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1. Introduction

The stability problem for functional equation is originated
from a question of S.M. Ulam [45] under group homomor-
phisms and positively answered for an additive functional
equation on Banach spaces by D.H. Hyers [23] and T. Aoki [2].
It was further generalized and marvelous outcome has been
obtained by number of authors one can refer [21, 35, 38, 42].

Over the last seven decades, the above problem was tack-
led by numerous authors and its solutions via various forms of
functional equations were discussed. For more information on

such problems the interested readers can refer the monographs
of [1,4,5,8, 18, 22, 24-26, 33, 36, 37, 41, 43, 48].

The general solution of Quintic and Sextic functional
equations

Sx+3y) =5f(x+2y)+ 10f(x+y) — 10f(x)
+5f(x—y) = f(x=2y) =120f(y)  (L.1)

and

Fx+3y)—6f(x+2y)+15f(x+y) —20f(x) + 15f(x—y)

—6f(x—2y) + f(x—3y) =720f(y)

was introduced and investigated by T.Z. Xu et. al., [47]
and establish the generalized Ulam - Hyers stability in quasi
B —normed spaces via fixed point method .

In this paper, we introduce the Mixed Type Quintic- Sex-
tic functional equation of the form

(1.2)

E(w+4v)—5E(w+3v)—%(Es’1(w+3v)) +10E(w+2v)

T g (E;I(w+2v)) —10E(w+v) -5 (E‘?(W+ V)>

+5E(w) +5(Eg(w)) —E(w—v)

2
(1.3)

3 (Eq (w— v)) + (E‘?(w - 2v)) — 120E(v) +300 (Eg(v))
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where E{(w) = (E (w)+E (—w)) which is different from

(1.1) and (1.2). Tt is easy to verify that E(w) = c;w’ +con®
is the solution of the functional equation (1.3) for any positive
constants ¢y, ¢3.

The main aim of this paper is to provide the general so-
lution and generalized Ulam - Hyers stabilities of (1.3) in
Banach spaces and fuzzy normed spaces, by using both the
direct Hyers - Ulam method and the alternative fixed point
method.

Now, we present the result due to Margolis, Diaz [28] and
Radu [34] for fixed point theory.

Theorem 1.1. [28, 34] Suppose that for a complete general-
ized metric space (£,0) and a strictly contractive mapping
T : Q — Q with Lipschitz constant L. Then, for each given
x € Q, either

d(T"x,T" 'x) =0 ¥ 1n>0

)

or there exists a natural number no such that

(FPC1) d(T"x,T""'x) < oo foralln > ny ;

(FPC2) The sequence (T"x) is convergent to a fixed point y*
of T

(FPC3) y* is the unique fixed point of T in the set
A={yeQ: d(T”Ox y) < eo};

(FPC4)d(y*,y) < 11 L d(y,Ty) forall y € A.

2. General Solution

In this section, we test the general solution of the functional
equation (1.3). To prove the solution, we define %] and %,
be real vector spaces.

Theorem 2.1. For an odd mapping E : U — U fulfill-
ing the functional equation (1.3) for all w,v € 7\, then E is
quintic.

Proof. Given E : % — %, is an odd function. Using odd-
ness of E in (1.3), one can obtain that

E(w+4v) —5E(w+3v)+ 10E(w+2v) — 10E(w+v)

+5E(w) — E(w—v) = 120E(v) @2.1)

for all w,v € 2. Now, interchanging (w,v) by (0,0), (0,2w),
(4w,w), (3w,w), 2w,w), (w,w), (0,w) and (—w,w) in (2.1)
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and using oddness of E, we arrive the subsequent equations

E0)=0
(8w) — SE(6w) + 10E(4w) — 129E(2w) =0 (2.2)
(8w) — SE(7w) + 10E(6w) — IOE(SW) +SE (4w)
—E(3w)—120E(w) = (2.3)
E(Tw) —5E(6w) + 10E(5w) — 10E(4w) +5E(3w)
— E(2w) — 120E(w) = 2.4)
E(6w) —5E(5w) + 10E (4w) — 10E(3w)
+SE(Q2w) — 121E(w) =0 2.5)
E(5w) — SE(4w) + 10E(3w) — 10E(2w) — 115E(w) = 0
(2.6)
E(4w) — SE(3w) + 10E(2w) — 129E(w) =0 (2.7)
E(3w) — 4E(2w) — 115E(w) =0 2.8)

for all w € %/1. Subtracting (2.3) from (2.2), one can see that

5E(7w) —15E(6w) + 10E(5w) + 5E(4w) + E(3w)
— 129E(2w) + 120E(w) = 0 2.9)

for all w € 2. Multiplying (2.4) by 5 and subtracting from
(2.9), one can observe that

E(6w) —40E(5w) + 55E(4w) —24E(3w)

— 1245E(2w) — T20E (w) = 0 (2.10)

for all w € Z/4. Multiplying (2.5) by 10 and subtracting from
(2.10), one can find that

10E (5w) — 45E (4w) + 76E (3w)

— 174E (2w) 4 1930E (w) = 0 @2.11)

for all w € %/. Multiplying (2.6) by 10 and subtracting from
(2.11), one can verify that

SE(4w) — 24E (3w) — T4E (2w) 4 3080E (w) = 0

(2.12)

for all w € %/1. Multiplying (2.7) by 5 and subtracting from
(2.12), one can see that
E(3w) —124E(2w) 4+ 3725E(w) =0 (2.13)
for all w € %/1. Subtracting (2.8) from (2.13), one can arrive
120E(2w) —

3840E (w) = 0 (2.14)

for all w € %, . Thus it follows from (2.14), we achieve
120E(2w) = 3840E (w) = E(2w) = 32E(w)
— E(2w) =2°E(w) (2.15)
for all w € 2. Hence E is quintic. O

Theorem 2.2. For an even mapping E : %, — % fulfilling
the functional equation (1.3) for all w,v € 2/, then E is sextic.
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Proof. Given E : % —> %, is an even function. Using even-
ness of E in (1.3), one can obtain that

E(w+4v) —6E(w+3v)+ 15E(w+2v) —
+I5E(w)—6E(w—v)+E(w—2v) =

(2.16)

20E(w+v)

for all w,v € %4. Now, interchanging (w,v) by (0,0), (0,2w),
(4w, w), Bw,w), 2w,w), (w,w), (0,w) and (—w,w) in (2.16)
and using evenness of E, we arrive the subsequent equations

E(0)=0
E(8w) — 6E(6w)+ 16E(4w) — T46E(2w) =0 (2.17)
E(8w) — 6E(7Tw) + 15E(6w) —20E (5w) + 15E (4w)
—6E(3w) +E(2w) —T20E(w) =0 (2.18)
E(Tw) —6E(6w) + 15E(5w) — 20E (4w) + 15E (3w)
—6E(2w) —T19E(w) =0 (2.19)
E(6w) —6E(5w) + 15E(4w) — 20E (3w)
+ 15E(2w) — T26E(w) =0 (2.20)
E(5w) —6E(4w) + 15E(3w) —20E(2w) — T04E(w) =0
2.21)
E(4w) — 6E(3w) + 16E(2w) — TA6E(w) =0 (2.22)
2E(3w) — 12E(2w) — 690E (w) = 0 (2.23)

for all w € %,. Subtracting (2.18) from (2.17), one can see
that

6E(Tw) — 21E(6w) 4 20E (5w) + E (4w)

+6E(3w) — TA4TE(2w) +T20E(w) =0 (2.24)

for all w € Z/. Multiplying (2.19) by 6 and subtracting from
(2.24), one can observe that

15E(6w) — T0E (5w) + 121E (4w) — 84E (3w)

—711E(2w) + 5034E (w) = 0 (2.25)

for all w € %;. Multiplying (2.20) by 15 and subtracting from
(2.25), one can find that

20E (5w) — 104E (4w) +216E (3w)

—936E (2w) + 15924E (w) = 0 (2.26)

for all w € %/ Multiplying (2.21) by 20 and subtracting from
(2.26), one can verify that

16E (4w) — 84E (3w) — 536E (2w) + 30004E (w) = 0

(2.27)

for all w € %/ Multiplying (2.22) by 16 and subtracting from
(2.27), one can see that

12E (3w) — 792 (2w) + 41940E (w) = 0 (2.28)

for all w € Z/4. Multiplying (2.23) by 6 and subtracting from
(2.28), one can arrive

720E (2w) — 46080E (w) = 0 (2.29)
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720E (v)

for all w € %, . Thus it follows from (2.29), we achieve

720E (2w) = 46080F (w) = E(2w) = 2°E(w)

(2.30)

for all w € %, . Hence E is sextic. O

Hereafter, through this article, we use the following nota-
tions:

e The functional equation can be taken as
1
& (w,v) =E(w-+4v) = SE(w+3v) — 5 (Eg(w+3v))
5
+10E(w+2v) + 3 (Ef(w—i— 2v)>
—10E(w+v)—5 (E"(w + v))
+SE(w) +5(ES(w) ) ~ E(w
) + (E w—2v) )
300(E;1 )

where E{ (w) = (E(w) +E(—w)).

G

—120E(v

o Leta={-1,+1}.

e Define a constant £ as
2, if y=0;
éw = 1
29

if y=1.
3. Stability Results In Banach Space

In this section, we confirm the generalized Ulam - Hyers
stability in Banach space using Hyers - Ulam method and
the alternative fixed point method. In order to establish the
stability results, let us take 7] be a normed space and %5 be
a Banach space.

3.1 Hyers - Ulam Method
Theorem 3.1. For an odd mapping &, : W1 — W, fulfilling

the functional inequality
&, wm)|| < (wv) G.1)

for all w,v € #). Then there exists one and only quintic func-
tion Qs : Wy — W5 which satisfying the functional equation
(1.3) and the functional inequality

1

[050n) =Byl = 3575 % X 25706'%(27% )
=5
(3.2)
for allw € #). The mapping Qs is defined as
B
)= i ks ()
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for allw € W1, where & : ¥ — |0,
ing the condition

7 (2°‘ﬁ Ll v) —0

o) is a function fulfill-

im Sap

34

for all w,v € #,. The function s (27""w7 27’0‘w) is defined by

s (WW, 27“w) = (0,27% . 2w) +.7 (2% - 4w, 27%)

+5.7(2Y% . 3w, 2"%w)
+10.7(27% - 2w, 27%w)
+10.7(27%w, 27%w)
+5.7(0,2"%w)

. (=21 %, 27%y) (3.5)

Sforallw € #,.
Proof. Using oddness of E in (3.1), one can obtain that
|Eq(w+4v) = 5E4(w+3v) + 10E, (w+2v)
—10E,(w+v) +5E,(w) —E4(w—v)

—120E,(v)[| £ L (w,v)  (3.6)

for all w,v € #. Now, interchanging (w,v) by (0,2w), (4w,w),
(Bw,w), 2w,w), (w,w), (0,w) and (—w,w) in (3.6) and using
oddness of E, we arrive the subsequent inequalities

|| Eq(8w) — 5E4(6w) + 10E,(4w) — 129E,(2w)|
< .7(0,2w) (3.7
|| Eq(8w) — 5Eq(Tw) + 10E,(6w) — 10E,(5w)
+5E4(4w) — Eq(3w) — 120E,(w)|| < 7 (4w,w) (3.8)
| Eq(Tw) = 5E4(6w) + 10E4(5w) — 10E,(4w)
+5E,(3w) — Eq(2w) — 120E,(w)|| < (3w, w) (3.9)
| Eq(6w) — 5E4(5w) + 10E,(4w) — 10E4(3w)
+5E,(2w) — 121E,(w)|| < (2w,w)  (3.10)
| Eq(5w) — 5E4(4w) + 10E4(3w)
—10E,(2w) — 115E,(w)|| < L (w,w)  (3.11)
|| Eq(4w) — 5E4(3w) + 10E4(2w) — 129E4(w)|| < .7(0,w)
(3.12)
(|Eq(3w) —4E4(2w) — L1SEy(w)|| < 7 (= w,w)
(3.13)

for all w € #}. From (3.7) and (3.8), we have

||5Eq(Tw) — 15E,4(6w) + 10E4(5w) + 5E4(4w)
Eq(3w) — 129E,(2w) + 120E,(w) |
< ||Eq(8w) — 5E4(6w) + 10E, (4w) — 129E,(2w) |
+ ||Eq(8w) — 5E4(Tw) + 10E4 (6w) — 10E4(5w)
+5E4(4w) — Eq(3w) — 120E,(w)|

