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1. Introduction

We introduced the notation of prime bi-interior ideals of TG
Semi rings, in this paper. G. Srinivasa Rao et.al [29-36]
studied ternary semi rings.

2. Preliminaries

Let (R,+)&(T,+), commutative semi-groups. Then we call
R a TG -Semi ring (T'GS), if there is a mapping R X I' x
R xT' x R — R (images of (p,a,q,b,r) will be denoted by
pagbr )Vp,q,r € R,a,b € T 5 it satisfies the following axioms
Vp,q,r,s,t € Rand a,b,c,d €T’

1. pa(q+ r)bs = pagbs + parbs

2. (p+q)arbs = parbs + qarbs

3. pagb(r+s) = pagbr +pagbs
4. pa(gbrcs)dt= pagb(rcsdt) =(pagbr)csdt.

ATGSR is said to be commutative TGS if pagbr = parbg =
qarbp = gapbr = rapbq = raqbp, Vp,q,r € R and a,b € T".
Suppose R, a TGS. If for each p in R3a,b € T" papbe = paebp
= eapbp = e, then an element e € R is called aunityelement
or neutral element.

Definition 2.1. Suppose R, a ternary I -semi-ring. @ # S is
said to be a ternary sub — I - semi-ring of R, if S is an sub-
semi-group with respect to + of R and aobBc € S,Va,b,c € S
and a B €T.

Definition 2.2. The set® # I C R, where R is a temary T -
semi-ring is said to be left (lateral, right)ternary I -ideal of

R, if
1. abel=a+bel

2.abeRjicla,f €l = aabBi € I(aaifb € 1, ia
apbel).

Anideal I is said to be ternary I -ideal, if it is left, lateral and
right I -ideal of R



Example 2.3. The set Z={0,+£1,+2,£3,....} and T, the
set of even natural numbers. Then with respect to usual addi-
tion and ternary multiplication, Z is a ternary gamma semi
ring.

Example 2.4. The set R = {0,+i,+2i,4+3i,....} and T = N.
Then R is a ternary gamma semi ring. with respect to usual
addition and ternary multiplication.

Example 2.5. Let Q = R, the set of all rational numbers and "
the set of all natural numbers. Define a mapping from R x I" X
R xXT"x R — R by usual addition and ternary multiplication
defined by (p,a,q,b,r) = pagbr,Np,q,r € R,a,b €T then R
is a ternary gamma semi-ring.

Definition 2.6. Let ¢ #~ S C R, where R be a TGS. The set S
said to be a TG -sub-semi-ring of R if (S,+) is a T sub-semi-
group (TSSG) of (R,+) and STST'S C S.

Definition 2.7. Let R be a TGS and ¢ # S C R. The set
S said to be a quasi-ideal (QI) of R if S is a TGsub-semi-
ring (TGSSR) of R and STRTR N(RT'STR+ RTRI'STRTR) N
RTRI'S CS.

Definition 2.8. Ler ¢ = S C R, where R be a TGS. The set
S said to be a bi-ideal (BI) of R if S is a TGSSR of R and
ST'RISTRT C S.

Definition 2.9. Ler ¢ # S C R, where R be a TGS. The set S
said to be an interior ideal (II) of Rif S is a TGSSR of R and
RURI'STRTR CS.

Definition 2.10. Let R be a TGS and ¢ # S C R. The set S
said to be a rt. (medial, It.) ideal of R if S is a TGSSR of R
and STRTR C S(RTSTR C S,RTRTS C ).

Definition 2.11. Ler ¢ # S C R, where R be a TGS. The set
S said to be an ideal if S is a TGSSR of R and STRI'R C
S,RI'STRC S,RTRTS C S.

Definition 2.12. Let ¢ # S C R, where R be a TGS. The set P
said to be a bi-interior ideal (BII) of R if P is a TG subsemi
ring (GSSR) of RTRUPTRTURNPI'RTPI'RI'P C P.

Definition 2.13. Let ¢ # S C R, where R be a TGS. The set
P said to be a lt.(medial, rt. ) weak-interior ideal of R if P is
a GSSR of R and RUPTP C P(PTRTP C P,PTPTR C P).

