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1. Introduction

In 2015, Chandramouleeswaran et.al introduced the con-
cept of Semiring valued graphs simply called S—valued graphs
[4]. In all the works done so far, the two binary operations
in the semirings are not utilized. In this paper, we redefine
the concept of S—valued graphs by assigning the weights to
the vertices as usual and edges are assigned weights using the
binary operation ’+’ in the semiring . We call this S—valued
graph as ST —valued graph and it is denoted by G;. In[? ],
we discussed the concept of generalized cartesian product of
S—valued graphs by assigning the weights of the vertices of
the two graphs from two different semirings. In this paper, we
also discuss the concept of cartesian product of S*—valued
graphs and study the regularity conditions satisfied by the
ST —valued graphs.

2. Preliminaries

In this section, we recall some basic definitions related to
S—valued graphs that are needed for our sequel.

Definition 2.1. [3] A semiring (S,+,-) is an algebraic system
with a non-empty set S together with two binary operations +
and - such that

1. (S,+) is a monoid.

N

(S,-) is a semigroup.

w

. Foralla,b,c€S,a-(b+c)=a-b+a-cand (a+Db)-
c=a-c+b-c

4. 0-x=x-0=0 VxeS.

The element 0 € S is the additive identity as well as the zero
of the semiring S.

Definition 2.2. [3] Let (S,+,-) be a semiring. < is said to be
a canonical pre-order if for a,b € S,a X b if and only if there
exists ¢ € S such thata+c =b.

Definition 2.3. [4] Let G= (V,E CV X V) be a given graph
with V.E # ¢. For any semiring (S,+,-), a semiring valued
graph (or a S-valued graph ) G® is defined to be the graph
G = (V,E,o,y) where 6:V — Sand y : E — S is defined
by

: { min{c(x),0(»)} if o(x) < a(y) or o(y) < o(x)
0

yxy)= otherwise

for every unordered pair(x,y) of E CV X V. we call 6, a
S—vertex set and W a S—edge set of the S—valued graph G°.



Definition 2.4. [5] The open neighbourhood of v; in G5 is
defined as

Ns(vi) = {(vj,c(vj)) | (vi,vj) €E, y(vi,v)) € S}.
The closed neighbourhood of v; in G3 is defined as

Ns[vi] = Ns(vi) U{(vi, o (vi))} -
Definition 2.5. [5] The degree of a vertex v; of the S—valued
graph G® is defined as degs(vi)=( ¥ w(vi,v;),l) where

VjGNS(V,')
[ is the number of edges incident with v;.

Definition 2.6. [2] A S—valued graph G® is said to be
1. S—vertex regular if 6(v) = a, Vv € V for some a € S.

2. S—edge regular if y(u,v) =a, Y(u,v) € E for some
acs.

3. S—regular if it is both S—vertex and S—edge
regular.

Definition 2.7. [5] A S—valued graph G5 is said to be degree
regular S—valued graph (ds—regular graph) if

degs(v) = (a,n) Vv €V, for some a€ S and ne€N.

Definition 2.8. [6] The cartesian product of two graphs

G and H is a graph, denoted by GOHwhose vertex set is
V(G) x V(H). Two vertices (g,h) and (g',1') are adjacent if
g=g and hW € E(H) or gg' € E(G) and h =h'. Thus
V(GOH) ={(g,h) | g€ V(G)and he V(H)},

E(GOH) ={(g,h)(¢",1') | ¢ = ¢ ,hh' € E(H)

orgg € E(G),h="H}.

3. ST —Valued Graphs

In this section, we introduce the notion of ST —valued graphs
and illustrate it with some examples.

Definition 3.1. Let G = (V,E CV x V) be a given graph with
V,E # ¢. For any semiring (S,+,-), a St —valued graph G
is defined to be the graph GS' = (V.E,o, W), wherec:V — S
and y : E — S is defined to be y(x,y) = (O'(x) —l-O'(y)),
Sor every unordered pair (x,y) € E CV x V.