<.7(0,2w) + .7 (4w, w) (3.14)
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for all w € #. Multiplying (3.9) by 5, we see that

|5Eq(Tw)
+25E4(3w)

— 25E,,(6w) + 50E, (5w) —
—5E,(2w) — 600E,(w)

50E,(4w)

H <573w,w)
(3.15)

for all w € #,. It follows from (3.14) and (3.15), we arrive

|| 10E, (6w) — 40E, (5w) 4 55E4(4w)
—124E,(2w) — T20E,(w)||
<.7(0,2w) + ,5”(4w, w)+ 573w, w)

—24E,(3w)

(3.16)
for all w € #1. Multiplying (3.10) by 10, we find that

|| 10E,(6w) — 50E,(5w) 4 100E,(4w) — 100E4(3w)
+50E,(2w) — 1210E,(w)|| < 107 (2w,w) (3.17)

for all w € #,. It follows from (3.17) and (3.16), we obtain

| 10E,(5w) — 45E,(4w) + T6E,(3w)
—174E4(2w) + 1930E,(w)||
< .7(0,2w) + L (4w, w) + 5.7 (3w, w) + 10.7 2w, w)
(3.18)
for all w € 1. Multiplying (3.11) by 10, we see that

|| 10E,(5w) — 50E,(4w) + 100E, (3w)

—100E,(2w) — 1150E,(w)|| < 107 (w, w)
(3.19)

for all w € #1. From (3.18) and (3.19), we get

||5Eq(4w) — 24E,(3w) — TAE,(2w) + 3080E, (w)||
< .Z7(0,2w) + . (4w, w) + 5.7 (3w, w)

+10.7 (2w, w) + 10.7 (w,w) (3.20)
for all w € /. Multiplying (3.12) by 5, we have
||5Eq(4w) — 25E,(3w) + 50E,(2w) — 645E,(w)|
<57(0,w) 3.21)

for all w € #/. Combining (3.20) and (3.21), we arrive

|| Eq(3w) — 124E,(2w) + 3725E,(w) |
< .7(0,2w) + . (4w, w) + 5.7 (3w, w)
+ 1072w, w) + 107 (w,w) +5.7(0,w) (3.22)

for all w € #}. It follows from (3.13) and (3.22), we achieve

|| 120E, (2w) — 3840E,(w)||
< .7(0,2w) + .7 (4w, w) +5203w,w) + 10.7 (2w, w)
+10.7(w,w) +5.7(0,w) + .7 (—w,w)  (3.23)

for all w € #]. Let us take

Fs(w,w) =.7(0,2w) + .7 (4w, w) + 5.7 (3w, w)

+10.7 2w, w) + 10.7 (w,w) + 5.7 (0,w)
+ L (—w,w) (3 24)

ﬂ(l
n "””,
=
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for all w € #,. Using (3.24) in (3.24), we reach

|| 120E, (2w) — 3840E,(w)|| < .75 (w,w) (3.25)
for all w € #]. It follows from (3.25) that

E,(2w) 1

|2 gy < g <o) 20)

for all w € #;. Changing w by 2w and multiply by zis in
(3.26) and adding the resultant inequality to (3.26), one can
obtain

E (22w
|5
1 1
< 7551 X {V5(W,w)+25<75(2w,2w) (3.27)

for all w € #. Generalized for a positive integer 3, we have

E,(2Pw)
258

_ 1 Bl (21w, 27w)
=35 25
=0
(3.28)

_Eq(W)

for all w € #1. By defining w by 2%w and dividing by 2°9 in

(3.28) and letting B — oo, it shows that the sequence

E,(2Pw)
25B

is a Cauchy sequence. Since %5 is complete, this sequence
converges to a point Qs(w) in #5. Thus, we define this func-
tion by

0s(w) = tim Z12)

Jim = (3.29)

for all w € #}. Taking limit as 8 tends to oo in (3.28) and
using (3.29), we arrive (3.2) for the case a = 1.

To prove that the existing Qs(w) satisfies the functional
equation (1.3), changing (w,v) by (28w,28v) and dividing by
298 in (3.1), we get
(3.30)

1
B _— B,y 2B
536 Hé’ 2 w,2Pv)|| < 55 X (2w, 2P v)

for all w,v € #]. Letting B tends to o in (3.30) using (3.4),
(3.29), we obtain

QOs(w,v) =0 (3.31)

for all w,v € #,. Thus Qs satisfies the functional equation
(1.3).

It is easy to prove that the existence of Qs is unique. In-
deed, let R5 be an another quintic mapping satisfying (1.3)
and (3.2). Now

05(2°w) =270 05 (w) Rs(2%w) =

and 259Rs(w).
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Thus,
[Q5(w) —Rs(w)]|
S )
< ot (st -

1

< 24.51 x ng 25(y+6) (3.32)

s (2Y+5W, 27+5W)

for all w € #]. Letting 6 tends to o in (3.32), we have
Os(w) — Rs(w) = 0 which implies Qs(w) = Rs(w) for all
w € #;. Hence the theorem holds for oc = 1.

On changing w by g in (3.25), we get

-2 (3)] < 524 (5:3)

for all w € #,. Replacing w by % in (3.33) and multiplying

(3.33)

by 2° and adding the resultant inequality to (3.33), we arrive

10 w
|t —2%, (53))]
1 wow
+2%(531))]
=35 {‘% (z 2) Zs\zp
for all w € #]. Generalizing for a positive integer 3, we see
that
w
Ea(3))

1L 561 wow
<522 (505)

(3.34)
HEq(W) —2%

1 b 5B wow
*25-51X;2 ‘%(273’273)

(3.35)

for all w € #. The rest of the proof is similar clues that of
case o = 1. Hence the proof is complete. O

The following corollary is an immediate consequence of
Theorem 3.1 regarding the Ulam - Hyers stability [23] of the
functional equation (1.3).

Corollary 3.2. For an odd mapping &, : W1 — W5 fulfilling
the functional inequality

| & w.v)|| < @ (3.36)

for all wyv € W) where ® > 0 is a constant. Then there exists
one and only quintic function Qs : W1 — W> which satisfying
the functional equation (1.3) and the functional inequality

33®

|Q5(w) — Ey(w)|| < ST (3.37)

Sforallw € .
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The following corollary is an immediate consequence of
Theorem 3.1 regarding the Ulam - Hyers - THRassias stability
[38] of the functional equation (1.3).

Corollary 3.3. For an odd mapping &, : W\ — W5 fulfilling
the functional inequality

@ {[[w]? +]v][};
||@“’q(W,v)|| < { cI){HW||¢1 +|M|¢2};

Sor all w,v € #1 where ® > 0 is a constant and ¢, 1, $2 # 5.
Then there exists one and only quintic function Qs : Wi —

W5 which satisfying the functional equation (1.3) and the
functional inequality

(3.38)

sz ®|jw||®
512520
w)—E (w)|| <
los(w) =Yt ol T ol
5125 —201] 5125202 °
(3.39)
where

Psr = (11:20 4530 +4° 1+ 43);
Psri = (102 4+5-3% 449 4 32);
Tsra = (2% +11);

(3.40)

forallw € #.

The following corollary is an immediate consequence of
Theorem 3.1 regarding the Ulam - Hyers - JMRassias stability
[42] of the functional equation (1.3).

Corollary 3.4. For an odd mapping &, : W1 — W5 fulfilling
the functional inequality

@ {9 + (|2 + 2] )
< Gl s G ey
3.41)

Sforallw,v € W, where ® > 0is a constant and 2¢, ¢1 + ¢2 # 5.
Then there exists one and only quintic function Qs : W) —
W, which satisfying the functional equation (1.3) and the
functional inequality

Theorem 3.5. For an even mapping &, : W1 — W, fulfilling
the functional inequality

[&w V)] <7 (w,v) (3.44)

forall w,v € #1. Then there exists one and only sextic function
Qs : W — W5 which satisfying the functional equation (1.3)
and the functional inequality

o< by (e

,l
==

[1Q6(w) —

(3.45)

for allw € #,. The mapping Qg is defined as

>6a o E;(2%w)

for allw € W4, where & : W2 — |0,
ing the condition

Og(w) = lim

B 2

(3.46)

o) is a function fulfill-

lim —y(zaﬁw Q0P ) —0

Jim S (3.47)

for all w,v € #). The function % (27aw, 27’O‘w) is defined by

Y (27‘1w, 27aw)

=.7(0,27% . 2w) + .7 (27* - 4w, 2"%Ww)
4 5.7(21% 3, 21%) + 10.7(27% - 2w, 27%w)
+10.7(27%w, 2Y%w) 4+ 5.7(0,2"%w)

+.7(—21%, 27%y) (3.48)

forallw € .
Proof. Using evenness of E in (3.44), one can obtain that
|Es(w+4v) — 6Es(w+3v) + 15E(w+2v)

—20E(w+v)+ 15E5(w) — 6Es(w —v)

+E(w—2v) —T20E;(v)|| < L (w,V) (3.49)

for all w,v € #. Now, interchanging (w,v) by (0,2w), (4w, w),
Bw,w), 2w,w), (w,w), (0,w) and (—w,w) in (3.49) and us-

T's; ®||w||® ing evenness of E, we arrive the subsequent inequalities
105 (w) — E,(w)|| < 51[25 —220) (3.42) || Es(8w) — 6E(6w) + 16E,(4w) — T46E (2w)]|
TN Tsp @fjw][ 792
e < .7(0,2w) (3.50)
5125 —201+¢2] °
||Es(8w) — 6E5(Tw) 4+ 15E(6w) — 20E(5w)
where +15E;(4w) — 6E;(3w) + E5(2w) — T20E5(w) |
sy = (10.2¢+11.22¢+5(3¢+32¢)+4¢+42¢+54); < (4w,w) (3.51)
Iy, = (11 00 | 5. 301400 4 40140 |Es(Tw) — 6E(6w) + 15E5(5w) — 20E;(4w)
+15E(3w) — 6E;(2w) — T19Es(w)|| < 7 (3w, w)
+4% +5.39 1 10.2% +54); 352
(3.52)
(3.43) ||Es(6w) — 6Es(5w) 4+ 15E(4w) — 20E(3w)
222 p
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|Es(5w) — 6E(4w) + 15E(3w)

—20E,(2w) — TO4Es(w)|| < .7 (w,w) (3.54)

||Es(4w) - 6ES(3W) + 16ES(2W) - 746E9(W)” § y(oaw)

(3.55)
I2Es(3w) — 12E5(2w) — 690E,(w)|| < L (—w,w)
(3.56)
for all w € #}. From (3.50) and (3.51), we have

