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1. Introduction

In this research article all graphs are simple, finite and
undirected. The concept of domination arises naturally from
location problems in operations research. The domination
problem in a graph is to find a minimum sized vertex set S
such that every vertex not in S is adjacent to at least one vertex
in S. Dominants and its variants have been extensively studied
during the past decades. This paper considers a newly defined
parameter namely connected majority domatic number of
graph G. It is to find a maximum number of sets in the partition
of V(G) into connected majority dominating sets of a graph
G. For terminology and notation not specifically defined here,
one can refer the reader[2].

A subset S of V(G) is said to be a dominating set [1],[2] of G
if every vertex in (V-S) is adjacent to at least one vertex in S. A
dominating set is called minimal dominating set if no proper
subset of S is a dominating set. The minimum cardinality of
the minimal dominating set of G is called the domination

number of G, denoted by y(G) . A domatic partition of a
graph G(V,E) is a partition of V(G) all of whose classes are
dominating sets of G. The maximum number of classes of a
domatic partition of G is called the domatic number of G,
denoted by d(G).

A dominating set S is said to be a connected dominating
set [2],[8] if the subgraph (S) induced by S is connected in
G. The minimum cardinality of the minimal connected domi-
nating set of G is called the connected domination number,
denoted by 7%.(G). A connected domatic partition of a graph
G(V,E) is a partition of V(G) all of whose classes are con-
nected dominating sets of G. The maximum number of classes
of connected domatic partition of G is called the connected
domatic number[7] of G, denoted by d.(G).

A subset S of V(G) is said to be a Majority Dominating
set[4] if at least half of the vertices of V(G) are either in S
or adjacent to elements of S i.e.|N[S]| > (@] A majority
dominating set S is minimal if no proper subset of S is a
majority dominating set. The minimum cardinality of a mini-
mal majority dominating set is called Majority Domination
number, denoted by yy/(G). A majority domatic partition of
a graph G(V,E) is a partition of V(G) all of whose classes
are majority dominating sets of G. The maximum number
of classes of majority domatic partition of G is called the
Majority Domatic number[4] of G, denoted bydy (G).

2. Preliminaries

Definition 2.1. [3] A set S C V(G) is a Connected Majority
Dominating(CMD) set if



i) S is a majority dominating set and

ii) The subgraph (S) induced by S is connected in G.

The connected majority dominating set S is minimal if no
proper subset of S is a connected majority dominating set.
The minimum cardinality of a minimal connected majority
dominating set is called the Connected Majority Domination
number and is denoted by Ycp (G).

Proposition 2.2. (i) For a path P, and a cycle C, ,Yem(P,) =
’}/CM(Cp) = [%W -2,p>3.

(ii) If the graphs G =K,,p > 2,K1 p_1,p 2 2,W,,p > 5, F),
p > SaDr,S7ras > 2, then ’YCM(G) =1.

Definition 2.3. The Connected Majority Domatic number
dem(G) of a graph G is the maximum number of elements in
a partition of V(G) into connected majority dominating sets
of G.

Definition 2.4. Consider the following graph G with p = 15.
/\ ;

Iy
In G,Dy = {v2,vs,v6},D2 = {v6,Vs,v10},D3 = {vs,V10, V12,
vi3},Da = {v15,V13, V12, V10 } are minimal connected majority
dominating sets whereas Dy = {v{,v2,v3,v4,Vs5,V6} is not a
minimal connected majority dominating set. From these sets,
Yem (G) = 3. Again in G, the vertex set V(G) is partitioned
into connected majority dominating set of G namely,S; =

{v1,v2,v3,v4,5,v6,v7} and S = {vs,vo, V10, V11, V12, V13, V14,
V15 } are the only connected majority dominating sets of G,

Cdem(G) =

s

s
L A‘H Uy
o

U

2.

