective edge
domination in fuzzy graphs and this parameter is being dis-
cussed in the join of two fuzzy graphs. For graph-theoretic
terminology we refer to Harary,1969[8].

2. Preliminaries

Fuzzy graph G = (o, ) is a pair of function 6 : V — [0, 1]
and 4 : V xV — [0,1] such that u(u,v) < o(u) A o(v) for
all u, v in V. The fuzzy graph H(t,p) is called a fuzzy
subgraph of G = (o, ) if 7(u) < o(u) for all u in V and
p(u,v) < u(u,v) for all u,v in V. The underlying crisp graph
of a fuzzy graph G = (o,u) is denoted by G* = (o*,u*),
where, 6* ={u eV |o(u) >0} and u* = {(u,v) €V x V|
w(u,v) > 0}. A fuzzy graph G = (o, ) is called complete
fuzzy graph if p(u,v) = o(u) Ao (v) forall u,vin o*. A fuzzy



graph G = (o, 1) is said to be bipartite if the node-set V can
be partitioned into two non-empty sets V| and V, such that
W (vi,v2) =0if vy, v€V] or vy, vo€V5. Furtherif i (vy,v2) >0
for all vi € V| and v,€V, then G is called a complete bipartite
graph. A complete bipartite graph on ’n’ vertices is denoted
by F(K2). An arc (u,v) of a fuzzy graph G = (o, 1) is called
an effective edge if (u,v) = o(u) A6 (v) and effective edge
neighborhood of ueVisN,(u)={veV:edge(u,v)is
effective }. A vertex u in a fuzzy graph G = (o, 1) is said to
be isolated if d(u) = 0. Let G = (o, i) be a fuzzy graph and
u,v be two nodes of G. We say that u dominates v if the arc (u,
v) is an effective edge. A subset D of V is called an effective
dominating set of G = (o, i) if for every v € V — D, there
exists # € D such that u dominates v. An effective dominating
set D is called a minimal effective dominating set if no proper
subset of D is an effective dominating set. The minimum
cardinality taken over all minimal effective dominating set
is called effective domination number, denoted by y(G) and
the corresponding dominating set is called minimum effective
dominating set. An independent edge set of a fuzzy graph
G = (o,u) is a subset of the edges of G such that no two
edges in the subset share a vertex in G. A maximum indepen-
dent edge set is an independent set of largest possible size for
a given graph.

3. EDGE DOMINATION IN FUZZY
GRAPHS

Definition 3.1. Ler G = (0, ) be a fuzzy graph. Let e; and
e; be two edges of G. We say that e; dominates ¢; if e; is
an effective edge and e; is adjacent to ej. A subset D' of
E(G) is called an effective edge dominating set if for every
ej € E(G) — D' there exist e; € D' such that e; dominates e;.

Definition 3.2. An effective edge dominating set D' of a fuzzy
graph G = (o, ) is called a minimal effective edge dominat-
ing set if no proper subset of D' is an edge dominating set of
G.

Definition 3.3. The smallest number of edges in any effective
edge dominating set is called effective edge domination num-
ber; denoted by ¥ (G) and the corresponding edge dominating
set is called minimum effective edge dominating set.

Remark 3.4. (1) If D' is an minimal effective edge domi-
nating set then E(G) — D' need not be an edge dominat-
ing set.

For the fuzzy graph represented in above figure, D' =
{(u,y),(v,x)} is an effective edge dominating set. But
E(G) — D' is not an effective edge dominating set
(2) The set of all effective edges of a fuzzy graph G = (O, L)
need not form an effective edge dominating set of G.

Here the set of all effective edges D = {(uy,uz) , (uz,u3)} .
But D is not an effective edge dominating set.
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(3) A fuzzy graph G = (o,1l) may or may not have an
effective edge dominating set.
The fuzzy graph represented in above figure has no effec-
tive edge and therefore it has no effective edge dominating
set.

Definition 3.5. A fuzzy graph G = (o, ) is said to be effec-
tive fuzzy graph if all of its edges are effective.