16E,(Tw) — 21E,(6w) -+ 20E (5w) + Eq (4w)
F6E,(3w) — TATE, (2w) + T20E, (w)||
< ||Es(8W) — 6E5(6w) + 16E(4w) — T46E;(2w) ||
+ || Es(8w) — 6E5(Tw) 4+ 15E(6w) — 20E;(5w)
FISE, (4w) — 6E,(3w) + Ey(2w) — T20E,(w) |
< .7(0,2w) +.7 (4w, w) (3.57)

for all w € #]. Multiplying (3.52) by 6, we see that

|6Es(7Tw) — 36E;(6w) +90E(5w) — 120E,(4w)
+90E;(3w) — 36E;(2w) — 5514E5(w)|| < 6.7 (3w,w)
(3.58)
for all w € #,. It follows from (3.57) and (3.58), we arrive

| 15E5(6w) — TOE(5w) + 121E,(4w) — 84E,(3w)
—T11E;(2w) + 5034E,(w)|

< .7(0,2w) + L (dw,w) + 6.7 (3w,w)  (3.59)

for all w € #7. Multiplying (3.53) by 15, we find that

| 15E(6w) — 90E,(5w) + 225E,(4w) — 300E,(3w)
+225E,(2w) — 10890E,(w)|| < 15.7(2w,w) (3.60)

for all w € #1. Combining (3.60) and (3.59), we obtin

120E, (5w) — 104E, (4w) + 216E,(3w)
—936E,(2w) + 15924E,(w)|
< .7(0,2w) + .7 (4w, w)

+6.73w,w) + 1572w, w) (3.61)
for all w € #/. Multiplying (3.54) by 20, we get
I20E(5w) — 120E(4w) + 300E;(3w)
—400E,(2w) — 14080E,(w)|| < 20.7(w,w)  (3.62)

for all w € #,. It follows from (3.61) and (3.62), we have
[[L6E(4w) — 84E(3w) — 536E,(2w) + 30004E,(w)||

< .7(0,2w) + L (4w, w) + 6.7 (Bw,w)

+ 1572w, w) +20.7 (w,w) (3.63)
for all w € 1. Multiplying (3.55) by 16, we see that

116E;(4w) — 96E, (3w) + 256 E(2w) — 11936E,(w)|
< 16.7(0,w) (3.64)
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for all w € #}. From (3.63) and (3.64), we arrive

[12E5(3w) —792E;(2w) + 41940E(w)||
< 7(0,2w) + L (4w, w) + 6.7 (3w, w)

1572w, w) +20.7 (w,w) + 16.7(0,w)  (3.65)

for all w € 7. Multiplying (3.56) by 6 and it follows from
(3.65), we achieve

| 720E, (2w) — 46080E,(w) |
< .7(0,2w) + . (dw,w) + 6.7 (3w, w) + 15.7 2w, w)
+20.7 (w,w) +16.7(0,w) + 6.7 (—w,w) (3.66)
for all w € #]. Let us take
Fs(w,w) = .7(0,2w) + .7 (4w, w) + 6.7 (3w, w)
+ 1572w, w) +20.7 (w,w) 4+ 16.7(0,w)

+6.7(—w,w) (3.67)
for all w € #7. Using (3.67) in (3.67), we reach
| 720E; (2w) — 46080E; (w)]|| < .6 (w,w) (3.68)
for all w € #]. It follows from (3.68) that
E;(2w)
HSZG—ES(W)‘ < 2o X Tslmw) (3.69)

for all w € #;. Changing w by 2w and multiply by 2% in

(3.69) and adding the resultant inequality to (3.69), one can
obtain

E (2%w)

212

[5”6 (w,w) + %Yﬁ (2w, 2w)
(3.70)

I
_ES(W)H = 2661

for all w € #1. Generalized for a positive integer 3, we have

E;(2Pw)

_ ! Bl (27w, 21w)
268

X
= 26.6! 6y
20.6! b 2

—Es(w)

0
(3.71)

for all w € #1. The rest of the proof is similar lines to that of
Theorem 3.1. Hence the proof is complete. O

The following corollary is an immediate consequence of
Theorem 3.5 regarding the Ulam - Hyers stability [23] of the
functional equation (1.3).

Corollary 3.6. For an even mapping & : W1 — W fulfilling
the functional inequality

[&wv)|| < @ (3.72)

Sfor all w,v € W1 where ® > 0 is a constant. Then there exists
one and only sextic function Qg : W1 —> W> which satisfying
the functional equation (1.3) and the functional inequality

65

1Q6(w) — Es(w)|| < 6163|

(3.73)

Sforallw € .
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The following corollary is an immediate consequence of
Theorem 3.5 regarding the Ulam - Hyers - THRassias stability
[38] of the functional equation (1.3).

Corollary 3.7. For an even mapping &; : W\ — W, fulfilling
the functional inequality

D ] ][+
&(w)| <
ol <{ gl b

Sor all w,v € #1 where ® > 0 is a constant and ¢, 1, ¢p2 # 6.
Then there exists one and only sextic function Qg : W1 —>
W5 which satisfying the functional equation (1.3) and the
functional inequality

(3.74)

Tor @[|w]|*
6!|26—2¢| ’
w)—E;(w)| <
HQ6( ) S( )H* F6T1 q)||WH¢1 1—‘6T2q:.||w‘|¢2.
6!|26_2¢1‘ 6!‘26—2%‘ ’
(3.75)
where

For = (16-2% +6-3° +4° +91);
Pori = (152 +6-3% +4% +26);
Tors = (2% +65);

(3.76)

forallw € #.

The following corollary is an immediate consequence of
Theorem 3.5 regarding the Ulam - Hyers - JMRassias stability
[42] of the functional equation (1.3).

Corollary 3.8. For an even mapping & : W1 — W fulfilling

the functional inequality

D Lwl?|]]® + [I[wP® +[[vI[**] } 5

D { w2 [v]|% + [[[w]| 9192 + (o] |1 92] } 5
(3.77)

10wl g{

Sforallw,v € W, where ® > 0is a constant and 2¢, ¢1 + ¢2 # 6.
Then there exists one and only sextic function Qg : W1 —
W, which satisfying the functional equation (1.3) and the
functional inequality

Loy ®||w|[*
612° 20T
Ly1 ®|wl[?119
6126 — 201102 °

Q6(w) — Es(w)|| < (3.78)

where

I = (16.2‘2’ 115229 1 6(30 +320) 449 1 420 4 117);
To = (162970 4 5(30702 4 3%)
400 | 491 | 1500 +9o);
(3.79)
forallw e .
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Theorem 3.9. For a mapping & : Wi — W5 fulfilling the
functional inequality

16 (w,v)|| <7 (w,v) (3.80)
for all wyv € #,. Then there exists one and only quintic
Sfunction Qs : W) — W5 and one and only sextic function
Q¢ : W1 —> W5 which satisfying the functional equation (1.3)
and the functional inequality

()= 0s00) - 0t
1 - o (04
<Szs Ly {72

X, »)
) +y5( 20y, 070 )}

: v)
)

Yo you
+27~6! Z 26706{%(2 w2

+<76( 1%y, 0¥y, } (3.81)

for all w € #,. The mappings Qs and Qg are defined in (3.3)
and (3.46) for all w € W1, where & : W} — [0,0) is a
Sfunction fulfilling the conditions (3.4) and (3.47) for all w,v €

W . The functions S5 (27’0‘w7 270‘w> and S (ZWW, ZV“W)
are given in (3.5) and (3.48) for allw € #.

Proof. We know that by definition of odd function, we have

E,(w)—E,(—w
EO(W) = % (3.82)
for all w € #,. It follows from (3.82) that
1
|Eo(w)ll < 5 { Eqw,v) = Ey(—w,—v) |
1
< Z W —
< 2{5”(W,v) S (—w, v)} (3.83)
for all w € #7. Thus by Theorem 3.1, we arrive
1Q5(w) — Eo(w )H
1 o
I Yo Yo
= 26051 Z 25w {‘%(2 w2 )
Y= 2
. ( _ovay, —27°‘w) } (3.84)

for all w € #,. We know that by definition of even function,
we have

Eq(w) +Eq(—w)

Ep(w) = 5 (3.85)
for all w € #,. It follows from (3.85) that
1
12w ) | < 5 { Eswv) = Es(=w,—v) |
1
< 5{5ﬂ(w,v) +(w, fv)} (3.86)
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for all w € #/. Thus by Theorem 3.5, we arrive

1Q6(w) — Ex(w)
a1
=276 Z . 267

Y= 2

[ (2t 2m)

e ( 1%y, —2Y“w) } (3.87)
for all w € #}. Now, define a function
E(w)=Eo(w)+Eg(w) (3.88)

for all w € #1. Combining (3.88), (3.84) and (3.87), we
derived our result. O

The following corollary is an immediate consequence of
Theorem 3.9 regarding the Ulam - Hyers stability [23] of the
functional equation (1.3).

Corollary 3.10. For a mapping & : #1 — W5 fulfilling the
functional inequality

[&wv)|| <P (3.89)

Sfor all wyv € #1 where ® > 0 is a constant. Then there
exists one and only quintic function Qs : Wi — W> and one
and only sextic function Qg : W1 — W5 which satisfying the
Sfunctional equation (1.3) and the functional inequality

33 65

IE(w) — Qs(w) — Qs (w)|| < <+ 6!/63]

53] )cp (3.90)

Sforallw e #).

The following corollary is an immediate consequence of
Theorem 3.9 regarding the Ulam - Hyers - THRassias stability
[38] of the functional equation (1.3).

Corollary 3.11. For a mapping & : W1 — W fulfilling the
functional inequality

@ {[[wl|® +[v]]®};
@ {|lwl| + (vl } :

Sforallw,v € #1 where ® > 0 is a constant and @, 1,92 # 5, 6.
Then there exists one and only quintic function Qs : #1 —
Ws and one and only sextic function Qg : W1 — W> which
satisfying the functional equation (1.3) and the functional
inequality

|& (w,v)|] <{ (3.91)

1E(w) =05 (w) = Qs(w)]
1—‘ST FGT
@||w]|?;
(5!|252¢|+6!|262¢ [[w|
< I's r .
- s+ e ) @Il (3.92)
L r
- (6,‘266f§¢2| + 5”2553%') q>|\w||¢2}’

where Iys are defined in (3.40) and (3.76) respectively for all
we .

The following corollary is an immediate consequence of
Theorem 3.9 regarding the Ulam - Hyers - JMRassias stability
[42] of the functional equation (1.3).

Corollary 3.12. For a mapping & : #1 — W5 fulfilling the
functional inequality

@ {|[wl|?1v]1® + [I|wl*® +{[v]I*]}

Ew)| <

hetm < G ol oo oo sy
(3.93)

Sfor all wyv € #| where ® > 0 is a constant and 2¢, ¢, +
@ # 5,6. Then there exists one and only quintic function
Qs : Wy — W5 and one and only sextic function Qg : Wi —
W, which satisfying the functional equation (1.3) and the
functional inequality

IE(w) = Qs(w) = Qs (w)]|
I’s Ty, ’
< 5!|251122¢\ + s 22¢\) P |wl| ¢}
< r Iy,
5[|25_521¢;|+¢2| + 61‘26 2¢|+¢2‘ ) q)HWHd)lHDZ}
(3.94)

where Fg,s are defined in (3.43) and (3.79) respectively for all
weE M.