Example 2.14. Consider the TGsemi-ring R = M, 2( W),
and T = Mpy2( W) where W = {0,1,2, 3,...... } Then R is a
TG-semi-ring with PooQBS is the ordinary ternary multiplica-
tion of matrices, ¥V P,Q,S € Rand a,3 € . Here

_ p a |,
U—{{O b}.a,b,peW}

is a bi-ideal of R. Also

(I

is a bi-ideal of R.
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3. Prime Bi-interior ideals in T gamma
Semi rings

We study “’the notion of prime, strongly prime, semi prime,
irreducible and strongly irreducible bi-interior ideals” of TG-
semi-rings. And we study the properties of prime ideals and
relations between them.

Definition 3.1. A BII B of a TGS R is said to a prime bi-
interior ideal (PBII) of R if Bi{I'B,I'B; C B = By C B or
B, CBorB; CB.

Definition 3.2. A BII P of TGS R is called a semi prime bi-
interior ideal (SPBII) of R if for any bi- interior ideal P, of
R,PlFPlFPl CP=P CP

Definition 3.3. A BII P of R is called a strongly prime bi-
interior ideal (STPBII) if (PLTP,TP;) N (ATPIP;)N(PTP,
I'Py) CP= P CPorP, CPorP;CP, for any Bl-ideals
P1,P, and P; of R.

Definition 3.4. A bi-interior ideal (BII) P of R is said to be
an irreducible bi-interior ideal (IBII) P if BIIsP,, P>, P; and
PNnPNPB=P=P =PorP,=PorP=P.

Definition 3.5. A BII P of R, known as a strongly irreducible
bi-interior ideal (SIBI) if for any Bls P, P, and P; of R,P| N
PbNPsCP=P CPorP, CPorP; CP. Clearly every
SIBI is an IBI.

Note 3.6. (i) Every STPBII of a TGS R is a PBII of R.
(ii) Every PBII P of a TGS R is a SPBII of R.

Theorem 3.7. A BII P of a TGSR is a prime bi-interior ideal
S KIMILCP=KCPorMCPorLCPwhereMisa
lateral ideal, K is a right ideal and L is a left ideal of R.

Proof. Suppose that a prime bi-interior ideal P of the TGS R
and KIT'MT'L C P. Since K,M and L are bi- interior ideals of
R,wehave KCPorM C Por LCP. Againlet KTMI'LC P
where K is a right ideal, M is a lateral ideal and L is a left ideal
of R. = KCPorMCPorLCP.Suppose DTETF CP,D,E
and F are bi-interior ideals and (d)r, (e),(f), are right, medial
or lateral and left ideals generated by d, e and f respectively,
where d € D, e € E and f € F. Then (d),I(e)npI'(f); =
DIUETF CP(d),CPor(e)y CPor(f)yCP=dePor
ecPorfeP...DCPorECPorF CP. Hence abi-interior
ideal P is a prime bi- interior ideal of the TGS R. O

Theorem 3.8. If P\, P,, P; are bi-interior ideals of a TGS R
and (PTRIP) N (RTABIP )N (BIPTR) =P NPBNP;
then every bi-interior ideal of a TGS R is a semi prime BI-
ideal of R.

Proof. Let Py, P>, P be bi-interior ideals of a TGSR& (P, TP,T°
PN (RIPTP) N (PsTATP) = PPNPNP;. Let P be a
bi-interior ideal of a TGS R. To prove, P is a semi-prime
ideal of R Suppose PII'P\I'Py C P, Then Py =P NPINP =
(P1FP1FP1) n (P1FP1FP1) n (P1FP1 FPl) CPNPNP=P.
Hence every bi-interior ideal of R is semi prime. O



Definition 3.9. Let R be a TGS. An element p € R is said to
be a regular element if there exists x,y € R and a,b,c,d € T"
such that p = paxbpcydp. Every element in TGS is a regular
element then R is known as Regular TGS.

Theorem 3.10. R is a regular TG semi ring < ITJT'K = In
JNK for any left ideal K, lateral ideal J and right ideal I of
R.

