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1. Introduction

Recently in 2015 [4], the authors Chandramouleeswaran
et.al introduced the notion of S—valued graphs. In this paper,
we reformulate the definition for vertex colouring in [5] and
the definition of edge colouring in [6] and discuss the colour-
ing on categorical product of two S—valued graphs. Also we
prove some fundamental results on S—vertex colouring on
S—valued graphs.

2. Preliminaries

In this section, we recall the basic definitions that are
needed for our sequel

Definition 2.1. [3] A semiring (S,+,-) is an algebraic system
with a non-empty set S together with two binary operations +
and - such that

1. (S,+,-) is a monoid.

2. (S,-) is a semigroup.

3. Foralla,b,c€S,a-(b+c)=a-b+a-cand
(a+b)-c=a-c+b-c

4. 0-x=x-0=0 VxeSs.

The element 0 € S is the additive identity as well as the zero
of the semiring S.

Definition 2.2. [3] Let (S,+,-) be a semiring. = is said to be
a canonical pre-order if for a,b € S,a = b if and only if there
exists ¢ € S such that a+c = b.

Definition 2.3. [4] Let G= (V,E CV x V) be a given graph
with V.E # ¢. For any semiring (S,+,-), a semiring valued
graph (or a S-valued graph ) G5 is defined to be the graph
G5 = (V,E,o,y) where 6:V — Sand y : E — S is defined

[ min{o(x),000} if 6(x) < 0(5) or 6(3) < 6(x)
by wlx.y) = { 0 g otii]erwise g

for every unordered pair(x,y) of E CV x V. We call 0, a S—vertex
set and y a S—edge set of the S—valued graph G5.

Notation: Any S—valued graph G5 = (V,E, o, ¥) can be
also denoted by G5 = (Vs, Es), where Vs = {(v,6(v))|v €V}
and Es = {(uv, y(uv)) |uv € E}.

Definition 2.4. [1] The open neighbourhood of v; in G is de-
fined as Ns(v;) = {(Vj,G(Vj)) | (V,‘,Vj) €k, l//(vi,vj-) S S}.
The closed neighbourhood of v; in G° is defined as Ns[v;] =
Ns(vi) U{(vi,o(vi))}.

Definition 2.5. [2] Let G5 = (V,E, 6, W) be a given S—valued
graph. Let D CV then the scalar cardinality of D, denoted
by [Ds, is defined by [D]s = T,ep 5 (v):
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Definition 2.6. [5] Consider the S—valued graph
GS = (V,E,o,v). Let € = {c1,ca,--- } be a set of colours
. A colouring of G5 is given by a function f : VXV = Sx €
such that for all v €'V, f(u,v) = (O'(V),C(v)),C V=%
sucthat C(v) € €.

Definition 2.7. [5] Let G° = (V,E,c,y) be a S—valued

graph. The vertex chromatic number of G° denoted by xs(G®),
is defined to be ys(G%) = (mi‘r/za(v)7min|<5|).
ve

Definition 2.8. /7] Let G = (Vi,E1, 01, Y1) where

V]:{Vi|i:1,”'apl}1El gV]XV] anngZ(VZ;E23627w2)

where Vo = {uj lj=1,-- ,p2}7E2 C Vo x V3 be two given
S—valued graphs.

LetV; ><V2:{w,-j =(uj) li=1,---p1;j=1,--- ,pz};and
EZE] XEng] XVQ.

The Categorical product of two S— valued graphs G‘f and Gg
is defined by G5, = G} x G5 = (V,E, 0, y)

where V =V x Vo = {wij = (vi,uj) |vieViand u; € Vz} .
The two vertices wij = (vi,u;j),wy = (vk,u;) are adjacent if
vivi € Ey and uju; € E>. Then,

_ k_ 1 _
E= {eij = (wij,wi) | f =vivp € Ei and €; =uju eEz}

The S—valued function o : V — S is defined by
O'(Wij = (V,‘th)) = min{0'1 (V,‘), O'z(uj)}

and the S—valued function y : E — S is defined by

w(ef‘]l- = WijWkl) = min {llfl (€f), ‘V2(e]j)}

3. S—vertex colouring on S—valued
graphs

In this section, we redefine the definition of S—vertex
colouring in S—valued graphs and extend this concept into
categorical product of two S—valued graphs.