3.2 Alternative Fixed Point Method

Theorem 3.13. For an odd mapping &, : W1 — W- fulfilling
the functional inequality (3.1) for all w,v € W}, where ./ :
WP — [O,oo) is a function fulfilling the condition

(élﬁw, §5v> =0

11m 5?13 (3.95)
for all w,v € #,. Then there exists one and only quintic func-
tion Qs : W — W, which satisfying the functional equation
(1.3) and the functional inequality

105 (w) — E(w)|| < —Y(w w) (3.96)
SJorallw e . If £ = £ (), with the property

;‘25@ (éww, z;.,,w) — LS (w, w) (3.97)
with the condition that

Alon) = hA(23), o9
where S5 (w, w) is defined in (3.24) for all w € #.
Proof. Consider the set

B = {E] Ey: ¥ —>W2,E1(0):0} (3.99)
Let us introduce the generalized metric on (3.99) by

inf {¢: |Ei(w) — Exw)| < £75 (ww) b G.100)

007
B

‘v

! uv

225
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for all w € #]. One can easy to see verify that (3.100) is

complete with respect to the defined metric. Define a mapping
Y: % — Aby

TE, (w) =

E¢(Sy) (3.101)

ﬁw

for all w € #/. Now, for any E|,E, € %, we arrive

1E1(w) ~ E2(w)]| < ¢.75 ()

S E1(Gy) — 55 E2() | < 575 (ww)

éq/ éw
— |YE (W) = YE2(w)|| < L. (w, w)

for all w € #. This implies that Y is a strictly contractive
mapping on % with Lipschitz constant .Z. It follows from
(3.26) that

H Eq(2w) (3.102)

l

for all w € /1.

For the case y = 0, it follows from (3.97), (3.98), (3.101)
and (3.102),

HYEq(W) -

w)|| < LF5(ww) = L0 F5(w,w)

(3.103)

for all w € /1.
Replacing w by 5 in (3.102), we obtain

o250 (5)]| < 554 (5-5)

for all w € /1.
For the case y = 1, it follows from (3.97), (3.98), (3.101)
and (3.104),

(3.104)

LS5 (wyw)
(3.105)

HEq(W) _YEq(W)H < Is(ww) =

for all w € #1. From (3.103) and (3.105), we see that

|Eq(w) = YE (w)|| < £V F5(w,w) (3.106)

for all w € #7. Thus, condition (FPC1) of Theorem 1.1 holds.

It follows from condition (FPC2 ) of Theorem 1.1 , that there
exists a fixed point Qs of Y in . such that

Os(w) = hm gs (éq,w) (3.107)

for all w € #1. To prove the existing Qs satisfies (1.3), the
proof is similar to that of Theorem 3.1.

Again by condition (FPC3) of Theorem 1.1 , Qs is the
unique fixed point of Y in the set
A ={0s:[|Ey(w) — 0s(w)| < =} (3.108)

226

for all w € #. Finally, by condition (FPC4) of Theorem 1.1,
we get

1 Eq(w) — w) —YEq(w)||

Wl < == [IEq(

-V
=g s
for all w € #1. This completes the proof of the theorem. [J

= [|Eq(w) = 0s(w)[| <

The following corollary is an immediate consequence
of Theorem 3.13 regarding the Ulam - Hyers stability [23],
Ulam - Hyers - THRassias stability [38] and Ulam - Hyers -
JMRassias stability [42] of the functional equation (1.3).

Corollary 3.14. For an odd mapping &, : W\ — W- fulfill-

ing the functional inequality

(OR

S+

D {|wl?]vI[® + [[Iwl* +[vI*] } 5
(3.109)

for all wyv € W1 where ® > 0 and ¢ is a constant. Then there
exists one and only quintic function Qs : W) — W5 which
satisfying the functional equation (1.3) and the functional
inequality

1€ 0vm)] <

330
I

Usz @||wl®

—E,(w)|| < 5125 29] °
Ts;@||w|[*
—_— 2 5
S5 07

where Iys are defined in (3.40) and (3.43) respectively for all
w e M.

Proof. If we take

| Qs(w) ¢#5  (3.110)

(OR

@ {[|w]®+]v[|*};

@ {[|wl|®[[vI[® + [[Iwl[ +[Iv][**] } 5
(3.111)

L (w,v) =

for all w,v € #). Changing (w,v) by (éuéw, 65\/) and dividing

by és,ﬁ in (3.111) and letting B tends to oo, we see that (3.95)
holds for all w,v € #1.
It follows from (3.98), (3.111) and (3.24), one can find

that
54 (w w)

=57(33)
330.

)

5120 ;
1029 411220 15(39 +320) 449 4429 +54) D||w|[2¢
51226 ;

31
(1 129 +5.30 449 +4%) @|w||?
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for all w € #.
Again, it follows from (3.97), (3.111) and (3.24), one can
observe that

éll?/ys (§WW> §Ww)

330 .
51&5°

(11‘2¢ 4539449 +43) @||w||?

— R ;

= S1Ey
(10-2<D +11.:220 4539 +320) 149 1420 +54) @||w||2¢

s1E ’

L. s (mw);

- .,%ys(w,w); (3.113)

LS5 (w7 w) ;
for all w € #}. Thus, the functional inequality (3.96) holds

for the following cases.

For WO:Z;IZ_S

5
52

T o)

25 75 (W’W)

|Qs(w) —E

For

227

For W:1:$:§$_¢:25_¢:¢>5
|05 (w) = Eq(w)]| < 7«5”5 (W W)
257¢ 1-1
(1—22¢ ‘%(W’W>
- 2¢2f25y5 (W’W>
For y=0:% 55/124’ :2512(1) 22075:20 <5
0500~ Ey()]| < T 5 (ww)
2265 1-0
= (1_2225 S5 w,w)
- 2522(1)22¢y5(w’ W)
For y=1:2=§&=2"2%:2¢>5
J0500) By )] = T 74 )

552 1-1
= (1_zs)z¢5”5 ()
2% a ‘%(W W)

O

Theorem 3.15. For an even mapping & : W, — %, fulfilling
the functional inequality (3.44) for all w,v € #1, where S :
WE— [0,00) is a function fulfilling the condition

(ﬁww Epv )

hm —

5

forall w,v € #1. Then there exists one and only sextic function
Qs : W — W5 which satisfying the functional equation (1.3)
and the functional inequality

(3.114)

Ly
1Qs(w) — Es(w)l| < T— s (ww) (3.115)
forallw e W. If & = L (), with the property
1
%5% (ﬁww, 514/‘4’) =2L% (w, w) (3.116)
with the condition that
wow
yé(w,w) —5”6<2 2) (3.117)

where ./ (W, w) is defined in (3.67) for all w € #.
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Proof. Consider the set

B = {E2|E2:7/1 —>%,E2(O):O} (3.118)

Let us introduce the generalized metric on (3.118) by
inf { ¢ : 11 (w) — E2(w)| < &% (wow) }

for all w € #]. One can easy to see verify that (3.119) is
complete with respect to the defined metric. Define a mapping

Y: % — Bby

(3.119)

_ L
&y

for all w € #1. Now, for any E|,E, € &, we arrive

YE;(w)

Es(Sy) (3.120)

1E1(9) = E2(w) | < £.75 (wiw)
1 1
& &

— |YE (W) — YE2 (w)|| < 2% (w, w)

— || 2 E1(&w) — e Ea(8y) | < ¢ Fo(ww)

for all w € #). This implies that Y is a strictly contractive
mapping on # with Lipschitz constant .Z. The rest of the
proof is similar lines to that of Theorem 3.13. This completes
the proof of the theorem. O

The following corollary is an immediate consequence
of Theorem 3.15 regarding the Ulam - Hyers stability [23],
Ulam - Hyers - THRassias stability [38] and Ulam - Hyers -
JMRassias stability [42] of the functional equation (1.3).

Corollary 3.16. For an even mapping &, : W1 — W fulfill-
ing the functional inequality

(OR

@ {[|w]|® +|v||*};

@ {[|wl|®[[vI[® + [[Iwl[® +[Iv][**] } 5
(3.121)

&5 (vl <

Sor all w,v € W where ® > 0 and ¢ is a constant. Then there
exists one and only sextic function Qg : W1 — W which
satisfying the functional equation (1.3) and the functional
inequality

65
6!/63|’
Tor @||wl|?
Q6 (w) — Es(w)|| < m; o#6  (3.122)
Loy @[|wl*?
—; 2 6
oias 2] 207

where Fg,s are defined in (3.76) and (3.79) respectively for all
w e .

Proof. The proof of the corollary is similar clues and ideas of
Corollary 3.14. Hence the details of the proof are omitted. [
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Theorem 3.17. For a mapping & : W1 — W fulfilling the
functional inequality (3.80) for all w,v € W), where . :
W2 — [0,0) is a function fulfilling the conditions (3.95)
and (3.114) for all w,v € #]. Then there exists one and only
quintic function Qs : Wi — W, and one and only sextic func-
tion Qg : W1 —> W which satisfying the functional equation
(1.3) and the functional inequality

IE(w) —Qs(w) — Qs(w)]|

72l
< W —
< 17${y<w’w) —&—Y( w, w)}
Sforallw e M. If & = L (), with the properties and condi-
tions (3.97), (3.116) (3.98), (3.117) for all w € #.

Proof. From (3.83) of Theorem 3.9 and by Theorem 3.13, we
obtain

(3.123)

1 v
_ < _ W —
10s(w) — Eo(w)]| < 5% 1i${§’(w,w) —l—Y( w, w)}
(3.124)
for all w € #). Also, from (3.85) of Theorem 3.9 and by

Theorem 3.15, we obtain
E {7 (o) (—n))

(3.125)

106(w) — ELE(w)] S%x

for all w € #). Finally, from (3.88) of of Theorem 3.9 and
(3.124), (3.125), we prove our desired result. ]

The following corollary is an immediate consequence
of Theorem 3.17 regarding the Ulam - Hyers stability [23],
Ulam - Hyers - THRassias stability [38] and Ulam - Hyers -
JMRassias stability [42] of the functional equation (1.3).

Corollary 3.18. For an mapping & : W1 — W3 fulfilling the
functional inequality

(OR

@ {[|w]|®+|v[1*};

@ {{|wl|®[[vI[® + [[Iw|[® +[v]|**] } 5
(3.126)

1€ (w,v)l| <

for all w,v € W where ® > 0 and ¢ is a constant. Then there
exists one and only quintic function Qs : W\ — #> and one
and only sextic function Qg : W1 — W5 which satisfying the
functional equation (1.3) and the functional inequality

IE(w) — Qs(w) — Qs(w)]|

33 65 .
(W + 6!\63\) 29;

Tsy Cor20||w(|? .
S 5!\25—2‘”\ + 6!\26—2‘”\ ’ ¢ ?é 5’6
I, T, 2¢.
5!‘255,,22(7:' + 6!|26i,22¢|)2<1>|‘wl| ¢’ 2¢ 7& 576

(3.127)

where F;s are defined in (3.40), (3.43), (3.76) and (3.79)
respectively for all w € #.
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4. Stability Results In Fuzzy Banach
Space

In this section, we confirm the generalized Ulam - Hyers sta-
bility in Fuzzy Banach space using Hyers and Radus methods.

Fuzzy theory was initiated by Zadeh [49] in 1965. Cur-
rently, this theory is a powerful tool for modeling uncertainty
and vagueness in miscellaneous problems arising in the field
of science and engineering. We use the definition of fuzzy
normed spaces given in [11] and [29-32].

4.1 Definitions on Fuzzy Banach Spaces

Definition 4.1. Let X be a real linear space. A function
N:X xR —[0,1] is said to be a fuzzy norm on X if for all
x,y € X and all s,t € R,

(FNS1) N(x,c) =0forc<0;

(FNS2) x=0ifand only if N(x,c) =1 for all ¢ > 0;
(FNS3) N(cx,) =N (x, ﬁ) if c #0;

(FNS4) N(x+y,s+1t) > min{N(x,s),N(y)};

(FNS5) N(x,-) is a non-decreasing function on R and
limy N (x,1) = 1;

(FNS6) forx#0,N(x,-) is (upper semi) continuous on R.

The pair (X,N) is called a fuzzy normed linear space.
One may regard N(X,t) as the truth-value of the statement
the norm of x is less than or equal to the real numbert’.

