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k-lsolate domination nhumber of simple graphs
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Abstract

In this paper we introduce k -isolate dominating set and minimal k -isolate dominating set and it is defined as
follows: A dominating set S of a graph G is said to be a k -isolate dominating set if (S) has at least k -isolated
vertices. The k -isolate dominating set S is said to be a minimal & -isolate dominating set if any proper subset of
S is not an isolate dominating set. The minimum and the maximum cardinality of a minimal & -isolate dominating
set of G are called k -isolate domination number denoted by ; (G) and the upper & -isolate domination number
by I't; (G) respectively. Also k-isolate domination number for some simple graphs such as path, cycle and wheel

graph have been found.

Article History: Received 24 March 2019; Accepted 09 May 2019

Keywords

Dominating set, Isolate dominating set, k-isolate dominating set.
AMS Subiject Classification

05C69.

.2 Department of Mathematics, Jawahar Science College, Neyveli-607803, India.
*Corresponding author: 'grsmaths@gmail.com; 2ajesletkbo@gmail.com

©2019 MIM.

Contents
1 Introduction.........ccoviiiiiiiiiiiiiiiineenennes 113
2 MainResSultS .....coiviiiiiiiiiiiciie e rnernnnnns 113
{00 3 o] [T =] Lo o S 115
References ......cvovviiiiiiie i iiiecirnaernnnnens 115

1. Introduction
In a graph G = (V, E), the degree of a vertex v in V(G) is

the number of edges incident with v and is denoted by deg (v).

A dominating set for a graph G is a subset S of V(G) such that
every vertex in V(G) — S is adjacent to at least one vertex in
S. A dominating set S is called minimal dominating set if no
proper subset of S is a dominating set. The domination number
v(G) is the number of vertices in a smallest dominating set
for G. The maximum cardinality of a minimal dominating set
of a graph is called upper domination number. It is denoted
by I'(G).

A detailed study of domination can be seen in [1-3]. In
[5, 6], Sahul Hamid et.al introduced isolate dominating set
and it is defined as dominating set S is such that the sub
graph < S > induced by § has at least one isolated vertex is
called an isolate dominating set. An isolate dominating set
S is said to be a minimal isolate dominating set if no proper
subset of S is an isolate dominating set. The minimum and the
maximum cardinality of a minimal isolate dominating set are

called the isolate domination number Y, (G) and upper isolate
domination number I'y (G) respectively.

In this paper we introduced a new variant based on isolate
domination number which is called k -isolate domination
defined as follows:

A dominating set S of a graph G is said to be a k-isolate
dominating set if < S > has at least k-isolated vertices. The
k-isolate dominating set S is said to be a minimal k-isolate
dominating set if proper subset of S is not an isolate domi-
nating set. The minimum and the maximum cardinality of
a minimal k -isolate dominating set of G are called k-isolate
domination number denoted by ¥, (G) and the upper k-isolate
domination number by I'; (G) respectively.

Theorem 1.1. [6] For the path P, and the cycle C, , we have
Yo (Pa) =% (Co) = [§]

2. Main Results

In this section, we determine the k-isolate domination
number for some standard graphs such as paths, cycles and
wheels.

Theorem 2.1. For the path P,, we have

BE k<[5]
Vi (Pn) = { K, {%] < k< [%1
does not exist, k > (%W
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Figure 1. Pj3
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Proof.

Let P, be the path on n vertices namely {v,vs,...,v,}. In
path, the degree of the first and the last vertex is one and the
remaining vertices are of degree two.

Case (1): k< {%1

Obviously ¥; (P2) = 1, we have §'= {v,,v5,vg, ....... Vi1
the minimal isolate dominating set when 7 is a multiple of 3
and §"= {v2,V5,V8, cv..... Vn—1}, the minimal isolate dominat-
ing set, if n is not a multiple of 3. Hence by Theorem 1.1, For
the path P, %(P,) = [%1 . Also every minimal isolate dominat-
ing set is the minimal k-isolate dominating set when k < [%W .
Hence %; (P,) = [§]

Case (ii): (%1 < k< {%]

In particular from Case (i), when k = [%] , We
have v (P,)=[%| with k vertices. From the minimal
k-isolate dominating set, we construct the new set S|
by replacing the vertex v, as v; and v3, and we get
S1={vi,v3,V5,V8,ccrueenn vp—1} with k+ 1 vertices if n is a
multiple of 3, or S| = {v1,v3,vs5,V8,..c..... v} with k+ 1 ver-
tices if n is not a multiple of 3. Hence ¥, (P,) = k+ 1 where
{%W <k+1< {%W . Continuing in this process by replacing
the vertex which is labeled with even number say vy; by voi—|
and vy;1 1, we have ¥, (B,) = k.

Case (iii): k > [4]

Clearly for the pathP, , we have only 7 vertices for the
dominating set. Hence when k exceeds more than % vertices,
i (P,) does not exists. O

Example 2.2. In Pj3,as shown in Figure I, when k =
1,2,3,4,5 k-isolate dominating set is {vy,vs,vs,vii,vi3}
Ni=ri=Y%Bi=th=%=>
6-isolate dominating set is {v,v3,vs,vg,vi1,vi3} Y5 = 6
7- isolate dominating set is {vi,v3,vs,v7,v9,Vi1,V13}
Yi="7

For k > 7, k-isolate dominating set doesn’t exist.

