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1. Introduction

Throughout this paper, Let G = (V,E) be a simple graph
with n vertices and m edges. The degree of a vertex v in G
is denoted by d(v). A k-vertex in G is a vertex of degree
kin G. Let A(G), 6(G)(or A,d) be the maximum degree
and the minimum degree of G. A vertex v with d(v) = A is
called a major vertex. A vertex v with d(v) < A is called a
minor vertex. Let N(x) be the set of all neighbours of x in
G and N(x,y) = N(x) UN(y). If S and T are disjoint subsets
of V(G), then [S, T] denotes the set of all edges with one end
in S and the other in 7. The subgraph of G induced by S is
denoted by [S] and |[S]| denotes | E[S]|.The number of vertices
of degree j is denoted by n;. The degree sequence of G is
denoted by m(G) = 1"12"2...A" | where if n; = 0, then the
factor j" is customarily omitted in 7(G). An edge colouring
of a graph is a function assigning colours to the edges of
the graph in such a way that any two adjacent edges receive
different colours. A graph G is edge k-colourable, if there is
an edge colouring of the graph G with colours from {1, ..., k}.
The edge chromatic number or chromatic index of a graph G,
denoted by x'(G), is the smallest integer k such that G is edge

k—colourable. In 1964, Vizing[8] proved that if G is a simple
graph of maximum degree A, then the edge chromatic number
%' (G) of G is either A or A+ 1. If ¥'(G) = A(G), G is said
to be of class one; otherwise G is said to be of class two. A
graph G is said to be edge chromatic critical if G is connected,
of class 2 and ' (G —e) < x'(G) for every edge e of G. If G
is critical and A(G) = A, then G is said to be A-critical.

2. Preliminaries

A well known fundamental result commonly known as
Vizing’s Adjacency Lemma(VAL) describes an important
property of A- critical graphs.

R1: Vizing’s Adjacency Lemmal[9](VAL): In a A-critical
graph G, if vw is an edge and d(v) =k, then w is adjacent
with at least A — k+ 1 other vertices of degree A. In particular,
G has at least A — § + 2 vertices of degree A.

R2: Fiorini’s Inequality[1]: Let A > 3 be an integer. If G is
a A-critical graph, then np > 272; ]"ffl

R3:[6] Let A >4 be an integ/er. If G is a A-critical graph,
then ny > 2%221 =4+ 3n3.

R4: Vizingj’s Conjecture[10]: If G is a A-critical simple
graph with n vertices, m edges and A > 3, then m > %((A —
1)n+3).

This conjecture has been verified for the critical graphs with
A <6[2,3,4,7].

R5:( Zhang [5] ) Let G be a A - critical graph, xy € E(G)
and d(x) +d(y) = A+ 2. Then the following hold: (i) ev-
ery vertex of N(x,y) — {x,y} is a major vertex (ii) every ver-
tex of N(N(x,y)) — {x,y} is at least of degree A — 1 (iii) If



d(x),d(y) < A, then every vertex of N(N(x,y)) — {x,y} is a
major vertex.

3. Main Theorems

In this section, we study the structure of edge chromatic
6-critical graphs of three different classes. Throughout this
section, we use the following notations: M denotes the set
of all major vertices of G and N,,N3,N4,Ns are the sets of
all vertices of degree two, three, four and five respectively
and My, M3, My, Ms, M3y, M35, M4s, M345 denote the sets of all
major vertices adjacent with minor vertices which are only
2-vertices, only 3-vertices, only 4-vertices, only 5-vertices,
3 and 4-vertices, 3 and 5-vertices, 4 and 5-vertices, 3,4, and
5-vertices respectively. In the following theorems, we have
obtained bounds on the number of major vertices and the size
of three classes of edge chromatic 6-critical graphs, that are
stronger than the existing bounds.

Theorem 3.1. If G is a 6-critical graph in which each 3-vertex
is adjacent with a 5-vertex and each 4—vertex is adjacent
with another 4—vertex, then ng > 2np + %ng + %n4 + %n5,
m > %n—%n2+%n3+£n4+%n5 and hence m > %n—i—% if
S5n3 4+ ng +ns —2ny > 6.