Example 4.2. Let (X,||-||) be a normed linear space. Then

t
— t>0, x€X,
t+||x]]

0, 1<0, xeX

N (x,t) =

is a fuzzy norm on X.

Definition 4.3. Let (X,N) be a fuzzy normed linear space.

Let x,, be a sequence in X. Then x,, is said to be convergent if

there exists x € X such that im N(x, —x,t) =1 for all t > 0.
n—oo

In that case, x is called the limit of the sequence x, and we
denote it by N — lim x, = x.
n—oo

Definition 4.4. A sequence x, in X is called Cauchy if for
each € > 0 and each t > 0O there exists ng such that for all
n>ng and all p > 0, we have N(X,4p — Xn,t) > 1 — €.

Definition 4.5. Every convergent sequence in a fuzzy normed
space is Cauchy. If each Cauchy sequence is convergent, then
the fuzzy norm is said to be complete and the fuzzy normed
space is called a fuzzy Banach space.

Definition 4.6. A mapping f : X — Y between fuzzy normed
spaces X and 'Y is continuous at a point x if for each sequence
{xn} covering to xo in X, the sequence f{x,} converges to
f(xo0) . If f is continuous at each point of xg € X then f is
said to be continuous on X .

The stability of a quiet number of functional equations in
Fuzzy Banach space were inspected in [3, 6, 7, 9, 10, 29-32].
In order to establish results, we need the following assump-
tions. Let ] be a linear space, %, be a Fuzzy Banach space
and %4 be a Fuzzy normed space.
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4.2 Hyers - Ulam Method

Theorem 4.7. For an odd mapping &, : W1 — W, fulfilling
the functional inequality

N (Eg(wyv),z) > N (S (W,v),2) 4.1)

for all wyv € #| and all z € W). Then there exists one and
only quintic function Qs : #1 — W> which satisfying the
functional equation (1.3) and the functional inequality

5_
N (Q5(w) = Eg(w),2) > A" (ysw,w), 5'l28|1>

33
“4.2)

forallw € W1 and all z € W,. The mapping Qs is defined as

. 1 o
gljl’/l/ (Q5(w) - stﬁE‘I (2 ﬁw),z) =1 4.3)

for all w € W1 and all z € W, whereY:%2—>% isa
function fulfilling the condition

lim A" (y (2“%,2“%) ,ZS“BZ) —1 44

Bres

for all w,v € #1 and all 7 € W) with the condition that
N (Y <2°‘ﬁw,2°‘ﬁw> ,z) = (E“BY(W, w) ,z) 4.5)

for all w € W and all z € W) for some € > 0 with 0 <
a
( 28—5) < 1. The function .5 (w, w) is defined by

Fs(w,w) = min {M ((0,2w),2) + A" (S (4w, w),2)

+ NS (Bw,w),2) + A (S (2w, w),2)
+ (L (wyw),z) + A (L(0,w),z)
(

N (S (—w,w),2) } (4.6)
forallw e W and all z € H.

Proof. Using oddness of E in (4.1), one can obtain that

N (Eq(w+4v) —5E (w+3v) + 10E,(w +2v)
—10E,(w+v) +5E,(w) — Eq(w—v) — 120E,(v),z)
>N (S (w,v),2) 4.7

for all w,v € #) and all z € #}. Now, interchanging (w,v) by
(0,2w), (4w,w), Bw,w), 2w,w), (w,w), (0,w) and (—w,w)
in (4.7) and using oddness of E,, we arrive the subsequent

0gl0
S0,
S5027:

(N
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inequalities
N (Ey(8w) — SE,(6w) + 10E, (4w) — 129E,(2w),2)
> N (F(0,2w),2) 4.8)
N (Ey(8w) —SE4(Tw) + 10E,(6w) — 10E,(5w)
+5E,(4w) — E,(3w) — 120E,(w), z)
> N (S (dw,w),2) 4.9)
N (Ey(Tw) — 5E4(6w) + 10E,(5w) — 10E,(4w)
+5E,(3w) — E,(2w) — 120E,(w), z)
>N (S (3w,w),2) (4.10)
N (E4(6w) —SE4(Sw) + 10E,(4w) — 10E,(3w)
5E,(2w) — 121E,(w),z)
>N (S (2w,w),2) (4.11)
N (E,(5w) — SE4(4w) + 10E,(3w) — 10E,(2w)
—115E,(w),z) > A" (S (w,w),2) (4.12)
N (Eq(4w) —SE4(3w) + 10E, (2w
—129E,(w),z) > A" (L (0,w),z) (4.13)
N (Eq(3w) —4E,(2w) — 115E4(w),2)
> N (S (—w,w),2) (4.14)

for all w € #1 and all z € #,. From (4.8) and (4.9), we get
N (S5E,(Tw) — 15E4(6w) + 10E,(Sw) + 5E, (4w)
+E,(3w) — 129E,(2w) + 120E,(w),z +z)
> min {JV (E,(8w) — SE,(6w) + 10E,(4w)

—129E,(2w),2)
E,(8w) —5E,(Tw) + 10E,(6w) —

+SE,(4w) — Ey(3w) — 120E,(w).2) }

> min{,/V/ (7(0,2w),2) + A" (L (4w, W), 2) }
4.15)

+ 4

for all w € #] and all z € #]. Multiplying (4.10) by 5, we see
that

N (SE,(Tw) — 25E,(6w) + SOE,(5w) — SOE, (4w
+25E,(3w) — SE,(2w) — 600E,(w), 5z)
>N (S (Bw,w),2) (4.16)

)

for all w € #; and all z € #.
(4.16), we arrive

It follows from (4.15) and

N (10E,(6w) —40E, (5w) + 55E,(4w) —
—124E,(2w)720E,(w),z + 2+ 52)

> min{JV’ ((0,2w),z) + A" (L (4w, w),z)

24E,(3w)

Ny (Y(3w,w)7z)} 4.17)

for all w € #] and all z € #7. Multiplying (4.11) by 10, we

10E,(5w)
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have

N (10E,(6w) — S0E, (5w) + 100E, (4w) — 100E, (3w)

+50E,(2w) — 1210E,(w), 10z) > A" (7 (2w,w),z)
(4.18)

for all w € #] and all z € #). Combining (4.18) and (4.17),
we obtain

N (10E,(5w) — 45E, (4w) + T6E,(3w) — 174E,(2w)
+1930E,(w),z+z+ 52+ 10z2)
> min {JV/ ((0,2w),2) + N ( (4w, w),2)
A (S Buw) 2+ A (S @ww),2) | (@19)

for all w € #] and all z € #). Multiplying (4.12) by 10, we
find that

N (10E,(5w) — SOE, (4w) + 100E, (3w) —
—1150E,(w),10z) > A" (S (w,w),2)

100E,(2w)
(4.20)

for all w € #] and all z € #].
(4.20), we arrive

It follows from (4.19) and

N (SE,(4w) — 24E,(3w) — TAE

,24+2z24+5z+10z+ 10z
> min {M ((0,2w),2) + A" (S (4w, w),2)
+ A (FBw,w),z) + A (S (2w,w),z)
F N (S (w,w),2) } “21)

4(2w) +3080E, (w)
)

for all w € ] and all z € #7. Multiplying (4.13) by 5, we see
that

N (SE,(4w) —
> NS

25E,(3w) 4 50E, (2
(0,w),2)

w) —645E,(w),52)

(4.22)

for all w € #; and all z € #.
have

From (4.21) and (4.22), we

N (E,(3w) — 124E,(2w) 4+ 3725E,(w)

,2+2+ 52+ 10z + 10z + 5z)
> min {M ((0,2w),2) + A" (S (4w, w),2)
+ /(L Bw,w),z) + N (S z

+.47 (7 (w,w),z) + JV/
It follows from (4.14) and

007
it

(2W w),2)
):2)

(4.23)

for all w € # and all z € #.

RSNz
=
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(4.23), we arrive for all w € #; and all z € #. Interchanging w by 2%w in
V% (120Eq(2w) _ 3840Eq(w), (4.30) z'ind using (4.5), (FNS3) and then switching z by 882,
we achieve
z+z+5z+ 102+ 102+ 5z+72)
> min {47 (7(0,20),0) + A (S (4w,).2) L (E@PPow) E20w) Al e re 33
/ 25B+5 2% (27) 25.5!
+ AL Bw,w),2) + A (S (2w, w),2) r=0
+JV/( ( ) )+JV/(<7(O,W),Z) EJV/(yS(W7W)7Z) (431)
!
HAUI (ww), )} forallw € # and all z € # for B > 6 > 0. With the help of
= (Fs(w,w),2) (4.24)  (FNS3), (4.31) can be remodified as
for all w € #1 and all z € #]. The above equation can be 5 5
written as (4.24) that <Eq(2ﬁ+ w) _ E,(2°w) Z)
, 25B+6 256
A (120E,(2w) — 3840E,(w),33z) > A" (S5(w,w),2)
(4.25)
for all w € #; and all z € #}. Using (FNS3) in (4.25), one 2
can get that >N Fs(ww), 7P (4.32)
E,(2w) 332 Y (%) B
JV( 425 —Eq(w),25.5!> >N (F5(w,w),2) ) 25/ 25.5!
(4.26)
forallw € #4 and all z € #;.
for all w € #; and all z € #4. Changing w by 28w and using a B-1 ,
(4.5), (FNS3) in (4.26), we arrive By data (2%) <1 and since Y (%) < oo, by the
+1 7=0
Eq(2ﬁ w) _ E‘I(Zﬁ w) 33z Cauchy criterion for convergence and (FNS5) implies that
25(B+1) 258 7025258 .51
> (ys (2Pw, 2ﬁw),z) E,(2Pw)
258

=" (P S5(ww),z2)
— (ys (w, W), i) 4.27) is a Cauchy sequence in #5. Since # is a fuzzy Banach
B space, this sequence converges to some point Qs € #5. Thus,

for all w € #4 and all z € #. Switching z by Pz in (4.27) define the mapping Qs : #1 — #5 by
(Eq(zﬁ“w) E,(2Pw) e 33: )

. 1
25(B+1) 258 258 25.5) llmJV<Q5(w) 356 (2ﬁw) ):1 (4.33)

B—oo
>N (Fs(w,w),z) (4.28)
for all w € #1 and all z € #). One can easy to verify that forall w € %} and all z € #1. Setting 6 = 0 and approaching

B tends to o in (4.32), we reach

E@Pw) _p 5 Ea@w) By (2)
25P N 25(r+1) 25r 7(25 —€)5!
=0 N (Qs(w) —E (w),z ></V/<<7 W,W,>
) (050) — Ey(),2) 2 4" ( F4m), 2
From (4.28) and (4.29), we reach (4.34)
Y Eq(Zﬁw)_ (w) ﬁilfi 33z forall w € #} and all z € #.
2%p nen 7=0 257 255! To prove that the existing Qs (w) satisfies the functional

equation (1.3), changing (w,v) by (28w,28v) and dividing by
1
> min U { ( d27w)  E,(2Tw) €7z ) } 256 in (4.1), we get

25(r+1) 25y’ 925Y 25.51
- (&), :Jy(g 5B, AP )
>min | {7 (F(w,w),2)} = A7 (F5(w,w),2) (&g (w,v),2) 258 (27w, 2Pv),
~ > By 2B, 258
(4.30) 2N («5” (2Pw,2v),2 z) (4.35)

231 X
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for all w,v € #; and all z € #,. Now, for all w € #] and all z € #;. With the help of (4.33) and
1 (4.35)in (4.36)
N (Qs (w+4v) —50s5(w—+3v) — 3 <Q5g (w+ 3v))
1005 (w+2v) + % (ng(w+2v)> —1005(w+v) W (Qs(w+4v) —505(w+3v) — %(ng(wﬁv))
-5 (stz (w+ v)) +505(w)+5 (stz (W)> +1005(w+2v) + % (Qsz (w+ 2V)> —10Q5(w+v)
5
—0s(w—v) =3 (Qssw=)) + (Qsg(w—2)) =5( Q0w+ v)) +505(w) +5( 05y (w))
i1 sm(a519).) R
. 1
> mm{ (QS(w+4v) 255 (23 (w+4v)), 1Z5> ) —12005(v) — 300(Q5g (V)) ,z)

1 z >min{1,1,1,1,1,1,1,1,1,1,1,1,1,1,
o (=50s00+30) 45 35 BB+ 30). ).