Theorem 2.3. [fC, is a cycle with n vertices(n > 3), then

f ksl
Vi (Ca) =< K (3] < k<[]
does not exist, k > {nTl]

Proof. Let C,, be the cycle of n vertices with n edges whose
degree of each vertex be two. Let the vertex of C, be
{vi,v2,...,vu}. And v; is adjacent to v;_; andv;y| , also v,
is adjacent to v{ where i =2,3,4,....n—1
Case (1): k< L%J

Let S = {va,vs,vs,...,Vy—a,Vy—1 } be the minimal isolate
dominating set. By Theorem (1.1), For the cycle C, with
n vertices, the minimum cardinality of a minimal isolate
dominating set of C, , ¥, (C,) is [4]. Hence there must be
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minimum | %] isolated vertices. Therefore Y; (Cy,) is[ %] when
L
Case (ii): | 3] <k <[]
Subcase (i1): n = 0(mod 3)
By Case (i) we have the set S = {v2,Vs,V8, ..., Vy—a,Vn—1},

the minimal k-isolate dominating set when k < L%J

Hence %;(C,) =[%] which is same as |%| since n
is a multiple of 3.  Construct the new set S; as
S1 ={v2,v4,V6,V8,Vi1,--+,Vu—a,Vn—1 } by replacing the vertex
vs as v4 and ve which is a minimal (k + 1 )’h isolate dominating
set containing (k4 1) vertices.

Hence Y1) (Cn) = k+ 1, where |3] <k+1< {%W
Again construct the new set S from §; as
S> = {v2,v4,V6,V8,V10,V12, V14, ---sVn—4,Vn—1} by replac-
ing the vertexvy; byvio and vi, which contains (k + 2)
vertices where | 2| < k+2 < [2}!]. Continuing the above
process by replacing the vertex which is labeled with
odd number say vy;11 by vy; and v;40, we construct the
minimal k-isolate dominating set. Continue this process upto
k <[] Hence we get 1 (C,) = k.

Subcase (ii): n =1 (mod 3)

As in Case (i), for n = 1(mod3), we have the set
S3={v2,V5,V8, cenne. s Vn—5,Vn—2,Vn}, the minimal k-isolate
dominating set when k = 5 containing (k+ 1) vertices. Since
the set S3 have (k+ 1) vertices, we choose the same set for
the minimal (k+ 1)-isolate dominating set say S4. Hence
Yie+1)i (Cp) =k+1.

Then construct the set
Ss = {VZ;V4;V6av83 "'7vn—53Vn72avn} by replacing the
vertex vs as v4 and vg containing (k-+2) vertices. Hence
Yk+2)i (Cu) = k+2. Continuing in this manner by fixing the
last two vertices namely v,_, and v, permanently and by
replacing the vertex which is labeled with odd number say
vait1 by vo; and vyi4o, we construct the minimal k-isolate
dominating set. Continuing the above process upto k < [%W ,
we get Y (Co)= k.

Subcase (iii): n = 2 (mod 3)

The proof is similar as in Subcase (i). Hence from the
above three sub cases we have proved that y; (C,) = k.

Case (iii): k > [%W

In this case we have only (k — 1) isolate vertices in C,, .
Hence ¥;; (C,) does not exist in this case. O

Example 2.4. For cycle Ci2,71i = Vi = V3i = Yai =4
Y5i =35
Yoi =6

When k > 77, k-isolate dominating set does not exists

Theorem 2.5. If W, is the wheel on n vertices then

1, k=1
o 1<k <[5
. W = -
Wi (W)= 9 |55t < k <[]
does not exist, k > {%1

Proof. Let W, be the wheel graph with at least 4 vertices. Let
the vertices of W, be {u,vi,v2,v3,...,vp_1}.




V. v
8 6
Vi

Figure 2. Cy»

Figure 3. W5

Case(i): k=1

The set S = {u} is a minimal 1-isolate dominating set
since u is adjacent to all the other vertices. Hence y; (W,,) = 1
Case (ii): 1 <k < L"%‘J

Now we have the dominating set of vertices without the
center vertex which is connected to all the other (n— 1) ver-
tices in the W,, graph. If the center vertex is removed we have
the cycle C,—; with (n— 1) vertices. By Theorem (2.2 ), for
the cycle C—1, Y (Cu1) = [ 251 ]. Thatis ¥ (W,) = [ 251 ]
Case (iii): [251 | <k <[4]

As in Case (ii) we have the dominating set of
vertices without the center vertex with (n-1) vertices
say{vi,v2,v3,...,v,—1 } in W, which is a cycle C,,_;. By The-
orem (2.2) for the cycle C,—1, %i(Ch—1) = k. Hence
Wi (Wa) =k
Case (iv): k> [%1

In this case we have only (k — 1) isolated vertices in W,.
Hence ¥,;(W,) does not exists in this case. O

Example 2.6. In W5, I-isoloate dominating set is {u} so,
Ni(Wis) =1

When k = 2,3,4 ,k-isolate dominating set of Wis
is {va,vs,vg,vi1,via}. therefore Y5 (Wis) = 13 (Wis) =
Y (Wis) =5
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S-isolate dominating set of Wys is {va,vs,vg,vi1,via},
thus ¥5; (Wis) = 5.

6,7-isolate dominating set of Wis are
{va,va,ve,ve,vit,via}  and  {v2,v4,V6,V8,V10,V12,V14}
respectively. Hence Ys; (Wys) = 6 and y5; (Wys) = 7.

3. Conclusion

In this paper we introduced the concept of k-isolate dom-
inating set and we have found k-isolate domination number
for some simple graphs.
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