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1. Introduction and Preliminaries

Bakhtin [1] wasintroduced the concept of b-metric space and
used by Czerwik in [6]. Banach’s contraction mapping the-
orem says, A mapping T : X — X where (X,d) is a metric
space, is said to be a contraction if there exists k € {0, 1) such
that Vs, € X

d(Tp,Tq) <kd(p,q)

If the metric space (X,d) is complete the mapping satisfying
(1.1) has a unique fixed point.

(1.1)

Definition 1.1. Let X be a non-empty set and let s > 1 be a
given real number. A function d : X x X — Ry is called a
b-metric provided that, for all p,q,r € X

(i) d(p,q) =0iff p=gq
(ii) d(p,q) =d(p,q)
(iii) d(p,r) < s[d(p,q) +d(q,r)]
A pair (X,d) is called a b-metric space.

Definition 1.2. Ler (X,d) be a b-metric space. Then a se-
quence {p,} in X is called a Cauchy sequence if and only if
forall € > 0 there exist n(€) € N such that for each n,m > n(€)
we have d (py, pm) < €.

Definition 1.3. Let (X,d) be a b-metric space. Then a se-
quence {p,} in X is called convergent sequence if and only if
there exist x € X such that for all there exists n(€) € N such
that for all n > n(€) we have d (py,x) < €.

Definition 1.4. The b-metric space is complete if every Cauchy
sequence convergent.

2. Main Results

Theorem 2.1. Let (X,d) be a complete b metrics space with
constants s > 1 and define the sequence {p,}, _; C X by the
iteration p, =T py—1 =T"po and let T : X — X be a mapping
such that

d(Tp,Tq) < a1d(p,q)+ 0ad(p,Tp)+ asd(q,Tq) + oud(p,Tp)
+asd(q,Tp) + old(q, Tp) +d(p,Tq)]

where Q1 + 0 + 03 + 204 + 05 + 206 < 1,Vp,q € X then
there exists p* € X such that p,, — p* and p* is a unique fixed
point.

Proof. Let po € X and {p,},_, be a sequence in X defined
as pn = Tpn—l = TnPO»n = 172737'

d (pn, Pn+1 ) =d (Tpn,] s Tpﬂ)
<oud (pn—1,pn) + 0od (pn—1,Tpn—1)
+03d (x5, T pp) + 04d (pp—1,T pn)
+0sd (pn, Tpn—1) + 0 [d (P, Tpa-1)
+d (pn—1,Tpn)]



<and (pu—1,pn) + 02d (Pp—1,pPn)

+03d (pn, Pns1) + 0ad (Pu—1,Puv1)

+ 05d (pn, Pn) + Qs [d (Pny Pn) +d (Pn—1,Pns1)]
<aid (pu—1,Pn) + 02d (Pn—1,pn)

+o3d (pn;pn+l) +soud (pnfhpn)

+504d (Pp; Pt1) +506d (Pu—1,Pn) +50%d (Pn, Puv1)

(1— 03— 504 —506)d (Pn; Poy1)
< (on + 0+ 504+ 506) d (Pu—1,Pn)

o + 0 + 50 + 50
d(py, < d
(PnsPnt1) < [ —

d(Pnaanrl) <nd (pn—l,Pn)

(pn*hpn)

o +0p+504+50g

where, n = S —

d (pnvanrl) Snd (pnfl,pn)
Snzd (pn72a17n71)

Continuing this process we get,

<n"d(po,p1)

Now we show that {p,}, _, is a Cauchy sequence in X.

Letm,n >0 withm >n

d (P, Pm) <5d (Pns Pus1) +5°d (Pt Pus2)
+S3d(Pn+27Pn+3)+---
<sn"d (p1,po) +s*n"'d (p1,po)
4. _‘_Smnnijfld(p] ’po)
<sn"d (p1,po) [1+(sn) + (s1)?
e (sm)" ]

1—(sn)”‘(’"‘”]

<sn"d (p1,po) [ T

Take m,n — oo
lim d (Pmpm) =0

n—oo

Hence {p,},_, is a Cauchy sequence in X.

Since {p,},_, is a Cauchy sequence {p, } converges to p* €
X.

Now we show that x* is the unique fixed point of 7.

d(p*,Tp*) <sld(p*,pn+1) +d (Pns1,TP")]
<sld(p*,pni1)+d(Tpa,Tp")]
<sd (p*,pns1) +s[ond (pn, p*) + 02d (pu, T py)

+a3d (p*,Tp") + oud (pn, Tp") + asd (p*, T pn)

+ag[d (p*,Tpa)+d (pn, Tp")]]
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<sd (p*, puns1) +s0ud (pn, p*) + 57 0ad (pn, p*)
+5200d (p*, pui1) +soad (p*, Tp*) + s> oud (p*, pn)
+s5%oud (p*, Tp*) + sotsd (p*, pu—t) + 5Gd (P*, pn—1)
+5%aed (pu, p*) + 57 0d (p*, T p*)
(1 — 503 — 520 —s2a6) (p*,Tp")
§(5+s2a2) p p,,+1 (sal +s a2+s2a4+s2a6)
d(pn,p*) + (s05 +506)d (p*, pui1)
d(p*,Tp*) <0asn— . Now we show that p* is the fixed
point of T. Assume that p ’ is another fixed point of 7. Then
we have Tp' = p/.
d(p*,p') =d(Tp*,Tp')
<aid (p*,p') +od (p*, Tp*) + oad (P, Tp')
+ oud (p*,Tp') + osd (p',Tp*)
+og[d (P, Tp") +d (p*,TP)]
<aid (p*,p') +oad (p*,p") +osd (p', p')
+ oud (p*,p/) + otsd (p’,p*)

+os[d(p',p7) +d (P p)]
d(p*.p) <(ou+as+0s+206)d (p*,p')
= p* = p’. . T has a unique fixed point. O

Corollary 2.2. Let (X,d) be a complete b metrics space with
constants s > 1 and define the sequence {p,},_; C X by the
iteration p, =Tpy,—1 =T"po and let T : X — X be a mapping
such that

d(Tp,Tq) <oud(p,q)+ od(p,Tp)+ o3d(q,Tq)
+oud(p,Tq) + asd(q,Tp)

where o) + 0 + Q3 +204 + 065 < 1,Vp, q € X then there exists
p* € X such that p, — p* and p* is a unique fixed point.

Proof. We take ag = 0 in previous theorem we get the solu-
tion O
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