3. Connected Majority Domatic Number
For Some
Classes Of Graphs

Proposition 3.1. For complete graph K, K, —e,K,, —2e,
dem (Kp) = p

Proof. Since all vertices of these graphs are of degree d(v) >
[%} — 1, each vertex is a connected majority dominating set
of G. O

Proposition 3.2. For a Star Ky ,_1,p > 5, a subdivision
S (K1 p—1) and a wounded spider,dcy (K1 p—1) = 1.
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Proof. Since all vertices G are having a full degree vertex and
other vertices are pendants. 0

Proposition 3.3. For a Double Star G = D (r,s),r <s,

2, ifs=rr+1
dCM(G)={1 i§r<s

Proposition 3.4. For any graph G,dcy(G) < |

P
Yeu (G) J.

Proof. Let {V,V,...V;} be connected majority domatic par-

tition of V(G) and dey (G) = k.
Therefore, ViUV,...UV, =V(G) and p = [Vi|+ |Va| +...+
|Vk| > k.’}/CM (G) . Then
p >k, Yem (G) = dem (G), Yem(G).
Hence dey (G) < L#(G)J O
Proposition 3.5. For Path G = P,,p > 2,
4, if p=4,6
dCM(Pp) = 3, ifp:3,5,8
2, otherwise
Proof. LetV(P,) = {ul,uz, . ..up} and E(P,) = {u;,ui11]1 <
i<p-—1}.
V(P,) ={ui,uz,...up} and E(Py) = {uj,uip1|1 <i < p—1}.

If p =2, then dey (G) = 2.

Case (i):Let p =4,6.

Let p = 4. Since each vertex of Py is a CMD set,dcy (Py) = 4.
Let p = 6, Each internal vertex is the CMD set of G, namely,
are S| = {v},8 = {v3},S3 = {v4}, S4 = {vs}. Therefore
connected majority domatic partitions are {S;,S>,S3,S4 U
{Vl , V6, }} Hence, dCM(P6) =4,

Case (ii): Let p =3,5,8.

Letp = 3.dCM(G) =3.

Let p = 5. Each internal vertex is a CMD set of Ps.
Therefore,V (Ps) can be partitioned into three connected ma-
jority dominating sets of G namely,{S;,S2,53U{vi,vs}}. Let
p = 8. By Proposition 2.2, vy (Ps) = 2, the connected major-
ity dominating sets of G are 1 = {v2,v3},52 = {v4,v5},53 =
{ve,v7}. Therefore V(Pg)) can be partitioned into only three
CMD sets of G namely,{S,S2,S3U{vi,vs}} .

Hence,dcy (Bg) = 3.

Case (iii): Let p > 9 and p=7.

Let p = 7, By Proposition 2.2,y (P;) = 2. Then the ver-
tex set is partitioned into S; = {vz,v3},52 = {v4,vs} and
R = {v1,ve,v7} such that [N[S;]| > [£] and (S;) is connected,
i =1,2. It implies that V(G) can be partitioned into {S;, Sy U
{v1,ve,v7}}, and the induced subgraph (v;,ve,v7) is not con-
nected. Hence,dcy (Pr7) = 2.

Let p > 9. By Proposition 2.2,y%c;(G) = [5] — 2. Since for
each connected majority dominating set S of G, (S) is con-
nected, S| = {vz,\/3,...,v[pw_1} and

S, = {V[%W’v[%lﬂ""’V[%W—HYCM} are the only two con-
nected majority dominating sets for G. Then the remain-
ing vertices [R| = |V(G)| —|S1 + 82| = p—2([4] —2) and
IN[R]| < [57] and it would not be a connected majority dom-
inating set of G. Hence, S and S UR are the connected

009 nn,,
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majority domatic partition for G. This implies that dcy (G) >

2. By proposition 3.4, dcy(G) < LYCMJ = L[ﬁw 5, where
2

Yem(G) = [5]—2. This implies that dey (G) < 2. Hence

dCM(G) 2 if P Z 9. O

Proposition 3.6. For Cycle C,,p >3
p, if p=45,6
_ )4 ifp=8
dew (Cp) = 3, if p=3,7,9,10
2, ifp =11

Proposition 3.7. For Wheel
W,=Cp,_1UK|,p2>5
p, ifp=5,6,7,8
) 5, ifp=9,10
dey (W) = 4, if p=11,12,13,14,16
3, ifp=15andp > 17

Proof. Let{vi,vs,...,v,} bethe set of vertices of G =W, p >
5. The vertex {v,} be the centre of G and the remaining ver-
tices {vi,v2,...,v,—1} form a outer cycle of a wheel graph
G =W,. Therefore d(v,) =p—1and d(v;) =3, for i =

1,2,....p—1.
Case (i): Let p = 5,6,7,8. Each vertex {v;} is a CMD set of
G.