N (y(zﬁ w,280), 25ﬁz) } (4.37)

1 11 z
__ o B 2
2Q5§/(w+3v)+2255Eq(2 (w—|-3v)),1 >7

1005 (w+2v) — 10—z E, (2P (w4 2v)),

5
for all w € #) and all z € #}. Approaching 3 tends to oo
> ) (4.37) and applying (4.3), we obtain

Qs?(W+2V)_§257 q

N W

> Vs (Qs(w+4v) ~505(w+3v) - %(Q5g(w+3v)>
005ty 102 5) ’ + 10Q5(W-|-2V)—|—%(Q5g(w+2v)) —1005(w +v)
3Qst(wHv)+ 3555 B (ﬁ(w+v))’15)’ =5( 00w+ v)) +505(w) +5( Qs (w))

) =355 BP0 5 ) —0s(w—v)— 3 (Qsgw—1)) + (Qsgw—20))

(
(
(
(-
(-
(
<5Qsz<w> - SZS%EM (w)), 12) : —1200s(v) — 300<Q5g(V)> ,z) =1 (4.38)
(
(
(
(
(
(s

+
9,1
2

1 z
—0s(w—v)+ ZTBEq(Zﬁ (w=v)), 15) ) for all w € #] and all z € #]. Using (FNS2) in (4.38) we see
that

1
Qs (1w —2v) - ?ﬁEqmﬁ(w—zv)),g

z +10Q5(w+2v)+;(Q5g(w+2v)) —100Qs5(w+v)
~12005(0) +12035 £, 0). 5 ).

: ) 0s (o +4v) ~ 505w+ 39) — 5 (Qsa(w +3v))

—5(Qsg (w+v)) +505(w) +5 (s ()

1 —Os(w—v)— %(ng(wfv)) + (ng(w—Zv)>
Eq(2P (w+4v)) =555 E,(2P (w+3v)) = 12005(v) + 300 (ng (v))

30004 (v) +300 1/3 (ZB(V>)’1Z5)’

%¥¥¥%%¥%%%%¥%
\_

[\)
=

11 1
”?ﬁEq(zﬁ(va))Ho Sﬁ E (2P (w+2v))

22 forall w € #1 and all z € #] which shows that Qs (w) satisfies
+ gzsiﬁEq(ZB(W_,_zv)) _ 102513 (Zﬁ(w—l—v)) the functional equation (1.3).

1 It is easy to prove that the existence of Qs is unique. In-
- 5257E 2B (w+v)) +5257E (2P (w)) deed, let Rs be an another quintic mapping satisfying (1.3)
1 and (4.2). Now

555 Eg2P0) — 25 B2 (0 =)
- %PLBE (28 (w =) + LBE (28 (w—2v)) 0s(2°w) =205(w)  and  Rs(2’w)= 255R5( )
_ p L osey). & e

12025ﬁ 2P () - 30025ﬁE 2P (v ))) , 15} 232

(4.36)
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z
0 66) (4.39)

for all w € # and all z € #,. Since

255

€% 66

§—ro0

lim A (ys(w,w),:sz(f—e) Z):l (4.40)

because
255

. b4
lim 5!(2° —¢) —— =
im 5127~ €) o6
for all z € #1. Letting § tends to o in (4.39), using (4.40) and
(FNS2), we have Q5(w) — Rs(w) = 0 which implies Qs(w) =
Rs(w) for all w € #7. Hence the theorem holds for ot = 1.

On changing w by % in (4.25), we get

A (Bl =25 (3) 57) 274 (53)

for all w € #1 and all z € #. The rest of the proof is similar
clues that of case o = 1. Hence the proof is complete. O

4.41)

The following corollary is an immediate consequence of
Theorem 4.7 regarding the Ulam - Hyers stability [23] of the
functional equation (1.3).

Corollary 4.8. For an odd mapping &, : W\ — W fulfilling
the functional inequality

N (Ey(wyv),z) > A (P,2) (4.42)

for all wyv € #| and all z € W) where ® > 0 is a constant.
Then there exists one and only quintic function Qs : Wi —
W which satisfying the functional equation (1.3) and the
functional inequality

5131z
33

N (Qs(w) —Eg(w),z) > A" <¢', ) (4.43)

forallw € ¥ and all z € W.

The following corollary is an immediate consequence of
Theorem 4.7 regarding the Ulam - Hyers - THRassias stability
[38] of the functional equation (1.3).

Corollary 4.9. For an odd mapping &, : W\ — W5 fulfilling
the functional inequality

N (@{ W]+ v|?},2);

(@l [y} z) ;G4

A (o) = {
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forallw,v € #1 and all z € #) where ® > 0 is a constant and
O, 01,02 # 5. Then there exists one and only quintic function
Qs : W1 — W5 which satisfying the functional equation (1.3)
and the functional inequality
N (Qs(w) —Eq(w),2)
51229
</V/ (FST <1>|w|¢, %) ;
S5_92¢
N (FSTI D|w|% + Tspo®|w|%, %) ;
(4.45)

where ngs are defined in (3.40) respectively for all w € W
and all z € M.

The following corollary is an immediate consequence of
Theorem 4.7 regarding the Ulam - Hyers - JMRassias stability
[42] of the functional equation (1.3).

Corollary 4.10. For an odd mapping &, : W\ — W- fulfill-

ing the functional inequality

N (E4(w7),2) 2 { A (@ LIl + [ + v} )

(4.46)

Sforallw,v € ¥ and all z € #) where ® > 0 is a constant and
20,91 + ¢ # 5. Then there exists one and only quintic func-
tion Qs : Wi — W5 which satisfying the functional equation
(1.3) and the functional inequality

N (Q5(w) = Eq4(w),2)
(o 2522,

57 o1+ 4.47)
V% (an ¢|W\¢l+¢z,w);

where F;,s are defined in (3.43) respectively for all w € ¥}
and all z € M.

Theorem 4.11. For an even mapping & : W — W5 fulfilling
the functional inequality

N (& wyv),2) > A (L (W,V),2)

forallw,v € #1 and all 7 € #1. Then there exists one and only
sextic function Qg : W — W5 which satisfying the functional
equation (1.3) and the functional inequality

(4.48)

6126 —¢| 7
65
(4.49)

N Qo) — Ey(w),2) > N (%(vv,w),

forallw € W\ and all 7 € #1. The mapping Qg is defined as

. 1
Jim ¥ (Q6(w) - eas B (2“ﬁw),z> =1 (450

for allw € #1 and all z € W, whereY:V/l2—>7/3 isa
function fulfilling the condition

lim A (y (2“ﬁ w, 28 v) ,26“ﬁz) —1

Bren

N <q>{|w|¢1 |v|¢‘2 n UW|¢1+¢2 + |v|¢1+¢2] } ) :
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Sfor all w,v € W1 and all z € W with the condition that
N (y (2“% Zaﬁw>7z> - (s“ﬁy(w, w)7z) (4.52)

for all w € W and all z € W) for some € > 0 with 0 <
o
(%) < 1. The function % (W, w) is defined by

Fo(w,w) =min { A" (F(0,2w),2) + A" (S (4w, w),2)
N (L OBww),2) + N (S (2w w),2)
+ A (S (wyw),z) + A (S (0,w),2)
+ A (S (—w,w),2) } (4.53)

forallw e W and all z € #.

Proof. Using evenness of E in (4.48), one can obtain that

N (Eg(w+4v) — 6Es(w+3v) + 15E;(w+2v) — 20E(
+15E5(w) — 6Es(w —v) + Eg(w — 2v) — 720E(v), z)
> NS (wv),2) (4.54)

for all w,v € #] and all z € #. Now, interchanging (w,v) by
(0,2w), (4w,w), Bw,w), 2w,w), (w,w), (0,w) and (—w,w)
in (4.54) and using evenness of E;, we arrive the subsequent
inequalities

N (E,(8w) — 6E,(6w) + 16E,(4w) — TA6E,(2w), 2)
> N (7(0,2w),2) (4.55)
N (Eg(8w) — 6E;(Tw) + 15Es(6w) — 20E(5w)

+15E(4w) — 6E5(3w) + E5(2w) — T20E5(w), 2)
>N (S (dw,w),2)

N (Ey(Tw) — 6Ey(6w) + 15E, (Sw) — 20E, (4w)
+15E,(3w) — 6E;(2w) — T19E(w), z)

>N (S (Bw,w),2)

N (Ey(6w) — 6Ey(Sw) + 15E, (4w) — 20E, (3w)
+15E,(2w) — 7264 (w),7)

> NS (2w,w),z)

N (Es(5w) — 6E5(4w) + 15E(3w) — 20E;(2w)

(4.56)

(4.57)

(4.58)

(4.59)
N (Eg(4w) — 6E4(3w) + 16E5(2w) — T46Es(w), 7)

>N (S (0,w),2) (4.60)
N (2E4(3w) — 12E4(2w) — 690E;(w),z)
> =/V, (y(*waw)vz) (461)

for all w € #4 and all z € #,. From (4.55) and (4.56), we
have
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N (6E;(Tw) — 21E;(6w) + 20E(5w) + E;(4w)
+6E;(3w) — T4TE;(2w) + T20E;(w),z+ 2)

> min {JV (Ey(8w) — 6E,(6w) + 16E, (4w)
—T46E;(2w), z)
N (Ey(8w) — 6Ey(Tw) + 15E, (6w) — 20E,(5w)
+1SE (4w) - 6E,(3w) + Ey(2w) — T20E, (), 2) |
> min { A7 ((0,20),2) + A" (S (4w, w).2) }
4.62)

for all w € #] and all z € #}. Multiplying (4.57) by 6, we see
that

N (6E,(Tw) — 36E,(6w) 4 90E;(5w) — 120E, (4w)
H90E, (3w) — 36E,(2w) — 5514E,(w), 62)
> N (S (Bw,w),2) (4.63)

WAL all w e #4 and all z € 4. It follows from (4.62) and

(4.63), we arrive
N (15E(6w) — TOE,(5w) + 121E, (4w) — S4E,(3w)
—T1E;(2w) +5034E5(w),z+ 7+ 62)
> min{JV’ ((0,2w),z) + A" (L (4w, w),2)

+ A (S Bw,w),z2) } (4.64)

for all w € #1 and all z € #}. Multiplying (4.58) by 15, we
get
N (15E;(6w) —90E(5w) + 225E(4w) — 300E;(3w)
+225E,(2w) — 10890E;(w), 152)

>N (S (2w,w),2) (4.65)

for all w € #1 and all z € #;. Combining (4.65) and (4.64),
we obtain

N (20E(5w) — 104E,(4w) 4+ 216E(3w) — 936E(2w)
+15924E,(w),z+z+ 62+ 15z)

> min {JV/ (Z(0,2w),z) + A" (L (4w, w),2)
F N (S Bww),2)+ A (S (2w,w),2) } (4.66)

for all w € #1 and all z € #). Multiplying (4.59) by 20, we
find that

N (20E;(5w) — 120E,(4w) 4+ 300E;(3w) — 400E,(2w)
—14080E,(w),20z) > A" (S (w,w),2)  (4.67)

for all w € #7 and all z € #;. From (4.66) and (4.67), we
arrive



Stabilities of mixed type Quintic-Sextic functional equations in various normed spaces — 235/243