Example 3.2. Consider the semiring S = B(5,3)

= ({0,1,2,3,4} ,®,®) with the binary operations
'®" and’ ©’ defined by

[ a+b ifa+b<4
a@b{ c if c=a+b(mod2),3<c<4 and
a.b ifab<4

a@b:{ ¢ ifc=ablmod2),3<c<4
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These operations can be represented by the following Cayley
Tables:

@101 |12|3|4 ©l01112(3|4
0(0|1]2]3]|4 0[{0[{0]0]|0]O0
112343 110(1]2(31|4
21213141314 21012444
313(4(3|4]3 310(3(4(314
414131434 4104|1444
Consider the graph G = (V,E), where V. = {v,v3,v3,v4,V5,V6 }

and E = {(vi,v2), (v2,v3),(v3,v4), (v3,V6),

(\147 \15)7 (\/47 \/6)7 (V5, Vi ), (V5, V6)}.
Corresponding to the graph G, we define the St —valued
graph GS' as follows:
Define 6 : V. — S by

o(vi)=2;0(n)=1;,0(v;)=2;
G(V4) =3; O'(V5) =4 G(V6) =3.
Therefore the ST —vertex set ofGS+ ={1,2,3,4}.

Now define y :

E — S as follows:

y((vi,12)) = (6(v)) +0 (1)) = (2+1) =3.
w((v2,v3)) = (o(v2) +0(v3)) = (14+2) =3.
W((V3,V4)): G(V3)+O’(V4) =(2+3)=3.
v((v3,v6)) = (0(v3) +0(v6)) = (2+3) =3.
W((V4,V5))= G(V4)+G(V5) =(3+4)=3.
V((v4,v6)) = (0(va) +0(v6)) = (343) = 4.
w((vs,v1)) = (o(vs) +o(n)) = (4+2) =

w((vs,v6)) = (0(vs) +0(vs)) = (4+3) =3

Then the ST—edge set of G5~ = {3,4} .
The graph G and its corresponding St —valued graphs
Gf+ , Gg+ , Gg+ are given below:

Vi

V2

V3

Vs V2(1

V4

Vi (2)

oY)
N



Remark 3.3. From the above example, we observe that for a
given graph G its ST —valued graph G5 is not unique.

Definition 3.4. A S—valued graph G is said to be
1. St —vertex regular if 6(v) is same ¥ v € V.
2. St —edge regular if w(u,v) is same ¥(u,v) € E.

3. ST —regular if it is both ST —vertex and ST —edge
regular.

4. Cartesian Product of two S*—valued
graphs
In this section, we discuss the cartesian product of two
S*—valued graphs G3 and G5 . Also we discuss the reg-

ularity conditions satisfied by the cartesian product of two
ST —valued graphs.

Definition 4.1. Let GS* = (Vi,Ey, 01, y1) and
Gg+ = (Va,E2, 02, W) be two ST— valued graphs. Then the
Cartesian product of G‘f , Gg+ is denoted by

"
G =(V=VixVy,E=E| XE;,6 =01 X 02, Y = Y X {2)
where V = {wij = (vi,uj) |vi€Viand u; € Vz} and two
vertices w;j and wy are adjacent if i = k and uju; € E>

or j=1andviyv; € Ey. That is

E= {eff ifeitheri=kand uju; € E> or j=1and vivy € E1 },
Define 6 : Vi x Vo — S x S by

o (vi,uj) = o(wij) = (01(vi) + 02(u;))

Vi E = Sby w(ef)) = w((vi,u;)(vi,u))

|

Example 4.2. Consider the semiring S = ({0,a,b,c},+,-)
with the binary operations '+’ and’ -’ defined by the following
Cayley tables.

o1 (vi) +wa(uj,u)
V1 (vi,vi) + 02 (u))

ifi=kand uju € k
if j=1and viv, € E;

oS+
ala|lolo
(SN RN Nel Bl B
o|lo|ololo
alo|ls|lols

(SN SN NI ST N

(SN BN He Nl oW e

OIS || -
OISO
(SN oW o an) o)

Consider the two ST — valued graphs G‘lng and G‘g+
Then the cartesian product G‘g = G‘lng DG‘Zg+

is given by Gf+DG§+ =(V,E,o,y)

where V = {wi1, w12, W13, W21, W22, W23 } ,

11 11 11 12 12 13 21 21 22
E—{6’21a61279137322a613>ez37322’6237923

75
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vi(a) ui (a)
b ¢ ¢
va(a) ur(b) ¢ us(c)
G} G
wii(b) c w21 (b)
c < wa(c)| ¢
w2(c)
wiz(c) waz(c)
GS0GS

Theorem 4.3. The cartesian product of two St — vertex regu-
lar graph is St — vertex regular.

Proof:Let G‘ngr = (Vl,El,Gl, l,Ul) and G§+ = <V27E2762, l[lz)
be two given ST — vertex regular graphs.

Claim: Gf+ DG‘zg+ is ST— vertex regular

Since Gf+ and G§+ are ST— vertex regular graphs, c1(v;)
s1 and 62(uj) = s, for some sy,s, € S.