Definition 3.6. The effective degree of a vertex v’ in a fuzzy
graph G = (0, ) is defined by the number of effective edges
incident at v’ and it is denoted by dg (v).

Definition 3.7. A fuzzy graph G = (o, L) is said to be trivial
fuzzy graph if it has no effective edge dominating set.

Theorem 3.8. Let G = (0,1) be a fuzzy graph such that
dg(v) > OV € G then G has an effective edge dominating set.

Proof. Let D' be the set of all effective edges of G. If D' is
not an edge dominating set, then there exist an edge (x,y) €
E(G) — D' such that (x,y) is not adjacent to any edge in
D'. since (x,y) is not effective and dg(x) > 0, the vertex x
has a effective neighbor say x’ and hence the edge (x,x') €
D'. Therefore the edge (x,y) is adjacent to the edge (x,x) €
D’. That is the set D' dominates the edge (x,y). This is a
contradiction. O

Remark 3.9. Converse of the theorem need not be true. For
example, consider the fuzzy graph G = (o, L) represented in
the following figure.

The fuzzy graph G = (o, ) has an effective edge domi-
nating set D' = {(u,v)}. But dg(x) =dg(y) =0

Theorem 3.10. Let G = (o,U) be a fuzzy graph such that
dg(v) > 0Vv € G then y(G) < 27(G)
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Proof. Let D' be an minimum effective edge dominating set
of G. Let D = {u; | u; is an end vertex of any edge in D'}.
Let x € V — D. since dg(x) > 0, there exist an effective edge
say (x,y) € E(G). Suppose y € V — D then y is not an end
vertex of any edge in D’. Consequently the edge (x,y) is
not adjacent to any edge in D’. This is a contradiction to
D' is an effective edge dominating set. Therefore y € D.
Therefore D is an effective vertex dominating set. Hence
Y(G) <[D[ <2|D'| =2Y/(G). O

Theorem 3.11. Let G = (0, ) be a non trivial fuzzy graph
such that A(G) < 2, then ¥ (G) < y(G)

Proof. Let D = {uj,uz,us,...... u, } be an minimum effec-
tive vertex dominating set of G. Let d; (;) = {v € V — D such
that (u;,v) is an effective edge }. Arrange the elements of D
such that |ds (u;)] < |d (ui+1)]| for all u; € D. Let uy, be the first
vertex such that a vertex in d; (u,,) has a neighbor in V —D.
Define v,, = {w € d; (u) | w is adjacent to some vertex in
V —D}. For each uj, j > m define v; = {w € d; (u;) | w is
not adjacent to v; ,1 <k < j—m}.In defining this v; if
tie occurs it can be broken arbitrarily. Since D is a min-
imum vertex dominating set, d; (u;) # 0. For each u;,1 <
i < m choose any one of the vertex of d; (u;) as v;. Let D' =
{(u;,v;),1 <i<n}.lItisclear that each edge in D' is effective.
Let (x,y) be any edge in E(G). If the vertex x or y in D then
x = uy ory = uy, for some 1 < k < n. Therefore the edge (x,y)
is adjacent to the edge (uy,vx) € D’. Therefore we assume
x€V —-DandyeV —D. since D is an effective vertex domi-
nating set, there exist vertices u; and i in D such that (i, x)
and (uy,y) are effective edges. since (x,y) € V—D,k > m and
s > m. Suppose y # v, then by the definition of vy, y is adja-
cent to some vs_;, 1 <i<s—m.since A(G) <2,x=v,_;,1 <
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i < s—m. Therefore the edge (x,y) is adjacent to the edge
(us—i,vs—i) € D'. If the vertices x and y are dominated by
the same vertex say u; in D, then since A(G) < 2,x = v; or
y = v, Therefore the edge (x, y) is dominated by an edge in
D'. Consequently ¥ (G) < n=y(G). O

Corollary 3.12. IfC,(0, 1) be a non trivial fuzzy cycle, then
Y [Cu(o. 1)) < ¥[Culo, )]

Corollary 3.13. If P,(o, L) be a non trivial fuzzy path, then
AIACHDIES I ACHT)N

Corollary 3.14. If G = (o, 1) be a non trivial fuzzy graph
such that A(G) < 2, then ¥ (G) < y(G) < 2Y(G).