N (16E(4w) — 84E(3w) — 536E(2w)
+30004E(w),z+z+ 62+ 152+ 20z)

> min {JV/ ((0,2w),2) + N (S (4w,w),2)
+ (L Bw,w),z) + A (L (2w,w),2)
+ A4 (y(w,w),z)} (4.68)

for all w € #] and all z € #;. Multiplying (4.60) by 16, we
see that

N (16E(4w) — 96E,(3w) + 256E;(2w)

—11936E,(w),162) > A" (#(0,w),2)  (4.69)

for all w € #/ and all z € #,. It follows from (4.68) and
(4.69), we arrive

N (12E,(3w) — 192E,(2w) + 41940E,(w)

, 2+ 7+ 62+15z2+20z+ 167)
N(F(0,2w),2) + A7 (S (4w, w),2)
+ A(FBw,w),2) + A (S (2w, w),z)
A (S (), 2) + A (F(0,w),2) |

for all w € #] and all z € #}. Multiplying (4.61) by 6 and it
follows from and (4.70), we arrive

> min

—

4.70)

N (T20E5(2w) — 46080E,(w),
z+2z+ 62+ 152420z + 162+ 6z)

> min{JV/ (Z(0,2w),2) + A" (F (4w, w),2)
+ A (L Bw,w),2) + A (L (2w, w),2)
+ (L (wyw),2) + A (L(0,w),z)
F A (S (~ww),2) |

=N (Fs(w,w),2) 4.71)

for all w € #] and all z € #.
written as

The above equation can be

N (T20E;(2w) — 46080E,(w),652) > AN (S5 (w,w),2)

4.72)

for all w € #} and all z € #,. Using (FNS3) in (4.72), one
can get that

V2 (E(zZGW) —Es(w), 2552'> 2 A (Flew)2)

4.73)

for all w € #1 and all z € #. Changing w by 2Pw and using
(4.52), (FNS3) in (4.73), we arrive
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( L8 W) E(2Pw) 65z )
26(6+1) 208 " 26268 . 6!
> N ( F5(2Pw,2Pw) )
=4 (85,5”6 w), )
= (yﬁ i) (4.74)

forall w € # and all z € #;. Switching z by €Pz in (4.74)

Y E,(2P+1w)  E;(2Pw) €f  65;
~ 268 7268 26.6!

26(B+1)

> N (Fs(w,w),2) (4.75)

for all w € #1 and all z € #. The rest of the proof is similar
clues that of Theorem 4.7. Hence the proof is complete. [

The following corollary is an immediate consequence of
Theorem 4.11 regarding the Ulam - Hyers stability [23] of the
functional equation (1.3).

Corollary 4.12. For an even mapping &, : W1 — W fulfill-
ing the functional inequality

N (&E(wyv),2) > N (D,2)

for all w,v € W\ and all z € Wi where ® > 0 is a constant.
Then there exists one and only sextic function Q¢ : W1 —
W, which satisfying the functional equation (1.3) and the
functional inequality

(4.76)

H (Qul) - El)) = 1 (0,228

forallw e W and all z € H.

) 4.77)

The following corollary is an immediate consequence
of Theorem 4.11 regarding the Ulam - Hyers - THRassias
stability [38] of the functional equation (1.3).

Corollary 4.13. For an even mapping & : W\ — W5 fulfill-
ing the functional inequality

N (@{\w\‘” + \v|¢} ,Z) ;
(@ T[]+ ]2 2)
forallw,v € #1 and all z € W1 where ® > 0 is a constant and
@, 01,02 # 6. Then there exists one and only sextic function
Q¢ : W1 —> W5 which satisfying the functional equation (1.3)
and the functional inequality
A (Qs(w) — Es(w),2)
A" (Ter @lwl?, 22 )
6_

N (F6T1 D|w|® + Torz Dw|?, 6!‘26752(”) ;

4.79)

N (En),2) > { 4.78)

where T’gs are defined in (3.76) respectively for all w € W]
and all 7 € 1.
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The following corollary is an immediate consequence
of Theorem 4.11 regarding the Ulam - Hyers - JMRassias
stability [42] of the functional equation (1.3).

Corollary 4.14. For an even mapping & : W) — W5 fulfill-
ing the functional inequality
A (Es(w,v),2)
o [ A @ WPV + [+ [v*] },2)
=) A (q){|w|¢1|v|¢2+ [|w\¢1+¢2+|v|¢1+¢2}},z);
(4.80)
forall w,v € W\ and all z € W) where @ > 0 is a constant and
20,01 + ¢ #£ 6. Then there exists one and only sextic function
Qs : W — W5 which satisfying the functional equation (1.3)
and the functional inequality
A (Qs(w) — Es(w), 2)
A (T ], 252
1196 _~¢1+9:
N (F611 CI)|W|¢1+¢2, 7“2 251 2| Z) ;

(4.81)

where l"fgs are defined in (3.79) respectively for all w € W
and all z € 1.

Theorem 4.15. For a mapping & : W1 — W fulfilling the
functional inequality

N (E(wWyv),2) > A (S (Wv),2)
for all wyv € #1 and all z € #. Then there exists one and
only quintic function Qs : Wy — W5 and a one and only
sextic function Qg : W) —> W5 which satisfying the functional
equation (1.3) and the functional inequality

(4.82)

N (E(w) = Qs(w) —

> min {JV/ <Y5(w, w),

QG(W),Z)
5112° — ¢ z)
33 ’

sz
N <<y5( w, W)v 33 ’

6126 —¢| z
65 ’

6 _
6!12° —¢| z> } 4.83)

Wz (%(w, W),

!/
N (5”6( w,—w), &
for all w € # and all z € ). The mappings Qs , Qg are
defined in (4.3), (4.50) for all w € #1 and all z € Wy, where
S W2 — Wi is a function fulfilling the conditions (4.4),
(4.51) for all w,v € #) and all 7 € W1 with the conditions
that (4.5), (4.52) for all w,v € #] and all z € ¥} for some

8>Ow1th0<<25) <1o<(26) < 1. The functions

S5 <w, W), Y% (W, w) are defined in (4.6), (4.53) for all w €
W and all z € M.
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Proof. We know that by definition of odd function, we have
Eq(w) —E4(—w)

2
for all w € #,. It follows from (4.84) that

Eo(w) = (4.84)

2min{JV(Eq(w,v),z),W(Eq(—w,—v),z)} (4.85)

for all w € #1. Thus by Theorem 4.7, we arrive

N (Eg(w) — Qs(w),2)
5125 —
zmin{JV/ («75(W,W), | 33 £|Z>7
S_
V4 (5’5(—14/, W), 5'|233£|Z>} (4.86)

forall w € #] and all z € #.
We know that by definition of even function, we have

E,(w) +E,(~w)
2
for all w € #,. It follows from (4.87) that

Ep(w) = (4.87)
EE 7V )

{Es w,v) + Eg(

v)},z>
v)},zz)

),z ,JV(ES(—W,—V),Z)} (4.88)

2

({E; w,v) + Eg(
zmm{

for all w € #]. Thus by Theorem 4.11, we arrive

N (Es(w) — Q6(w),2)
6!]26 —
> min{JV’ <¢§”6(w,w)7 |658|Z> )
6_
V4 (%(—w, W), 6”2658|Z>} (4.89)

for all w € #] and all z € #;. Now, define a function

E(w)

for all w € #]. Combining (4.86), (4.89) and (4.90), we reach
our result. O

= Eo(w) +Eg(w) (4.90)

The following corollary is an immediate consequence of
Theorem 4.15 regarding the Ulam - Hyers stability [23] of the
functional equation (1.3).
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Corollary 4.16. For a mapping & : W1 — W5 fulfilling the
functional inequality
A (&(

wyv),z) > AN (D,z) (4.91)

for all wyv € #| and all 7z € W) where ® > 0 is a constant.

Then there exists one and only quintic function Qs : W — W5
and a one and only sextic function Q¢ : Wi — W5 which
satisfying the functional equation (1.3) and the functional
inequality

N (E(w) = Os(w) — Q6(w),2)

. 5131]z 6!163|z
> A ! !
> mln{/l/ <<I>7 3 ) N <CI>7 s

(4.92)

forallw € W and all z € W.

The following corollary is an immediate consequence
of Theorem 4.15 regarding the Ulam - Hyers - THRassias
stability [38] of the functional equation (1.3).

Corollary 4.17. For a mapping & : W1 — W fulfilling the
functional inequality

(DLW + v} 2) 5

JV/ ((IJ{|W|¢1 + |v|¢2} 7Z) : (4.93)

N (Ewr),2) 2 {

Sfor all wyv € W1 and all 7z € W1 where ® > 0 is a constant
and ¢,01,0; # 6. Then there exists one and only quintic
function Qs : W — W5 and a one and only sextic function
Q¢ : W1 —> W5 which satisfying the functional equation (1.3)
and the functional inequality

N (E(w) = Qs(w) — Qs(w),2)
. 5_0¢
mln{/V’ (Fsr D|w|?, 5!‘2332 | ,
(o 5

> 65

(4.94)

where F;s are defined in (3.40) and (3.76) respectively for all
w € W and all z € M.

The following corollary is an immediate consequence
of Theorem 4.15 regarding the Ulam - Hyers - JMRassias
stability [42] of the functional equation (1.3).

Corollary 4.18. For a mapping & : Wi — W5 fulfilling the
functional inequality

N (E(wW,v),2)

(@ { w0 V] + [[w0 + [v2]} 2) ;
> { (d){|w|¢l|v|¢2+ HW‘¢1+¢2+|V|¢1+¢2}} );
(4.95)

min{,/V’ (rm ®|w|% + Tspy D|w|%2, %f”) :
60
N (F671¢’\W|¢1 + Tora®|w|?, %) };

for all w,v € #1 and all z € # where ® > 0 is a constant
and 2¢, ¢y + ¢» # 6. Then there exists one and only quintic
function Qs : W1 — W5 and a one and only sextic function
Q¢ : W1 —> W5 which satisfying the functional equation (1.3)
and the functional inequality

N (E(w) —QOs5(w) —Qs(w),2)
. 526
mm{JV’ (F5] D|w|?, 32 32 |),
W (1“6] (I)‘W“P M) }’
. S_091+¢
6_0,+9
N (F@Jl <I>|w|¢1+¢2,76!|2 251 d z) };
(4.96)

>

)

where Fés are defined in (3.43) and (3.79) respectively for all
wE W and all z € M.

4.3 Alternative Fixed Point Method

Theorem 4.19. For an odd mapping &, : W\ — W5 fulfilling
the functional inequality (4.1) for all w,v € #1 and all z € W1,
where /' : W2 — [0,0) is a function fulfilling the condition

lim 4" (f(égw, &5\/), i,ﬁz> =1

4.
P (4.97)

for all wyv € #| and all z € W). Then there exists one and
only quintic function Qs : #1 — W> which satisfying the
functional equation (1.3) and the functional inequality

-y

Z

N (Q5(w) — Ey(w).2) > N («5”5 (),

forallwe # and all z € W, If & = £ (), with the prop-
erty

N ( 5 (gww gww) ) Y (Lys (w, w) ,z) (4.99)
with the condition that
#(ww) =5 #(55)

where 5 (w, W) is defined in (4.24) for all w € #1 and all
zE€MN.