Proof. Letl,J, K be art. ideal, medial and a It. ideal of a reg-
ular TGS R respectively. Suppose R be a regular TGS. Clearly
IIITK CINJNK. It enough to show INJNK CITJT'K. Let
pelINJNK. Since R is a regular TG semi ring, there exist
a,b,c,d € IT" and x,y € R such that p = paxbpcydp. Since
paxbp € I, and pcydp € J = paxbpcydp € ITJTK. Thus
p € ITJTK. Hence ITJTK = INJNK. Against suppose
that ITJTK = INJNK, for any left ideal K, for any lateral
ideal or medial J and right ideal / of R. Let p € R and [
be the right ideal generated by p, J be a lateral ideal gen-
erated by p and K be a left ideal generated by p. Implies
p €INJNK =ITJT'K. Since I is a right ideal generated by
p, we have p € I implies p = paxbp and also since J is a lat-
eral ideal generated by p, we have p € J implies p = pcydp.
Consider p = paxbp = paxbp.(pcydp) = paxbpcydp then p
is a regular element and thus R is a regular TG semiring. [

Theorem 3.11. If PTPT'P = P, for all bi interior ideals P of
a TGS R, then TGS R is regular and

PNPNP;= (P] FP2FP3) T (PQFP3FP] ) r (P3FP1 FPz)
for any bi-interior ideals P, P, and P; of R.

Proof. Let PTPI'P = P, for all Blls Pof a TGS R. Let I be a
rt. ideal, J be a medial ideal and L be a [t. ideal of R. Then
INJNLisaBIof R...(INJNL)YT(INJNL)I(INJNL)) =
(INJNL)=INJNLCITJI'L. We have IIJTL CINJNL.
Hence INJNL = (ITJT'L) TGS. O

Theorem 3.12. If P is a BIl of R and p € R such that p € P
then 3an BILJ of RAP C Jand p € J.

Theorem 3.13. Suppose R, a regular TGS and PTPTP = P,
for all BII P of R. Then any BII P of R is STIBIl < P is
STPBILI.

Proof. Given R is a regular I -semi ring and PT PT'P = P,
for all BIls P of a TGS R. Suppose P be a STIBII of R.
Now we show that P is a STPBII. Suppose that (PI'P,I'P;) N
(P, TPIP) N(PATPI'Py) C P then by Theorem [3.11],P N
P2 N P3 = (P1 FPer3) I (PQFP3FP1 ) r (P3FP1 FP2) for any bi-
interior ideals Py, P> and P3 of R. (P,TP,TP;) N (RTPTP )N
(P3FP1FP2) CP=PNAhHBLNPABRCP=P CPorP CPor
P3 C P. Thus P is a strongly prime bi-interior ideal of R. Re-
versely assume P is a STPBII of R. Let P;,P; and P; be
Blls of RA PN P NP; CP= (Perer3) N (PQFP3FP1) N
<P3FP1 FPQ) = {(P] FP2FP3) r (PzFPgFPl) r (P3FP1 FPz)} N

{(Pl FPZFP3) r (PQFP}FPl) r (P3FP1 FPz)} ﬁ{(Pl FPZFP3) r
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(PzFP3FP1) F(P3FP1FP2)} CPIRTPNPITPTRNPTPIR
C Py. It is easy to prove that (AATP,I'P3) N (P,TATP) N
(PsTP TP) C Pyand (PAATPRIP;)N(PRIPTP )N (BTPTP)
C Ps. Therefore (PLTPI'P;) N (PRIPTP) N (PsTATP) C
PiNP,NP; CP. Since P is a strongly prime bi-interior ideal
of R, we have P, CPor P, CPor P CP. Hence Pis a
strongly irreducible bi-interior ideal of R. 0

Theorem 3.14. If P is an irreducible bi-interior ideal and
PI'PI'P = P of a regular TGS R then P is a strongly irre-
ducible ideal of R.

Proof. Let P, P; and P; are bi-interior ideals of R such that
P NP NPy CP. Then by Theorem [3.11],P NP NP =
(PTRIP)T (PRIPAIP)T (TPTP) = (PATRIPsN (P
P3FP])ﬁ (Pj;FP]FPz) =PNPNPRCP=P CPorhRCP
or P; C P. Thus P is a strongly irreducible ideal of R. O

Theorem 3.15. Every proper bi-interior ideal P of R is the
intersection of all irreducible bi-interior ideals R containing
P.

Proof. Let R # P, Bl-interior ideal of TGSR and {By, : k € A}
be the collection of irreducible bi- interior ideals and it con-
tains P = P C (\yeaBr. Assume that (Yyca By € P. Then
3p € Nrea B and p ¢ P then by the known theorem, 3 an irre-
ducible bi-interior ideal D3P C D and p ¢ D = p & (\iea Bk
it is a contradiction. Our assumption that (\zcp Bx & P is
wrong. Thus (ycp Bx C P. Hence (ycp B = P. O

Theorem 3.16. The intersection of any family of PBIIs of
TGS R is a SPBII.