Proof. Proof follows by theorem 3.10 and theorem 3.11. [J

Remark 3.15. 1. IfC,(o, 1) is a fuzzy cycle such that all
of its edges are effective then it is known that Y [C, (0, )]

51
2. If P,(o, 1) be a non trivial fuzzy path such that all of its
edges are effective then it is known that y[P,(o, )] =

5]
3. If G= (o, u) is a non trivial fuzzy cycle or fuzzy path
on 'n’ vertices then y(G) > [%].

Theorem 3.16. Let G = (o,1) be a non trivial bipartite
graph then v (G) < min{|V1|, |V2|}, where V1, V3 be the par-
tition of V(G).

Proof. Let the vertices Uup,up, U3, ....uy € Vi
V1,V2,V3,...,v, € V2. Without loss of generality assume m < n.
Letd, (uj) = {vj € V2 | (u;,v;) is an effective edge }. For each
u; € V1 choose a vertex v; such that v; is any of the vertex in
dg (u;). Let D' = {(u;,v;),1 <i<m}. Let (x,y) be any edge
in G. It is clear that all the edges of D’ are effective. since
G is bipartite, x = u; or y = u; for some i. Therefore (x,y) is
adjacent to the edge (u;,v;) € D'. Therefore D' is an effective
edge dominating set. Therefore ¥ (G) < |D'| = m- Therefore,
¥ (G) < min{|Vi . [Val}. O

Theorem 3.17. Let G = (o, ) be a non trivial complete
bipartite graph then ¥ (G) = min{|Vy|,|Va|}, where V},V; be
the partition of V(G)

Proof. Let the vertices wuj,up,us,...,.u,, € Vi and
V1,V2,V3,...,v, € V2. Without loss of generality assume m < n.
Let D’ be any set of m — 1 effective edges of G. since |[D'| < m,
there exist vertices u; € Vi and v; € V3 such that u; and v; are
not the end vertices of any edge in D’. since G is complete
there is an edge (u;,v;) in G. But this edge (u;,v;) is not
dominated by any edge in D'. Consequently ¥ (G) > m — 1.
Therefore ¥ (G) > m. But by theorem 3.16Y'(G) < m There-
fore ¥ (G) = min{|Vy|, |V2|}. O

Definition 3.18. Ler D be any subset of effective edges of G.
The solo set of D is defined by (D) = {u € G | u is not an
end vertex of any edge in D}



Theorem 3.19. If D be the subset of effective edges of G such
that y (D) = 0, then D is an effective edge dominating set of
G.

Proof. Let (x,y) € E(G) — D. since, x(D) = 0, the vertex x
is an end vertex of some edge in D Consequently (X, y) is
adjacent to some edge in D. Therefore D is an effective edge
dominating set of G. O

Remark 3.20. 1. Converse of the above theorem need
not be true. For example, the fuzzy graph represented
in figure 3.4 has effective edge dominating set D' =

{(,v)}. But 2 (D) = {x,y} 0.

2. If G= (o, 1) be a complete fuzzy graph on ’n’ vertices
having minimal edge dominating set D', then y (D) =
0, when n > 3.

Theorem 3.21. Let G = (0, ) be a complete fuzzy graph on
'n’vertices then Y (G) < |5 |.

Proof. Let D' be the maximum independent edge set of G.
since G is complete all the edges of D’ are effective. Let
(x,y) € E(G) — D'. By the choice of IV, the edge (X, y) is
adjacent to some edge in D’. Consequently D’ is an effective
edge dominating set. Therefore ¥ (G) < |D/| =| 4| O

Theorem 3.22. Let G = (0, ) be a complete fuzzy graph on
'n’vertices then Y (G) > | 4| , provided n > 3.