(4.100)

Proof. Consider the set
B = {El\El W —>7/2,E1(O):0} 4.101)

Let us introduce the generalized metric on (4.101) by

inf{C c N (EL(w) —Ex(w),z) > A (5% (w,w),C Z) }
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for all w € #] and all z € #]. One can easy to see verify that
(4.102) is complete with respect to the defined metric. Define
amapping Y :  — % by

YE,(w) =

Ey(Sy) (4.103)

ﬁw

for all w € #1 and all z € #]. Now, for any E,E, € A, we
arrive

N (E1(w) — Ex(w),2) > N (ys (w, w) . z)

( ;WEl(éw) £ 26 )
> ! (fs(w,W),C éqs,Z)
N (YE, (W) = YEa(w),2) > N (ys (w, w) L z)

for all w € #1 and all z € #1. This implies that Y is a strictly
contractive mapping on % with Lipschitz constant .. It
follows from (4.26) that

T SIRTER R

(4.104)

forall w € #1 and all z € #.

For the case y =0, it follows from (4.99), (4.100), (4.103),

(FNS3) and (4.104),

N (YE (W) — E4(w),2)
>N (Fs(w,w), L2) =N (%(W,W),XI_Oz)
(4.105)
forallw € #; and all z € #,.
Replacing w by 3 in (4.104), we obtain
5 wy 33z
JV(E( )— 2E( ) 5,>
, wow
>N (5@(2 2) ) (4.106)

forall w € #1 and all z € #.
For the case y = 1, it follows from (4.99), (4.100), (4.103),

(FNS3) and (4.106),
N (Eg(w) = YEq(w),2) > AN (S5(w,

=" (5w,

w),1-z)
w), 217 12)
(4.107)

for all w € #7 and all z € #;. From (4.105) and (4.107), we
see that

N (Eq(w) = YEg(w),z) = A" (S5(w, w),.,?l*wz)
(4.108)

for all w € #} and all z € #;. Thus, condition (FPC1) of
Theorem 1.1 holds. It follows from condition (FPC2 ) of
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Theorem 1.1
such that

, that there exists a fixed point Qs of Y in &

limJV<Q5( )— 65 (&,,w) >1 (4.109)

Bres

for all w € # and all z € #]. To prove the existing Qs satisfies
(1.3), the proof is similar to that of Theorem 4.7.

Again by condition (FPC3) of Theorem 1.1 , Qs is the
unique fixed point of Y in the set

8= {05 ¥ (Ey(w) - Q5(w),2) = ==}

for all w € #1 and all z € #,. Finally, by condition (FPC4) of
Theorem 1.1 , we get

N (Eq(w) = 0s5(w),2)

> (Eq<w> YE, (W), (l_lg) z)

o (rm (£3))

for all w € #1 and all z € #]. This completes the proof of the
theorem. 0

(4.110)

The following corollary is an immediate consequence
of Theorem 4.19 regarding the Ulam - Hyers stability [23],
Ulam - Hyers - THRassias stability [38] and Ulam - Hyers -
JMRassias stability [42] of the functional equation (1.3).

Corollary 4.20. For an odd mapping &, : W1 — W- fulfill-
ing the functional inequality

D;

@ {[|w[|®+[]v][?}; ) )

D {| w2 vI[® + [[Iwl[* +[vI*] } 5
4.111)

N (Eg(wv),2) >

for all wyv € W\ and all z € W) where ® > 0 and ¢ is a
constant. Then there exists one and only quintic function
Qs : W1 —> W5 which satisfying the functional equation (1.3)
and the functional inequality

N (Qs(w) — Eq(w),2)
33 Y.
A (@5 )
>0 N FSTCD||WH¢’%Z); ¢#5
N (Tsy @||w|[* ’% ); 20753
4.112)

where Fés are defined in (3.40) and (3.43) respectively for all
wE W and all 7 € M.

Proof. 1f we take
A(®,2);

AT (@[]l + 011} )
A (@l 1+ Il P2

A (y(wav)az) =
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(4.113)

for all w,v € #,. Changing (w,v) by (ng, éuév) and dividing
by &lf,ﬁ in (4.113) and letting 3 tends to oo, we see that (4.97)

holds for all w,v € #] and all z € #].
It follows from (4.100), (4.113) and (4.24), one can find

that
4 (w7 w)

33 w w
=57(53)
33%.

51

33 (1 1-2¢+5-3¢+4¢+43>¢HWH¢
5120 ;

33 (10-2¢+11-22¢ +5(39+320) 449 4420 +54) D|w||2¢
51220 ;

(4.114)

forall w € #] and all z € #.
Again, it follows from (4.99), (4.113) and (4.24), one can
observe that

N (;55% (gww, g.,,w),z> -

y

(4.115)

for all w € #1 and all z € #1. Thus, the functional inequality
(4.98) holds for the following cases.

For l//:l:f:élf,:ZS

N (75 (ww), 22).;
N (s (ww), 22);

N (75 (ww), 22).

For W:1:$:§$_¢:25_¢:¢>5

(@5t~ B2 2 1 (75 (). )

1-%
25_¢)1—1
=7\ ) s
20
=4 (5”5(W,w),2¢_zsz>
1 1 _s
For W:0$:5577¢:2577¢_2¢ ¢<5
v

For y=1:2=§=27%:29>5
L
JV(Q5(W) —Eq(W),Z) > </V/ <y5 (W7W)’1—D§€Z>

2572¢)171
1—252

= (5”5 (w7 w) , 722(1)221) >3 z)

1 1

= LS”S(W,W), Z

For =232 <5
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Theorem 4.21. For an even mapping & : W, — 5 fulfilling
the functional inequality (4.1) for all w,v € #} and all 7 € W1,
where ' : W2 — [0,0) is a function fulfilling the condition

[}EICLJV/ (f(ﬁgw, 55\}),55}31) =1
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forallw,v € W and all 7 € #). Then there exists one and only
sextic function Qg : W1 —> W5 which satisfying the functional
equation (1.3) and the functional inequality

, 21y
avwaw—&wma>w/Q%meLn$§(4un

SJorallw e # and all z € W If £ = £ (), with the prop-
erty

N (51‘46/'5/6 (éww, éww),z> =N (L&% (w, w),z) (4.118)

with the condition that

<5”6<w,w> :65 5’6<W w>7

o 755 (4.119)

where S (w, w) is defined in (4.24) for all w € # and all
ZEMN.

Proof. Consider the set

B = {E2|E2:7/1 —>7/2,E2(0):0} (4.120)

Let us introduce the generalized metric on (4.120) by

inf{c C N (E1(w) — Es(w),2) > A" (yﬁ (mw),Cz) }
4.121)

for all w € #1 and all z € #]. One can easy to see verify that
(4.121) is complete with respect to the defined metric. Define
a mapping Y : Z — % by

Ymmzéma) (4.122)
74

for all w € #1 and all z € #1. Now, for any E|,E, € 4, we
arrive

N (E1(W) = Ex(w),2) > N (yﬁ (W, w) . z)

N (%{El(éu/) %{&(@),z)
> (5”6(W,w),c éqs,z)

N (YE1 (W) = YEx(w),2) > N (yé (w, w) L z)

for all w € #1 and all z € #1. This implies that Y is a strictly
contractive mapping on % with Lipschitz constant .Z. It
follows from (4.26) that

y (ES(ZW) 657

"26.6!

— Es(w)

26 ) >N (yﬁ(w7 W)7Z)

(4.123)

forallw € #; and all z € #,.
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For the case y = 0, it follows from (4.118), (4.119),
(4.122), (FNS3) and (4.123),

N (YEs(w) — Eg(w),2) > N (F(w,w), £L72)

=N (Fslww), L' 0%)
(4.124)

forall w € #] and all z € #.
Replacing w by 3 in (4.123), we obtain

o (a2 (2) ) 2 ((3.2)-9

(4.125)

for all w € #] and all z € #.
For the case y = 1, it follows from (4.118), (4.119),
(4.122), (FNS3) and (4.125),

N (Eg(w) —YEg(w),z) > AN (S (w,w),1-2)

=4 (y6(W7W>7$171Z)
(4.126)

for all w € #] and all z € #/. From (4.124) and (4.126), we
see that

N (Es(W) = YEs(w),2) > A" (Fs(w,w), L1 Vz2)
(4.127)

for all w € #} and all z € #]. Thus, condition (FPC1) of
Theorem 1.1 holds. The rest of the proof is similar lines
to that of Theorem 4.19. This completes the proof of the
theorem. O

The following corollary is an immediate consequence
of Theorem 4.21 regarding the Ulam - Hyers stability [23],
Ulam - Hyers - THRassias stability [38] and Ulam - Hyers -
JMRassias stability [42] of the functional equation (1.3).

Corollary 4.22. For an even mapping & : Wi — W5 fulfill-
ing the functional inequality

D;

SfIwll® + by

@ {[|w][®|V|? + [[Iwl[*® + V][] }
(4.128)

JV(éi}v(Wav)vZ) >

for all wyv € W) and all 7 € W) where ® > 0 and ¢ is a
constant. Then there exists one and only sextic function Qg :
W — W which satisfying the functional equation (1.3) and
the functional inequality

N (Qﬁ(w) —ES(W)7Z)

65 .
A (s o)
>0 N (Tor @I, gaiigmz) s 9 £6
A (T DI i) 20 76
(4.129)
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where Fg,s are defined in (3.76) and (3.79) respectively for all
wE W and all z € #].

Proof. The proof of the corollary is similar clues and ideas of
Corollary 4.20. Hence the details of the proof are omitted. [

Theorem 4.23. For a mapping & : W1 — W5 fulfilling the
Sfunctional inequality (4.82) for all w,v € #1 and all 7z € W1,
where .S : 7/12 — [0,00) is a function fulfilling the condition
(4.97), (4.116) for all w,v € # and all z € #}. Then there
exists one and only quintic function Qs : Wi — W5 and a
one and only sextic function Qg : W1 — W5 which satisfying
the functional equation (1.3) and the functional inequality

N (E(w) = Qs(w) — Q6(w),2)

. L
> mm{JV’ (Ys(w, w), l—.,iﬂz> ,

L1y
! — J—
N <t§ﬂ5( w;, W)7 1_$Z>7

LV
! —_—
N <<76(W,W), I—D?Z) )

1—
V% (y6(_w,—w), 'fﬂ;;z)} (4.130)

forallwe # and all z € M. If L = L(y), with the
properties and conditions (4.99), (4.118) (4.100), (4.119)
where S5 (w, w), Y% (w, w) are defined in (4.24), (4.71)for
allwe W and all z € #1.

Proof. The proof of the the proof is similar lines to that of
Theorem 4.15. O

The following corollary is an immediate consequence
of Theorem 4.23 regarding the Ulam - Hyers stability [23],
Ulam - Hyers - THRassias stability [38] and Ulam - Hyers -
JMRassias stability [42] of the functional equation (1.3).

Corollary 4.24. For a mapping & : Wi — W5 fulfilling the
functional inequality

D;

D {||wl[ +v]I°}5

@ {||wl|®[vl|® + [[Iwl*® -+ []vI[*] } 5
(4.131)

N (& (wyv),2) =

Sor all wyv € #) and all z € W where ® > 0 and ¢ is a
constant. Then there exists one and only quintic function Qs :
W — W and a one and only sextic function Qg : W1 —>
W which satisfying the functional equation (1.3) and the
functional inequality
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N (E(w) —Qs(w) — Q6(w),2)
min < A" q)’%z)?/’(@,%z)};
min{ A" (Tsr ‘I’||W||¢7%Z>’

N (F6T¢|‘W‘|¢7w2+imz) };
min{JV/ (FSJ D[w|[*, ﬁz) §

N (ra D||w]??, mz) };

v

(4.132)

where F;,s are defined in (3.40), (3.76), (3.43) and (3.79)
respectively for allw € W1 and all 7 € #.
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