
Malaya Journal of Matematik, Vol. S, No. 1, 86-89, 2019

https://doi.org/10.26637/MJM0S01/0022

S−vertex colouring on categorical product of
S−valued graphs
P. Victor1* and M. Chandramouleeswaran2

Abstract
In this paper, we reformulate the definition of S−vertex colouring of S−valued graphs, and study the S−vertex
colouring in categorical product of S−valued graphs and prove some simple results.
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1. Introduction
Recently in 2015 [4], the authors Chandramouleeswaran

et.al introduced the notion of S−valued graphs. In this paper,
we reformulate the definition for vertex colouring in [5] and
the definition of edge colouring in [6] and discuss the colour-
ing on categorical product of two S−valued graphs. Also we
prove some fundamental results on S−vertex colouring on
S−valued graphs.

2. Preliminaries
In this section, we recall the basic definitions that are

needed for our sequel

Definition 2.1. [3] A semiring (S,+, ·) is an algebraic system
with a non-empty set S together with two binary operations +
and · such that

1. (S,+, ·) is a monoid.

2. (S, ·) is a semigroup.

3. For all a,b,c ∈ S,a · (b+ c) = a ·b+a · c and
(a+b) · c = a · c+b · c

4. 0 · x = x ·0 = 0 ∀x ∈ S.

The element 0 ∈ S is the additive identity as well as the zero
of the semiring S.

Definition 2.2. [3] Let (S,+, ·) be a semiring. � is said to be
a canonical pre-order if for a,b ∈ S,a� b if and only if there
exists c ∈ S such that a+ c = b.

Definition 2.3. [4] Let G = (V,E ⊂V ×V ) be a given graph
with V,E 6= φ . For any semiring (S,+, ·), a semiring valued
graph (or a S-valued graph ) GS is defined to be the graph
GS = (V,E,σ ,ψ) where σ : V → S and ψ : E→ S is defined

by ψ(x,y)=
{

min{σ(x),σ(y)} i f σ(x)� σ(y) or σ(y)� σ(x)
0 otherwise

for every unordered pair(x,y) of E ⊂V ×V. We call σ , a S−vertex
set and ψ a S−edge set of the S−valued graph GS.

Notation: Any S−valued graph GS = (V,E,σ ,ψ) can be
also denoted by GS = (VS,ES), where VS = {(v,σ(v))|v ∈V}
and ES = {(uv,ψ(uv)) | uv ∈ E}.

Definition 2.4. [1] The open neighbourhood of vi in GS is de-
fined as NS(vi) =

{
(v j,σ(v j)) | (vi,v j) ∈ E, ψ(vi,v j) ∈ S

}
.

The closed neighbourhood of vi in GS is defined as NS[vi] =
NS(vi)∪{(vi,σ(vi))} .

Definition 2.5. [2] Let GS =(V,E,σ ,ψ) be a given S−valued
graph. Let D ⊆ V then the scalar cardinality of D, denoted
by |D|S, is defined by |D|S = ∑v∈D σ(v).
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Definition 2.6. [5] Consider the S−valued graph
GS = (V,E,σ ,ψ). Let C = {c1,c2, · · ·} be a set of colours
. A colouring of GS is given by a function f : V ×V → S×C

such that for all v ∈ V, f (u,v) =
(

σ(v),C(v)
)
,C : V → C

sucthat C(v) ∈ C .

Definition 2.7. [5] Let GS = (V,E,σ ,ψ) be a S−valued
graph. The vertex chromatic number of GS denoted by χS(GS),

is defined to be χS(GS) =
(

min
v∈V

σ(v),min|C |
)
.

Definition 2.8. [7] Let GS
1 = (V1,E1,σ1,ψ1) where

V1 = {vi | i = 1, · · · , p1} , E1⊆V1×V1 and GS
2 =(V2,E2,σ2,ψ2)

where V2 =
{

u j | j = 1, · · · , p2
}
, E2 ⊆ V2×V2 be two given

S−valued graphs.
Let V1×V2 =

{
wi j = (vi,u j) | i = 1, · · · p1; j = 1, · · · , p2

}
; and

E = E1×E2 ⊆V1×V2.
The Categorical product of two S− valued graphs GS

1 and GS
2

is defined by GS
× = GS

1×GS
2 = (V,E,σ ,ψ)

where V =V1×V2 =
{

wi j = (vi,u j) | vi ∈V1 and u j ∈V2
}
.

The two vertices wi j = (vi,u j),wkl = (vk,ul) are adjacent if
vivk ∈ E1 and u jul ∈ E2. Then,

E =
{

ekl
i j = (wi j,wkl) | ek

i = vivk ∈ E1 and el
j = u jul ∈ E2

}
The S−valued function σ : V → S is defined by

σ

(
wi j = (vi,u j)

)
= min

{
σ1(vi),σ2(u j)

}
and the S−valued function ψ : E→ S is defined by

ψ

(
ekl

i j = wi jwkl

)
= min

{
ψ1(ek

i ),ψ2(el
j)
}

3. S−vertex colouring on S−valued
graphs

In this section, we redefine the definition of S−vertex
colouring in S−valued graphs and extend this concept into
categorical product of two S−valued graphs.