Case (ii): Let p =9, 10.

When p=9. Let §; = {V9}7S2 = {V],Vz},S3 = {V37V4},

S4 = {vs,v6},85 = {v7,v8}

When p =10. Let S| = {V]o},Sz = {V],Vz},S3 =
Ss={vs,v6},S5 = {v7,vs} U{wo}.
Therefore,S1,S2,53,54 and S5 are the connected majority do-
matic partitions of V (G). Hence, dcy (G) = 5 if p=9,10.
Case (iii):Let p = 11,12,13, 14, 16.

{vs,va},

Forp=11.LetS; = {V]]},Sz = {V],Vz,V3},S3 = {V47V57V6}7
Sa = {v7,v8,v9} U{vio}
For p=12. LetS; ={vi2},82 = {vi,v2,v3},83 = {va,vs,v6},

S4 = {v7,v8,v9} U{vio,vi1}

For p =13. Let S| = {V13},S2 = {Vl,VQ,V3,V4},S3 = {V57V67
v7,v8},84 = {vo,vi0,vi1,vi2}
For p=14. Let §1 = {vi4},S2 = {v1,v2,v3,v4},83 = {vs, vs,

v7,v8},84 = {vo,vio,vi1,vi2} U {vi3}

For p = 16. Let S| = {vig},S2 = {vi,v2,v3,v4,v5},83 =
{ve,v7,v8,v9,v10},84 = {vi1,vi2,v13,V14, V15 }.

For the above numbers,|N[S¢]| > [5] and d (v;,v;) = 1Vv;,v; €
Sy for k =1,2,3,4. Therefore V(G) is partitioned into four
connected majority dominating sets namely,S1,52,S53 and Ss.
Hence dcy (G) = 4.

Case (iv): Let p=15and p > 17.

Let p = 15.

LetS| = {V15},SQ = {V17V27V3,V4,V5},S3 =
R = {V]],V]Z,V]g,\lm} Such that |N[Sl]| > [§1 for i=1,2,3.
But [N[R]| < [£]. This implies that V(W) can be partitioned
into three connected majority dominating sets {Sy,S>,S3 UR}.
Hence,dcy (W),) = 3.

Letp > 17.

LetS; = {v,},8 =

{vl,vz,...,v[pwﬁ} and S, = {v(%]fz,
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V[%-‘ Vz( )} S3 = {V 2:VI21_15 V2( )} be
the three sets w1th d(vi,vj) = 1, for all Vi,vj € Sk for k=2,3
and i # j and the remaining vertices R = {Vz(g]—S»Vz[g}—m e
vp—1}. Since {v,} is a full degree vertex,|N[S1]| > [£]. Since
82,83 CV(Cp—y) and |N[S,]| = [5] -3+3=[5] and IN[S3]| =
2([51-3)—([51-3)+3 = [7] This implies that Sy, k =
1,2,3 are all CMD sets of G. But we obtain the vertices
R={vyrp1_5,va12745---,Vp-1}, each vertex with d (v, v;) =
1, forall v;,v; €R

INR]| = (p—1)—(2[5] —4) +3 < [£]. Therefore R is not
a CMD set of G always. Hence, the vertex set of G can be par-
titioned into 3 CMD sets {S1,S>,53 UR}. Hence,dcy (W),) =
3. 0

Proposition 3.8. Let K, ,,m < n be a complete bipartite
graph with m+n = p. Then
dew(G) = p, ifn=m m+1,m+2

M m, ifm<n

Proof. LetVi(G)={u,uz.. {vi,va...vp}
be bipartitions of V(G).