Proof. Let{By : k € A} beasetof PBIIs of R and P = Bk
For any BII P of R, (TP, P3) N (AT PP )N (PTPTR) C
MkeaBr =P = (PATRIP) C (PPTR) N (PTRIP) N
(PsTPT'P) C By, Yk € A = (PT'PI'P;) C B,V for all k €
A = (PITP.TP;) C (NieaBi k € A = P. Since each By are
PBIls, we have Pis a PBIl of R= P, CPor P, CPor
P CP.

Therefore P is a SPBII. Hence the intersection of any
family of PBIIs of TGS R is a SPBII. O

Remark 3.17. “Family of intersection of BII of R is also a
BII of R and it is the set of all Blls of R form a complete
lattice.”

Theorem 3.18. Strongly irreducible, semi-prime bi- interior
ideal of a TGS R is a strongly prime biinterior ideal.

Proof. Let P be a strongly irreducible and semi-prime bi-
interior ideal of a TGS R. For any bi-interior ideals P;, P> and
P; of R, (Pl FPZFP3) M (PzFPgFPl) N (P3FP1 FPz) C P. Hence,
by Ref.[22, Theorem 22 ] and [35, Theorem 22], P NP> N P; bi-
interior ideal of R. (P, NP, N P;)° = (PN PN P3)T(P,NP3N
P)I'(PsNP NP) C (ATRI'Ps) and since P is strongly irre-
ducible and semi-prime bi-interior ideal of a TGSR, we have

0gl0
S0,
S5027:

(N



(Pl NP ﬁP3)3 - (P2FP3FP1) s (Pl NP ﬂP3)3 - (P3FP1FP2).
Therefore

(P] NP ﬂP3)3 = (P]FPQFP3) n (PZFP3FP1) N (P3FP1FP2) CP

Since P is a semi-prime bi-interior ideal of R, LN NP; C P
and also since P is a strongly irreducible bi-interior ideal, we
have P C Por P, C Por P; C P. Hence P is a strongly prime
bi- interior ideal of R. O

Theorem 3.19. Let R be a TG-semi ring. Prove the following:

1. The family of Bl ideals of R is totally ordered set with
respect to set inclusion <

2. Every BII of R is strongly irreducible < (3) Every BII
of R is irreducible.

Proof. Given R is a TG-semi ring. Suppose, the set of BI
ideals of R is a totally ordered set with respect to C. Now we
show that each BII of R is strongly irreducible. Let P be any
BI ideal of R. It is enough to show P is a STIBI ideal of R.
Let P, P, and P; be BI ideals of R such that NP, NP; C
P. From the hypothesis, we have either Py C P»,P| C P
oo ALCPA.PLCPorCP,ARCP..PANPBNP =P or
PiNPNP=PorP NPBNP;=PFP.Hence P CPorP, CP
or P; C P. Thus P is a STIBI ideal of R. Hence (1) = (2).
(2) = (3) : Let, every BII of R be STL To show every Bl ideal
of R is irreducible. Let B be any BIl of RS> BiNB, N B3 =
B,VBIIsB, B, and B3 of R. Hence from our assumption (2),
we have By CBorB; CBorB3; CB.AsBCByand BC B,
and B C B3, we have B; = B or B, = B or B3 = B. Therefore
B is an IBII of R.

(2) = (1): Let each BII of R is an IBI. Let P, P and P; be
any BIIs of R. Then by the remark, Pi NP> NP5 is also a BII
of R. Hence PNANPE=P NPBNP =P =PINPABNP;
or b =PINPNP; or 5 =P NP,NP; by our assumption.
P] g Pz,Pl g P3 or P2 g P37P2 g P1 or P3 g P17P3 g P2. The
collection of all BlIs of R is a totally ordered set under C.
Hence given conditions are equivalent. O

4. Conclusion

Generalization of ideals of algebraic structures and ordered
algebraic structure plays a very remarkable role and also nec-
essary for further advance studies and applications of vari-
ous algebraic structures. We introduced the notion of prime
bi-interior ideal, semi prime bi-interior ideal, irreducible bi-
interior ideal and strongly prime bi-interior ideal of TGSR
and explained axioms and relations between them and also
characterized regular TGSR and TGSR using PBI ideals.
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