Definition 3.1. Let GS = (VS,ES) be a given S−valued graph.
Let C = {c1,c2, · · ·} be a given collection of colours. A
S−vertex colouring of GS is defined as a mapping fS : VS→
S×C given by f (v,σ(v)) =

(
σ(v),C(v)

)
, where C : V → C .

There are two cases of S−vertex colouring of S−valued
graphs.

Definition 3.2. A S−vertex colouring fS is said to be an equi-
weight proper vertex colouring if σ(u) = σ(v) and C(u) 6=
C(v) for all uv ∈ E(GS).

Example 3.3. Consider the semiring S=({0,a,b,c,d,e} ,+, ·)
with the binary operations ’+’ and’ ·’ defined by the following

Cayley tables.

+ 0 a b c d e
0 0 a b c d e
a a a b c d e
b b b b d d e
c c c d c d e
d d d d d d e
e e e e e e e

· 0 a b c d e
0 0 0 0 0 0 0
a 0 0 0 a a b
b 0 a b a b b
c 0 0 0 c c e
d 0 a b c d e
e 0 c e c e e

In S, we define a canonical pre-order by 0� 0,a,b,c,d,e; a�
a,b,c,d,e; b� b,d,e; c� c,d,e;
d � d,e; e � e. Consider the following S−vertex colouring
on GS.

v1(b,c1)

v2(b,c2)

v3(b,c3)

v4(b,c4)

v5(b,c5) v6(b,c6)

b

b b

b
b b

b b

Here, the S−valued graph GS is vertex regular and it is
coloured with distinct colouring for adjacent vertices.
Thus, the S−vertex colouring on GS is the equi weight proper
vertex colouring of GS.

Definition 3.4. A S−vertex colouring fS is said to be a total
weight proper vertex colouring if σ(u) 6= σ(v) and C(u) 6=
C(v) for all uv ∈ E(GS).

Example 3.5. Consider the semiring S=
(
{0,a,b,c,d,e},+, ·

)
as in example 3.3.
Consider the following S−valued graph GS and its S−vertex
colouring.

v1(a)

v2(b) v3(d)

a a

v1(a,c1)

v2(b,c2) v3(d,c3)

a a

b b

Here, the first figure shows that GS is a S−irregular and
second figure is the S−vertex proper colouring of GS.
Hence, the S−vertex colouring of GS is the total weight proper
vertex colouring.

Definition 3.6. Consider the S−valued graph GS = (VS,ES).
Then the S−vertex chromatic number of GS is defined to be
χS(GS) =

(
min
vi∈V
|NS[vi]|S,χ(G)

)
where, χ(G) is a vertex chro-

matic number of a crisp graph G.
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Example 3.7. For the graph GS given in the example 3.3, the
S−vertex chromatic number χS(GS) =

(
min
vi∈V
|NS[vi]|S,χ(G)

)
=
(

min
vi∈V
{|NS[vi]|S} ,χ(G)

)
, i = 1,2, · · · ,6.

Now, |NS[v1]|S =
(

σ(v1)+σ(v2)+σ(v5)+σ(v6)+σ(v4)
)

=
(

b+b+b+b+b
)
= b

Similarly, we can find, |NS[v2]|S = |NS[v3]|S = b.
Also, |NS[v4]|S = |NS[v5]|S = |NS[v6]|S = b.
Thus, χS(GS) = (min{b,b,b,b,b,b},3) = (b,3)
For the graph GS given in the example, 3.5,
χS(GS) =

(
min
vi∈V
|NS[vi]|S,χ(G)

)
=
(

min
vi∈V
{|NS[v1]|S, |NS[v2]|S, |NS[v3]|S},χ(G)

)
Now |NS[v1]|S =

(
σ(v1)+σ(v2)+σ(v3)

)
=
(

a+b+d
)
= d

Similarly, |NS[v2]|S = |NS[v3]|S = d.
Thus, χS(GS) =

(
min{d,d,d},3

)
= (d,3).

Definition 3.8. A S−valued graph GS is said to be
(a,k)−colourable for some a ∈ S, if for all vi ∈V, σ(vi) = a
and χ(G)≤ k.

Remark 3.9. Every equi-weight proper vertex colouring
S−valued graph is a (a,k)−colourable graph for some a ∈ S.

In the theroy of crisp graphs, if a graph G is k−colourable
if and only if χ(G)≤ k. But in the theory of semiring valued
graphs that condition does not hold. This is illustrated by the
following example.

Example 3.10. Consider the semiring S = ({0,a,b,c} ,+, ·)
with the binary operations ’+’ and’ ·’ defined by the following
Cayley tables.