Case (i): Let n =m,m+ 1,m+2. Then [N[u]| > [5] and
IN[vi]| = [£]. Therefore each
{w;j},i=1,2,...m and {v;},i =1,2,..
are CMD sets of G. Hence
dem(G)=m+n=pifn=mm+1,m+2.

Case (ii): Let m < n. Thenn > m+ 3.

In V;(G), each vertex u; of degree d(u;) = n and in V,(G),
each vertex v; of degree d(v;) = m.

If p=|Vi|+[Va| = ntm, then [§] = [m340] = [255] =
m + 2, when n=m+3. Therefore, each u; covers at least
|N[u;]| = n+ 1 =m+4, vertices, when n=m+3.

Since every vertex (u;) is connected and |N[u;]| > [5], each
{u;},i=1,2,...min V;(G) is a CMD set for G. The vertices
in V»(G) form a majority dominating set for G but the induced
graph could not be connected. So, the vertices of V> (G) could
not form a connected majority dominating set for G. Hence,
dem(G) =mifn>m+3 and m < n.

) and V2(G) =

nf{vitj=12,...n

O

4. Bounds For dcy (G)

Theorem 4.1. For any graph G with p vertices,dcy(G) = p
ifand only if §(G) > [5] - 1.

Proof. Let, dcy (G) = p. Then every vertex u € V(G) forms a
connected majority dominating set for G. Thus d(u) > [5] —
1, for every u € V(G). Hence 6(G) > [£] — 1. Conversely,
suppose 6(G) > [5£] —1. Then d(u) = §(G), for any u €
V(G)andd(v) > 6(G) > [5]—1,d(u) = 6(G), for any u €
V(G) and d(v) > 8(G) > [5] — 1, for every v € V(G). It
implies that each vertex v of G is a CMD set of G.

Hence dcy (G) = p. O

Result 4.2. Given any positive integer k, there exists a graph
G which is not complete for which dcy (G) = k.



Proof. Let G = K[éj - Since each vertex of G is a con-

nected majority dominating set, dey (G) = k. O

Proposition 4.3. Let T be a tree with p > 3 and e > 2, pen-
dants. If diam (T) =2 or 3, then dey(T) = 1 or 2.

Proof. Let diam(T) = 2. Then the tree T = K, ;,_; and
Yem(T) = 1. Therefore let S = {u}, where u is the central
vertex of T. Since all other vertices are pendants,(V — {u})
could not form a CMD set for G. Hence, dcy (G) = 1.
Let diam(T) = 3. Then T is a double star. Let x and y be the
centers of 7 and {uy,u,...,un} be the set of pendants adja-
cent to x and {vy,v2,...,v,} be the set of pendants adjacent
toy. Let |V(T)| =m+n+2.
Case (i): Let m < nand n > m+ 3 is even.
Let S| = {y} and S» = {x} .Then |[N[S|]| > [£] and |N[S:]| <
[£]. Here S is the only CMD set of G and S, could not be
a connected majority dominating set of G. Also, all pendant
sets {u;} and {v;} could not form a connected majority dom-
inating set of G. It implies that there is only one connected
majority domatic set in V(G). Hence dey (T) = 1.
Case (ii): Letn =m,m+1,m+2.
The only connected majority domatic partitions of V(T') are
the centres of T i.e.,S; = {x} and S» = {y} such that |N[S]| >
[51 and [N[S>]| > [£7]. This implies that dey (T) = 2.

O

Proposition 4.4. If G is a complete graph then dcy(G) =
du(G) =dc(G).

Proof. Since every vertex of a complete graph G is a full
degree vertex, each vertex is a connected dominating set or
majority dominating set or connected majority dominating set
of G. Hence dey (G) = du(G) =dc(G) =pif G=K,. O

Proposition 4.5. If a graph G has exactly one full degree and
others are pendant vertices then dcy (G) = dc(G).

Corollary 4.6. For a subdivision graph S (K, ,,—1) with each
edge is divided by any number of times, then dcy(G) =
dc(G)=1.