Proof. Since each 4-vertex is adjacent with another 4-vertex
and each 3-vertex is adjacent with a 5-vertex , by RS, My5 = ¢
and M34 = ¢. By VAL, M35 = ¢. Let |[M35,N3]| = k. By
VAL, each vertex in M35 is adjacent with exactly one 3-vertex
and exactly one 5-vertex. Thus, |[Mss| = k. Since every 3-
vertex is adjacent with a 5-vertex, by VAL, |[N3,Ns]| = ns.
Since each 4-vertex is adjacent with a 4-vertex, by VAL,
|[N4,Ns]| = 0. Let Nz be the set of all 5-vertices which are not
adjacent with any 3-vertices. Let N = N5 — N.. Each vertex in
NY is adjacent with exactly one 3-vertex and hence |N| = n3
and [Nf| = ns —n3. By VAL, each vertex in NZ has four major
neighbours. Thus |[NZ]| = 0 and |[NZ,N{]| = 0. Also, by R5,
|[Ns,M3s]| = 0. Thus by VAL, |[N, Ms]| > 2(ns —n3). By R5,
each vertex in M5 can be adjacent with at most one vertex
in N and a vertex in Ms can be adjacent with at most four
vertices in N . Thus |[N{,Ms]| = 4n3 — k and each vertex
of these 4n3 — k Vertic/es have five major neighbours. Thus,
M| > |2, M) + L5250 ags) > dng — k4 L (ns — n3) and
it implies that [Ms| > Ins + 3ns — k. Since every 4—vertex is
adjacent with a 4-vertex, by VAL, |[N4]| = ”74 Also, by VAL,
[N4,N3] = (]) Thus HN4,M4]| = 41’14 — 2|[N4]| = 41’14 —hnyg =
3n4. By RS, each vertex in My is adjacent with at most two
4-vertices and each vertex in My has at least four major neigh-
bours . Hence |My| > %|[Ny,Ms]| = 3ns. Now |[N3, M3]| =
3n3 — |[N3,Ns]| — |[N3, M3s]| = 2n3 — k. Since each 3-vertex is
adjacent with a 5-vertex, by RS, every vertex in M3 has exactly
five major neighbours. Thus each vertex in M3 is adjacent with
exactly one 3-vertex. Thus |M3| = |[N3,M3]| = 2n3 — k. Also
by VAL, we observe that |[N2,M,]| = 2n; and |M;| = 2n;.
Now [M| > [Ma| + [M5] + |M4| + [Ms| + [M3s| > 2n3 +2n3 —
k+3n4+Ins+ ins. (i.e) ng > 2ny + Yns + 3ng + Sns — k.
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Since k < n3, ng > 2ny + %ng + %n4+ %ns. Now 2m = 2n +
3n3 + 4ng + Sns + 6ng = Sn — 3ny, — 2n3 — ng +ng > Sn —
3n272n3—n4+2n2+%n3+%n4+%n5 :5n—n2+%n3+
%n4 + %n5. Thus m > %n — %ng + %n3 + %n4—|— £n5. Thus if
Sn3+n4+ns—2ny > 6, thenm > 3n+ 3. Note that, if n; =0
and n3 = ns, then m > %n—i— %ns + %n4.

]

Theorem 3.2. If G is a 6-critical graph such that each 4-
vertex is adjacent with another 4-vertex and no 3-vertex is ad-
Jacent with a 5-vertex, then ng > 2ny + %n3 + %114 + %n5 + §7
m> %n— %I’lz— %n3+%n4+%n5+§ and hence m > %n—i—%
if 2ns +2n4 — 2n3 — 4np + k > 12 where k = |[M35,N3]|.

Proof. Since each 4-vertex is adjacent with another 4-vertex,
by RS, Mys = M34 = ¢. Also, by VAL, M345 = ¢ and each
vertex in M3s is adjacent with exactly one 3-vertex and exactly
one 5-vertex. Thus |M3s| = k. Since each 4-vertex is adjacent
with a 4-vertex, by VAL, |[Na4,Ns]| = 0 and |[N4,N3]| = 0.
Thus |[N4,M]| = 3714. Since |[M35,N3H = |[M35,N5]| =k N
|[[N3,M3]| = 3n3 — k. By VAL , |M| = 2n;. Since Mys =
Ms4 = @, |[N4,M4]| = 3n4. Since each 5—vertex is adjacent
with at least two major vertices and |[Ns,M3s]| = k, we get
that |[Ns,Ms]| > 2ns — k. Since a 5-vertex can be adjacent
with at most three 5-vertices, |[Ns]| < 3% Since each vertex
in M3 can be adjacent with at most two 3-vertices, |M3| >
w. Since each vertex in My can be adjacent with at most
two 4-vertices, |My| > 3%. Each vertex in M5 can be adja-
cent with at most four 5-vertices. So, |Ms| > %. Now
M| > |Ma| + M| + |Ma| + [Ms| + |M3s| > 2n2 + 3n3 — 5 +
%’M + ins — % +k. (1.e) ng > 2ny + %n3 + %M + %ns + f.
Now 2m = 2ny + 3n3 + 4ny + Sns + 6ng = 5Sn — 3ny — 2n3 —
ng +ng > 5n—3ny —2n;3 7n4+2n2+%n3+ %n4+ %n5+§.
Thus 2m > 5n—ny + %n3+ %n4+%n5+§. Hence m > %nf
%nzf %n3+ %n4+ %n5 + % So, m > %n+% if 2ns 4+ 2n4 —
2n3 —4ny +k > 12. O