Now By definition, o(wj;) = 01(vi) + 02(u;) = 51+ 52 = 53,
for some s3 € S.

This implies that o(w;) is equal for all wij € V, for all i, j.
Hence G“g = Gf+DG“29+ is ST —vertex regular.

Example 4.4. The cartesian product of two ST —edge regular
graphs in not ST —edge regular. Consider the semiring as
in the example 3.2 and the following two ST —edge regular
graphs:

n(2) ui(3)
4 4 4
v (2) uz(3) u3(3)



W22(3)

W21 (3)

wi3(3) w23(3)

Clearly GSDJr is not ST —edge regular.

Remark 4.5. In cartesian product of S—valued graphs, the
cartesian product of two S—vertex regular graphs is S—edge
regular. But from the above example, we observe that, the
cartesian product of two ST —vertex regular graphs is need
not be ST —edge regular.

Theorem 4.6. The cartesian product of two ST —edge regular
graphs is ST —edge regular only if the semiring under consid-
eration is additively idempotent.

Proof:Let Gf+ = (V1,E1,01,y) and Gg+ =
be two given ST —edge regular graphs.
Claim: GTDG*E+ is St — edge regular

By definition, y(ef}) = y((vi,u;)(vi, ur))

:{ o1 (vi) + va(uj,u
w1(vlavk)+62( uj

)
)
o1(vi) + (o2(uj) + 02(u1))
(01(vi) + 01(vk)) + 02(u;)
)
)

_ { o1 (vi) + 0o (u;j

o1(vi) + o2 (u;
(.- S is additively idempotent)

This is true for all e l'c E, therefore GS DG§+ is ST — edge

regular.

(Va,Ez, 00, y02)

ifi=kand uju € E>
if j=1land vivi € E;
_ ifi=kand uju € E>
B if j=1landviv; € E;
ifi=kand uju; € Ep
if j=1landviv; € E;

Corollary 4.7. If S is an additively idempotent semiring and
Gf+ , G§+ are two ST —vertex regular graphs, then their carte-

. + .
sian product G% is ST —regular.

Example 4.8. The cartesian product of two ds—regular

ST —valued graphs is not ds—regular.

Consider the following two ds—regular ST —valued graphs
Gf and G§+ and their Cartesian product

Vi (2)

ui(3) u(4)

V2(3)

76
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w11 (3) 4 w21 (4)
3 4
wiz(4) 3 w2 (3)
Here ds(WU) = (3,2);ds(W21) = (472);d5(W22) = (3,2);

ds(wlz) = (4,2).
We observe that Gg is not ds-regular.

5. Generalized Cartesian Product of
ST—valued graphs

In this section, we discuss the generalized cartesian prod-

uct of two ST —valued graphs GfT and G‘;2+ assuming S—values
from two different semirings (S1,+,-) and (Sy,+,). Also we
discuss the regularity conditions satisfied by the generalized
cartesian product of two ST —valued graphs.

.
Definition 5.1. Let G,' = (Vi,Ey, 01, ) and

N
Giz = (V2,E»,0,¥) be two S| and S valued graphs.
Then the generalized cartesian product of these two St —valued

. Sf xSy
graphs is denoted by G , defined by

GSl I]GS2 =(V=VIXV,,E=E|XE;,0 =01 X0, Y=Y XYn),

whereV = {w,-j = (vi,uj) | vieViand uj € Vz} and two ver-
tices wij and wy; are adjacent if i = k and uju; € E> or j =1
and vivi € Ey. That is

E={e! ifeitheri=k and uju; € E> or j=1and viyvy € E\ },

(01(vi), 02(u)))

\
ij
Define 6 : Vi x Vo = 81 x S by o(w;j) =
and y:E — S by y(e l])

= y((vi,uj)(vi,up)) = (01(vi) + 01 (i), 02 (1) + 02 (ur))

Example 5.2. Consider the semiring Sy = ({0,a,b,c},+,-)
with the binary operations '+’ and’ -’ defined by the following
Cayley tables.

+10|al|b|c -10]al|b]c
0[0|al|b|c 0/010]0]O0
alal|b|c|c al|l0|al|b]|c
b|b|lclc|c b|0|b|c|c
clclclc|c c|O0jc|c|c

and Sy = ({0,1,2,3},+,) with the binary operations '+’

and’ -’ defined by the following Cayley tables.