Definition 3.1. Let G5 = (Vs, Es) be a given S—valued graph.
Let € = {c1,¢2, -} be a given collection of colours. A
S—vertex colouring of G® is defined as a mapping fs: Vs —
Sx € given by f(v,0(v)) = (6(v),C(v)), where C:V — €.

There are two cases of S—vertex colouring of S—valued
graphs.

Definition 3.2. A S—vertex colouring fs is said to be an equi-
weight proper vertex colouring if o(u) = 6(v) and C(u) #
C(v) for all uv € E(G5).

Example 3.3. Consider the semiring S = ({0,a,b,c,d e} ,+,")
with the binary operations '+’ and’ -’ defined by the following

87

Cayley tables.
+10fa|blc|d]|e -10lal|lb|lcl|d]|e
0[O0jla|b|c|d]|e 0/(0|0]0|0]0]O0
alala|blc|d]|e al0[0|0|alalb
b|b|b|b|d|d]|e b|O|la|b|a|b|b
clc|lcld|cl|d|e c|0|10]|0|c|cle
d|d|d|d|d|d|e d|O0|la|b|c|d]e
elelele|le|ele e|0|c|lelclele

In S, we define a canonical pre-order by 0 < 0,a,b,c,d, e; a <

a,b,c,d,e; bXb,d,e; c=c,d,e;
d *d,e; e <X e. Consider the following S—vertex colouring
on GS.

Vi (b,C])

v3(b,c3)

Here, the S—valued graph G° is vertex regular and it is
coloured with distinct colouring for adjacent vertices.

Thus, the S—vertex colouring on G® is the equi weight proper
vertex colouring of G5.

Definition 3.4. A S—vertex colouring fs is said to be a total
weight proper vertex colouring if o(u) # o(v) and C(u) #
C(v) for all uv € E(G%).

Example 3.5. Consider the semiring S = ({0, a,b,c,d,e},+, )
as in example 3.3.

Consider the following S—valued graph G® and its S—vertex
colouring.

vi(a) vi(a,cy)
wb) b v3(d) va(b,ea) p vi(d,c3)

Here, the first figure shows that G5 is a S—irregular and
second figure is the S—vertex proper colouring of G°.
Hence, the S—vertex colouring of GS is the total weight proper
vertex colouring.

Definition 3.6. Consider the S—valued graph G5 = (Vs,Es).

Then the S—vertex chromatic number of G® is defined to be

2s(G5) = (Wllcle[V,’] |S,X(G)> where, x(G) is a vertex chro-
vie

matic number of a crisp graph G.
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Example 3.7. For the graph G® given in the example 3.3, the
S—vertex chromatic number s(G%) = (mi‘i}|N5 [vi] |5,x(G)>
S

= (min {INs[vils} . 2(G)). i=1.2.--- 6.

Now,

Nslls = (0(v1) +0(v2) +6(v5) +0(v6) + ()

= (b+b+brbib)=b

Similarly, we can find, |Ns[v2]|s = |[Ns[v3]|s = b.
AlSO, Ns[V4Hs = |N5[V5HS = |N5[V6]|S =b.
Thus, 5(G%) = (min{b,b,b,b,b,b},3) = (b,3)
For the graph G® given in the example, 3.5,

25(G%) = (min|Nslvills. 2(G) )
= (min{INsfes. Nl sl ). 2(6))
Now |Ns[vi]|s = (G(Vl) +o(v2)+ O'(V3))

- <a+b—|—d) —d
Similarly, |Ns[v2]|s = |Ns[v3]|s = d.
Thus, xs(G%) = (min{d,d,d},3) = (d,3).

Definition 3.8. A S—valued graph G5 is said to be
(a,k)—colourable for some a € S, if for all v € V, o(v;) = a
and x(G) < k.

Remark 3.9. Every equi-weight proper vertex colouring
S—valued graph is a (a,k)—colourable graph for some a € S.

In the theroy of crisp graphs, if a graph G is k—colourable
if and only if x(G) < k. But in the theory of semiring valued
graphs that condition does not hold. This is illustrated by the
following example.

Example 3.10. Consider the semiring S = ({0,a,b,c},+,-)
with the binary operations '+’ and’ -’ defined by the following
Cayley tables.