+ 0 a b c
0 0 a b c
a a b c c
b b c c c
c c c c c

· 0 a b c
0 0 0 0 0
a 0 a b c
b 0 b c c
c 0 c c c

The canonical pre-order � in S is given by

0� 0,a,b,c; a� a,b,c; b� b,c; c� c

Consider the following (a,k)−colourable S−valued graph
GS :

v1(a,c1)

v2(a,c2) v3(a,c3)

a a

a

Here, all the vertices have the same S−value a and also it is
3-colourable. Thus, GS is a (a,3)−colourable graph.

But χS(GS) =
(

min
vi∈V
|NS[vi]|S,χ(G)

)
=
(

min{c,c,c},3
)
= (c,3)� (a,3).

Lemma 3.11. For any S−valued graph GS, if χS(GS) �
(a,k), where a 6= 0 ∈ S is the minimum among the S−values.
Then GS is a (a,k)−colourable graph with χ(G)≤ k.

Proof. From the definition of canonical preorder in the semir-
ing S, we can easily prove that,
χS(GS)� (a,k) implies GS is a (a,k)−colourable.

Definition 3.12. Let GS
×= (V,E,σ ,ψ) = (VS,ES) be the cate-

gorical product of two S−valued graphs GS
1 =(V1,E1,σ1,ψ1)=

(V1S ,E1S) and GS
2 = (V2,E2,σ2,ψ2) = (V2S ,E2S). Consider

f1 : V1S → S×C by f (vi,σ1(vi)) = (σ1(vi),C(vi)) and
f2 : V2S → S×C given by f2(u j,σ2(u j)) =

(
σ2(u j),C(u j)

)
are S−vertex colourings of GS

1 and GS
2 respectively. Then, the

S−vertex colouring on GS
× is a function f : VS → S×C de-

fined by f
(
wi j,σ(wi j)

)
=
(
σ(wi j),C(wi j)

)
where, C(wi j) =

C(vi) is a vertex colouring of a graph GS
1.

Remark 3.13. Since C(wi j) = C(vi) 6= C(vk) for all edges
ek

i ∈ E1(GS
1), C(wi j) =C(vi) 6=C(vk) =C(wkl) for all edges

ekl
i j ∈ E(GS

×). Thus, C(wi j) 6=C(wkl) for all adjacent vertices
wi j,wkl ∈ E(GS

×).

Example 3.14. Consider the semiring S =
(
{0,a,b,c,d}

)
as in example 3.3.

Consider the following S−vertex colouring graphs GS
1 and

GS
2.

u1(a,c1)

u2(d,c3)
u3(b,c2)

a a

b

v1(b,c1) v2(a,c2)

a

GS
2

GS
1

Then the S−vertex colouring of GS
× is :

w11(a,c1) w12(b,c1) w13(b,c1)

w21(a,c2) w22(a,c2) w23(a,c2)

a

a

a

a

a
a
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Theorem 3.15. The categorical product of two equi-weight
proper vertex colouring S−valued graphs is a equi-weight
proper vertex colouring S−valued graph.

Proof. Let f1 : V1S → S×C be a equi weight proper vertex
colouring of GS

1 = (V1S ,E1S) such that
f1
(
vi,σ1(vi)

)
=
(
σ1(vi),C(vi)

)
=
(
a,C(vi)

)
for some a ∈ S.

Similarly, let f2 : V2S → S×C be a equi weight proper vertex
colouring of GS

2 such that f2
(
u j,σ2(u j)

)
=
(
σ2(u j),C(u j)

)
=
(
b,C(u j)

)
for some b ∈ S.

Then, from the definition of categorical product
GS
× = (VS,ES) = GS

1×GS
2,

σ(wi j) = min
{

σ1(vi),σ2(u j)
}
= min{a,b}

Thus σ(wi j) = a or σ(wi j) = b for all wi j ∈V (GS
×) · · ·(1).

Also, from the definition of S−vertex colouring of GS
×

C(wi j) = C(vi) 6= C(vk) = C(wkl) for all adjacent vertices
wi j,wkl ∈ E(GS

×) · · · · · ·(2).
Thus from (1) and (2), for all vertices wi j ∈V (GS

×),
f : VS→ S×C by
f
(
wi j,σ(wi j)

)
=
(
σ(wi j),C(wi j)

)
= (a,C(vi)) or (b,C(vi))

This implies that f : VS→ S×C is a equi weight proper vertex
colouring of GS

×.

In the theory of semiring valued graphs, the categorical
product of two S−irregular graphs is S−irregular. By this,
one can analogously prove the following.

Theorem 3.16. The categorical product of two total weight
proper S−vertex colouring S−valued graphs is a total weight
proper S−vertex colouring S−valued graph.

Conjecture 3.17. For any S−valued graphs GS
1 and GS

2

χS(GS
1×GS

2)� min{χS(GS
1),χS(GS

2)}.
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