Theorem 3.3. If G is a 6-critical graph such that every 3-
vertex is adjacent with a 5-vertex, no 4-vertex is adjacent with
any minor vertices and no major vertex is adjacent with both
4-vertex and 5-vertex, then ng > 2n, + %ng + %n4 + %n5 + %,
m> %n— %n2—£n3+%n4+%n5+§ and hence m > %n—i—%
if 4ng + 6ns5 — 12ny — 6n3 + 3k > 36 where k = |[M3s,N3]|.

Proof. Since every 3-vertex is adjacent with a 5-vertex, by
R5, M3y = M345 = ¢. Since |[N3,M35]| = k and each vertex in
M35 is adjacent with exactly one 3—vertex and one 5—vertex,
|M35| =k and HM35,N5H = k. Hence by VAL, |[N3,M3]| =
2n3 — k. Each vertex in M3 can be adjacent with at most two 3-
vertices. Thus |M3| > 2"32_k =n3 — . Since no 4-vertex is ad-
jacent with any minor vertex, |[Na]| = |[Na,Ns]| = |[Na,N3]| =

0 and |[N4, M]| = 4n4. Since no major vertex is adjacent with
both 4-vertex and 5-vertex, |[Ns, Ma]| = 4n4. Each vertex in
>

M, can be adjacent with at most three 4-vertices. Thus |My




4%. Also |[N5,Ms]| > 2(ns —n3) +4n3 —k = 2n3 +2ns — k.
Since each major vertex in M5 can be adjacent with at most
four 5-vertices, |Ms| > 2’”%2”‘7]( Now |M| > |M,| + |M3| +
M| + |Ms| + |Mas| > 2my +n3 — & + §ng + k + 223K
Thus ng > 2ny + %ng + %n4 + %n5 + %. Now 2m = 2ny +
3n3 + 4ng + Sns + 6ng = Sn— 3ny, — 2n3 — ng +ng > Sn —
3n2—2n3—n4+2n2+%n3+%n4+%n5+§ =5n—np— %n3+
%n4+%n5+§. Thus m > %nf %nzf £n3+én4+£n5+§ and
hence m > 3n+ 3 if 4ny + 6ns — 12n, — 6n3 + 3k > 36. O

4. Observations

The Vizing’s bound on the size of 6-critical graphs is m >
Sp43
3ty
e If G is a 6-critical graph in which each 3-vertex is ad-
jacent with a 5-vertex and each 4-vertex is adjacent
with another 4-vertex, then the improvement in Viz-
ing’s bound on size is attained in the following cases.

(¥)ny =0and n3 >2
(x)np =0and ng > 6
(x)np =0and ns > 6
(¥)ny # 0 and ny < %n3+”74+"757

If G is a 6-critical graph such that each 4-vertex is
adjacent with another 4-vertex and no 3-vertex is adja-
cent with a 5-vertex, then the improvement in Vizing’s
bound on size is attained in the following cases.

(®)ns > 6+2ny+n3 —ny
(x)np =n3=0and ng +ns > 6

If G is a 6-critical graph such that every 3-vertex is
adjacent with a 5-vertex, no 4-vertex is adjacent with
any minor vertices and no major vertex is adjacent with
both 4-vertex and 5-vertex, then the improvement in
Vizing’s bound on size is attained in the following cases.

(*)ns =0 and ng > 9+3np + 3n3

ZM

(¥)ns #0and ns > 6+ 2ny +n3 — =

An existing bound on the number of major vertices of
edge chromatic 6-critical graphs given in R3 is ng >
2ny + %I’lg + %n4 + %n5.

The following table lists the theorems which improve this
bound.

Theorem Obtained bound on the number of | The quantity
major vertices (ng) of edge by which the
chromatic 6-critical graphs improvement

is attained

Theorem 3.1 | ng > 2ny + %n3 + %n4 + %n5 3n3+ %n4

Theorem 3.2 | ng > 2n2+%n3+%n4+%n5+§ %n4+§
where k = |[M35, N3]

Theorem 3.3 ne > 2n2+%n3+%n4+%n5+§ %n4+§
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5. Conclusion

This paper gives new bounds on the number of major vertices
and the size of three different classes of edge chromatic 6-critical
graphs. Also, this paper lists the cases in which improvement of
Vizing’s bound is attained. Also improvement on Fiorini’s bound on
the number of major vertices is obtained in all the three classes of
edge chromatic 6-critical graphs.
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