+10(1]|2]3 101123
0j0(1]2|3 0(010|0]|0
1|1(1]2|3 1{010|1]|0
2120222 21011123
31313122 3/0/0(3]3
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+ + ..
For the two S*— valued graphs Gfl and Giz in figure:1 ~ This is true for all ¢f € Eand for some 51 € S1,52 € S
+

. . . Sstxst Stxst .
and figure:2, their generalized cartesian product Gy} > =  Hence G " is ST —edge regular.

SE S5 . ) ot
G 16, is given in figure:3. Corollary 5.4. If S| and S, are any two semirings and Gfl ,Giz

s; St are two ST —vertex regular graphs, then their product is
G G,? SExSS .

1 2 G 2 s St —regular.

(@) Remark 5.5. If the semiring under consideration are addi-
vila

(1) tively idempotent, then both ST —regular and S—regular are
one and the same.

Example 5.6. The generalized cartesian product of two

c 2 3 St —edge regular S— valued graphs need not be ST— edge
regular. This is illustrated in the following example.
Consider the semirings S and Sy as in the example 5.2.

+ +
Consider the two St — valued graphs Gf' and Giz their

2 3 +y gt + +
v2(b) u2(2) u3(3) generalized cartesian product Gél 52— Gf' DGi2 is given
below:
. . S+ +
Figure 1 Figure 2 G, Giz
Sy xSy
GDI 2 " (a)
ui (2)
2 (c,2) w(b,2)
WIZ(a7 ) . ‘
c
(b,2) (c.2) ? °
(c,1)
W”(a’l) | Wz](b,l)
va(b) 2(2) u3(3)
(b,3) ¢,3)
® (c,2) ® Figure 1 Figure 2
wis(a,3) w23 (b,3)
(}Sir><Sz+
Figure 3 -
wiz(a,2) . (c,2) ° w2 (b,2)
Theorem 5.3. The generalized Cartesian product of two
+_ o Gt _
ST —vertex regular graphs is ST —edge regular. (b,2) (c,2)
Proof: Given S; and S, are two semirings. (c,2)
o o wii(a,2) @ * wai (b,2)
Let Gll = (Vl,El,Gl, I,Ul) and G22 = (VQ,EQ,GQ, l//z) be two 21\
ST —vertex regular graphs.
. st x%* gs+p S5 (b,2) (c,2)
Claim: G} ™2 = G|'JG)? is ST —edge regular
Now by definition, G(W,‘j) = (0'1 (V,’), O'Q(Ltj)). ® (072)
. st w (a 3) W23(b 3)
Since G,' is S regular, then o7 (v;) = s1, for all v; € V and 131, ’
+
for some s; € S and Giz is S, regular, then 05 (u;) = s2, for Figure 3

all u; € V, and for some s, € S

kly — .
Now lI[(eij) = W((vi,u) (Vi) Example 5.7. The generalized cartesian product of two ds—regular

= (01(vi) +01(v),02(u;) + 02(uy)) ST valued graphs is not ds—regular.
= (s1+s1,52+9) Consider the semiring S| = ({0,a,b,c},+,-) with the bi-
= (s3,84), for some s3 €S| and s4 € S». nary operations ’+” and’ -’ defined by the following Cayley

0ol

ot oy

608267
3

)
AW
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tables.
+10jal|b]|c -10lal|b|c
0|0|a|b|c 0[0|0|0]0O
alalal|b]|c al0|0]alO
b|b|b|b|b b|0|la|b]|c
clclc|bl|b c|0|0]|c]|c

S> =B(5,3) = ({0,1,2,3,4} ,®,®) with the Cayley Tables:
@101 |12]|3|4 ©l011|12]|3|4
0(0|1]2|3]|4 0/0j0]|0|0O]O
111123413 110(1]2]|3]4
21213434 2101241414
313(4(3|4(3 31013434
4 1413|434 4104|1444

Consider the following two ds—regular ST— valued graphs

St Sy . . St xSy
G,' and G, and their cartesian product G

vi(a)
. 4
ul(l) u2(3)
va(c)
wn(a, 1) (C,4) W22(C,3)
(a4) (b4)
W12(a73) (C,3) w21 (6'7 l)

STxSy.
We observe that G is not dg-regular.

Theorem 5.8. The generalized cartesian product of two
ds—regular ST —valued graphs is ds—regular only if the core-
sponding factors are ST —vertex regular and the semirings
under consideration are additively idempotent.

6. Conclusion

In this paper, we present a new class of S—valued graphs
called S*—valued graphs, analogous to the concept of
S—valued graphs and discussed the regularity conditions on
their cartesian product. Further this theory can be developed
to discuss the concepts irregularity, vertex domination, edge
domination and colouring, analogous to the S—valued graphs.
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