+10|la|b]|c Ola|b]|c
0[0|al|b]|c 0(0(0[0|O0
ala|b|c|c a|l0|a|b|c
b|blc|c|c b|0|b|lc]|c
clclc|lc|c c|O0|cl|c|c

The canonical pre-order < in S is given by
0=<0,a,b,c; a=<a,b,c; b=<b,c; c=c

Consider the following (a,k)—colourable S—valued graph
GS:

V] (CZ, Cl)
a
va(a,c2) a vila,c3)

Here, all the vertices have the same S—value a and also it is
3-colourable. Thus, G° is a (a,3)—colourable graph.

But x5(G5) = (c?eins[ViHSaX(G))
= (min{c,c,c},3) =(c,3) £ (a,3).

Lemma 3.11. For any S—valued graph G°, if xs(G%) <
(a,k), where a # 0 € S is the minimum among the S—values.
Then G5 is a (a,k)—colourable graph with ¥(G) < k.

Proof. From the definition of canonical preorder in the semir-
ing S, we can easily prove that,
xs(G®) < (a,k) implies G* is a (a, k) —colourable. O

Definition 3.12. Let G35, = (V,E, 0, y) = (Vs, Es) be the cate-
gorical product of two S—valued graphs G} = (Vy,E1, 01, Y1) =
(V157Els) and Gg = (VQ,EQ,Gz,lllz) = (VZS,EQS). Consider
f] : VlS —SXE by f(Vi,Gl (V,’)) = (0'1 (vi),C(v,-)) and
fo:Vag = S X € given by fr(uj,02(u;)) = (02(u;),C(u;))
are S—vertex colourings of G‘f and Gg respectively. Then, the
S—vertex colouring on G5, is a function f : Vs — S x € de-
fined by f(wij,0(wij)) = (o(wij),C(wij)) where, C(wij) =
C(v;) is a vertex colouring of a graph G3.

Remark 3.13. Since C(w;;) = C(v;) # C(vi) for all edges
ek € E1(G}), C(wij) = C(v;) # C(vg) = C(wy) for all edges
ef-‘; € E(G%). Thus, C(w;;) # C(wy) for all adjacent vertices
Wij, Wil € E(Gi)

Example 3.14. Consider the semiring S = ({O,a,b,c,d})
as in example 3.3.
Consider the following S—vertex colouring graphs G‘f and

Ui (a7 Cl)

Then the S—vertex colouring of G5 is :

wia(b,c1)

W“(a,cl) W13(b,C1)

wat(a,c2)  wa(a,cr)  wala,c2)
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Theorem 3.15. The categorical product of two equi-weight ok k ok ke ok ke k ok
proper vertex colouring S—valued graphs is a equi-weight ISSN(P):2319 — 3786
proper vertex colouring S—valued graph. Malaya Journal of Matematik

) . . ISSN(0):2321 — 5666
Proof. Let fi : Vig — S X € be a equi weight proper vertex R

colouring of G{ = (Vi,,E1) such that

fi(vi,o1(vi)) = (01 (vi),C(v)) = (a,C(v;)) for some a € .
Similarly, let f> : Vo, — S X € be a equi weight proper vertex
colouring of G3 such that f (uj,02(u;)) = (02(u;),C(u;))
= (b,C(u;)) for some b € S.

Then, from the definition of categorical product

G5 = (Vs,Es) = G x G5,

o(wij) =min{o\(vi),02(u;)} = min{a,b}

Thus 6 (w;;) = a or o(w;;) = b for all w;; € V(GS,) -+ (1).
Also, from the definition of S—vertex colouring of G,
C(wjj) = C(vi) # C(vk) = C(wy) for all adjacent vertices
wij,wir € E(GS) -+ (2).

Thus from (1) and (2), for all vertices w;; € V(G3),

f:Vs = S X% by

f(wijso(wij)) = (0(wij),C(wij)) = (a,C(v)) or (b,C(v))
This implies that f: Vg — S X % is a equi weight proper vertex
colouring of G%,. O

In the theory of semiring valued graphs, the categorical
product of two S—irregular graphs is S—irregular. By this,
one can analogously prove the following.

Theorem 3.16. The categorical product of two total weight
proper S—vertex colouring S—valued graphs is a total weight
proper S—vertex colouring S—valued graph.

Conjecture 3.17. For any S—valued graphs G‘f and G‘zg

xs(G} x G3) = min{xs(G}), x5(G3)}.
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