Proof. Let D be any set of | %] — 1 effective edges of G. since
G contains 'n’vertices there exist at least two vertices x and
y which are not the end vertices of any edges of D. since
G is complete there is an edge (x,y) € E(G) — D and it is
not adjacent to any edge of D. Therefore D is not an edge
dominating set. Therefore ¥'(G) > |D| =| 4| — 1 and hence

Y(G) > |4]. O

Theorem 3.23. Let G = (0, 1t) be a complete fuzzy graph on
'n’vertices then Y (G) = |5 | , provided n > 3.

Proof. Proof follows by theorem - 3.21 and theorem - 3.22.
O

4. Edge domination in Join of fuzzy
graphs

Definition 4.1. Let Gy (01, 11), and G (02, L) be two fuzzy
graphs on V| and V, respectively, with Vi NV, = 0. The
Jjoin of Gy (o1, U1) and G, (02, 2) , denoted by G| + G, is the
fuzzy graph G (61 + 02,1+ Ha ) on Vi UVa, where,

oi(u) ifucV,

Gz(u)ifMEVQ @.1)

(0'1 + 62) U= {
and

i (uv) ifu,v €V,
o (uv) ifu,v € V5
ci(u)ANor(v)ifueViandveV,
“4.2)

(b1 + 2) (uv) =
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Example 4.2.

u

Let 01 = (u|0.6,v|0.9,w | 0.7) and p; = (uv|0.5,vw]|0.6).
Let 02 = (x]0.8,y]0.6,z | 0.7) and u, = (xy|0.4,yz]0.6).
o1+ 02 = (u]0.6,v|0.9,w|0.7,x|0.8,y|0.6,2|0.7).

M1 + 2 = (uv]0.5,vw]|0.6,xy|0.4,yz|0.6,ux|0.6,uy|0.6,
uz|0.6,vx|0.8,vy|0.6,vz|0.7,wx | 0.7, wy | 0.6, wz | 0.7).

Theorem 4.3. Let G (01, 1), and G2 (02, l2) be two fuzzy
graphs on V1 and V, respectively, with Vi NV, = 0. Then
Y (Gi+G2) < max{[V (G, [V (G2)|}.

Proof. Letxy,xy,....x, be the vertices of Gy and yy,y2,...,
be the vertices of G,. Without loss of generality assume m <

n.LetD; ={(x;,y) | 1 <i<m}and Dy ={(x1,yx | m <k <n}.

Let D' = Dy UD,. By the definition of G| + G, any edge of
the form (x;,y;),1 <i <m&l < j < nis an effective edge.
Therefore all the edges of D’ are effective. It is clear that
x (D') = ¢ Therefore, D' is an effective edge dominating
set and ¥ (G + G,) < |D'| = n. Therefore, ¥ (G1+G) <
max {|V(G1)|, |V (G2)[}. O

Remark 4.4. 1. Any graph G+ G» has an effective edge
dominating set.

2. If Dy and D are effective edge dominating sets of Gy
and G, respectively, then D U D, need not be an effec-
tive edge dominating set of G1 + G.

Theorem 4.5. Let G (01, 1), and G, (02, l2) be two fuzzy
graphs on Vi and V, respectively with ViV, = 0. If |V (Gy)| =
m >3 and |V (Gy)| =n >3, then ¥ (G1 + G2) < ¥ (Gy) +
Y (Ga).

Proof. Let D; and D, be minimum effective edge domi-
nating sets of G; and G, respectively. Let D' = Dy UD,.
since G| and G, are complete, x (D;) = ¢ and x (Dy) =
¢0-x (D) =x(D1UD,) = x (D) Uy (D) = ¢. Therefore,
D' is an effective edge dominating set of G; + G,. Therefore,
Y (Gi1+G) <|D'|=7(Gi)+7(G2) O

5. Conclusion

In this paper, relation between vertex dominating set and
effective edge dominating set of a fuzzy graph is given. The
condition for the existence of effective edge dominating set
of a fuzzy graph is discussed. The effective edge domination
number of complete fuzzy graphs and complete fuzzy bipartite

N %,
= 7

(N
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graphs are obtained. We have found some bounds for ¥ (G).
Also, we explored this domination in the join of fuzzy graphs.
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