Proof. Since the full degree vertex v of G is a connected
dominating set and also connected majority dominating set
of G, the remaining all vertices could not form a connected
dominating set or connected majority dominating set for G.
Therefore, the vertex set V(G) cannot be partitioned into either
connected dominating set or connected majority dominating
set of G. Hence, dey (G) = dc (G) = 1. O

Proposition 4.7. For any graph G,

(i).dCM(G) < dM(G) and

(ii). dem(G) = dc(G) (i) dem (G) = dy(G) and (ii)dem (G) =
de(G).

Proof. (i).Since every connected majority dominating set

of G is a Majority Dominating set of G, yeum (G) > Y (G).
Hence,dcy (G) < dy (G).
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(>i1) Since every Connected Dominating set of G is a Con-
nected Majority Dominating set of G, ¥ (G) > Yem (G).

Hence,dc (G) < dcm (G). O
Proposition 4.8. For any graph G,

dc (G) < dcm (G) < du (G).

Proof. Tt follows from Proposition 4.7. O

Proposition 4.9. Let G be any 3-regular graph with ‘p’ ver-
tices. Then

p, ifp=40638
dew(G)={ 5. ifp=12
4, if p=10and p > 14.

Proof. LetV(G) = {vi,...v,} be the set of ‘p’ vertices in G.
Case (i) : Let p =4,6,8. Since each vertex {v;} is a CMD
set of G,dcy (G) = p.

Case (ii): Let p = 12. Since Yem(G) LPT_IJ, consider
St =A{vi,ve}, S2 = {v2,v7} .53 = {v3,v8},54 = {v4,v0},

Ss = {vs,vio} with d(v;,v;) = 1, for every v;,v; € S, k =
1,...,5and i # j. Then |N[S;]| > [§], forevery k=1,...,5.
Therefore the sets Sy are the only CMD sets of G. In this
structure, the remaining vertices R = {v1,v12} with distance
d(v11,v12) = 2, which is not connected. Therefore, there are
{51,52,83,84,

S5 UR} are the five connected majority domatic partitions of
G. Hence, dcy (G) = 5.

Case (iii): (a) Let p = 10. Since ycm(G) = | 5~ ], consider
S = {V],V5},Sz = {Vz,Vﬁ} S3 = {V3,V7}, Sy = {V4,V8} with
d(vi,vj) =1,forevery v;,v; €Sy, k=1,...,4and i # j. Then
IN[Sk]| > [5], for every k =1,...,4 . Then the sets Sy are
the only CMD sets of G. In this structure, the remaining
vertices R = {vog, v} with distance d(vg,vi9) > 2, which is
not connected. Therefore, there are {S|,52,53,54 UR} are
the four connected majority domatic partitions of G. Hence,
dem(G) = 4.

Case (iii): (b) Let P > 14. In the structure,v; is adjacent
to three vertices namely,\/g VEL1VE Similarly,v; is ad-
jacent to three vertices Ve Ve,V 43 Similarly, vs is
adjacent to three vertices VP12 VE 13,V 44 and so on. S| =
{Vlavgavpflv"%fl...} VRS {V27V§+I>VP7V§71,...} >
S3=A{v3,vp4,v5,vp 6.} Sa = {va,vp 5,v6,vp 7} such
that d (v;,v;) = 1, for every v;,v; € St,k=1,...,4and i # j
and [N[S¢]| > [4]. Therefore S are the only CMD sets of G
and the remaining vertices form the set R = V(G) — U?=1 Si
at a distance 2 which is not connected. Therefore,there are
{81,52,83,84 UR} are the four connected majority domatic
partitions of G. Hence,dcy (G) = 4. O

p—1

5. Conclusion

In this article, researcher introduced and discussed new
type of parameter of a graph G. Connected majority domatic
number of a graph is defined and it is determined for some

0gl0
S0,
S5027:

(N



Connected majority domatic humber of a graph — 56/56

classes of graphs. This concept is useful in communication
network and in many real-life situations. Also, this concept
can be extended to product graphs.
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