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1. Introduction

Fuzzy set was defined by Zadeh [11] in 1965 which is a
mathematical frame to vagueness or uncertainty in daily life.
Kramosil and Michalek [7] introduced fuzzy metric spaces
and this concept was modified by George and Veeramani in
1994[4]. Park [8] introduced the notion of intuitionistic fuzzy
metric space which is based both on the idea of intuitionistic
fuzzy set due to Atanassov [2] and the concept of a fuzzy
metric space given George and Veeramani [4]. In 1997 Singh
and Chauhan [9] introduced the concept of generalized fuzzy
metric spaces known S- fuzzy metric space. In 2000, Bijendra
Singh and Chauhan [10] introduced the concept of compati-
bility in fuzzy metric space. In 2008, Al-Thagafi and Shahzad
[1] introduced the notion of occasionally weakly compatible
mappings which is more general than the concept of weakly
compatible maps. In 2002, an analogue of a Banach con-
traction principle for integral type inequality Branciari [3]
obtained a fixed point theorem for a single mapping.

In this paper, we existence of fixed points for mappings
define on a complete generalized intuitionistic fuzzy metric
spaces using a contractive condition of integral type. We
extend generalized and improved the corresponding results
given by many authors earlier given in intuitionistic fuzzy
metric spaces.

2. Preliminaries

Definition 2.1. The 5- tuple (X, #, N, *, Q) is said to
be generalized intuitionistic fuzzy metric space if X is an
arbitrary set. * is a continuous t- norm, ) is a continuous
t-conorm and M, N are fuzzy sets on X°> x (0, o) satisfying
the following conditions: for everyx,y, z, w € X and t, s > 0,

1. Ay z0)+ N(xyzt)<I,

2. M(x,y,zt) >0,

3. Mx yzt)=1iffx=y=z

4. M(x, v 7, 1) =M (p{x, y 2}, 1),

S5 M,y t+8)> My at)*F HMazzs),
6. M(x, Y,z .) (0, 00)— [0, 1] is continuous,

7. N(xyz1) <0,
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8 N(x,yzt)=0iffx=y=z

9. N(x,yzt)=N (p{x y z} 1)
10. N(x,y,z,t+s) < AN (x,y,a 1) N(a z 2 5),
11. N (x,y, 2 .): (0, 00) — [0, 1] is continuous.

Example 2.2. Let X is a nonempty set and D is the D-metric
on X. Denote a x b = min {a, b} and a { b =max {a, b} for
alla, b € [0, 1]. For each t € (0, o), define

MY, 5 1) = gt ad N (x 3z 1) = tf&iﬁ)
forallx, y, z € X. It is easy to see that (X, M, N, *, Q) isa
generalized intuitionistic fuzzy metric space.

Definition 2.3. Let(X, .#, N, *, () be a generalized intu-
itionistic fuzzy metric space, then

1. A sequence {x,} in X is said to be convergent to x if
limy, oo A (X, %, X,,t) = 1 and
limy, o0 A (X, 2, Xp,2) = 0.

2. A sequence {x,} in X is said to be a Cauchy sequence if
UMy, . p—soo A (X, Xim, Xp,t) = 1 and
1imy i p—seo A (X, Xim, Xp, 1) = 0,
that is, for any € > 0 and for each t > 0, there exists
no € N such that M (X, Xm,Xp,t) > 1 — € and
N (X X, Xp, 1) < € for n, m, p >ny.

3. A generalized intuitionistic fuzzy metric space
(X, A, N, *, Q) is said to be complete if every Cauchy
sequence in X is convergent.

Definition 2.4. Let (X, 4, N, *, ) be a generalized intu-
itionistic fuzzy metric space. A mapping T : X — X is called
an intuitionistic fuzzy contractive if there exists

1 1

N(Tx, Ty, Tz, t) <k N (x,y, 2 t) forallx,y, z€ Xand t > 0.

Theorem 2.5. (Fuzzy Banach contraction theorem)

Let (X, M, %) be a complete fuzzy metric space in which fuzzy
contractive sequences are Cauchy. Let T : X — X be a fuzzy
contractive mapping being k the contractive constant. Then T
has a unique fixed point.

A. Branciari generalized the Banach fixed point theorems
as following

Branciari -Integral contractive type condition [3]: For a
given € > 0, there exists a real number ¢ € (0, 1) and a locally
Lebesgue-integrable function g : [0 ,e0) — [0 ,e0) such that
f(;i(fx‘ fy)g(t) dr < cf(;i<x’ y)g(t) dt and [§ g(t) dt, forall x, y
in X and for each € > 0.

Also, Branciari-Integral contractive type condition is a
generalization of Banach contraction map if g(t) = 1 for all
t>0.
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3. Main Results

Theorem 3.1. Let (X, A4, N, *, {) be a complete general-
ized intuitionistic fuzzy metric space, k € (0, 1) and let T: X—
X be a mapping such that for each x, y, z € X,

I T o
/O(L///(TXIV#TU) 1) ¢(s) ds < k/‘ﬂ(///(xﬁyyz,t) 1) ¢(S) ds
and

N(Tx,Ty,Tz,t) N (x,3,2,1)
/ o (s) dsgk/ d(s)ds (3.1)
0 0

where @: [0 ,00) — [0 ,00) is a Lebesgue —integrable mapping
which is summable on each compact subset of [0 ,%), non
negative and such that for each > 0,

1—¢

(s)ds>0 (3.2)

then T has a unique fixed point 7 € X such that 7 € X,
lim, .. T"x =z

Proof. Letx € X be an arbitrary point define a sequence
x, = T"x. For each integer n > 1, using (3.1)

I ¥ (e b
‘/0(///(’01~4\'n+1~)‘n+1"r) 1) o(s) ds < k‘/0<.//(xn1«\'n¢xn.t) 1) 0 (s) ds
and

N (Xn X1 Xnt151) N (X1 %nXnt)
/ o(s) dsgk/ o(s) ds
0 0

repeating this process n times we get

(o) (e )
/ - nXp1Xn+1 ¢(S) dSSkn/ XA ¢(S) dS
0 0
and

N (Xn X1 %n+15t) N (x0,%1 X1 5t)
/ 0 (s) ds<k”/ 0(s) ds
0 0

Taking limit n— oo we obtained

I E—T
lim/(‘m’mx”“x"“’ﬂ ) 0(s)ds=0 and
n Jo

AN (X X1 X g 15)
lim/ d(s)ds=0.
n-Jo

Which from (3.2) implies

1
lim —1)=0 and
n (%(.xn,-xn+lyxl’l+l7t) )

lir’lnf/V(xnaanrlvxﬂJrht) =0
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which implies (%) (W - ‘>
[ etyds < [N o) ds
lim (M (X, Xn+1,%n+1,1)) =1 and 0 0
n
, L —1)
lim (A (351 501.0)) = 0. (33 gk/<%wpwwvw1“ 0(s) ds
0
Now we have to show that(x;,) is a Cauchy sequence. Suppose (%)
that (x,) is not a Cauchy sequence. Then there exists € > 0 <k /0 ¢(s)ds and
and sub-sequence (m,) and (n,) such that m, < n, < mp,
with
€ JV(meaxnpsxnp;t)
%(xmpvxnpvxnpvt)g 1_87'%(xmpvxnpflrxnpflvt)>8and A ¢(S) dsS/O ¢(S) dS

t/V(xmp,xn,,,xnp,t) > Eaf/V(xm,,7xn,,—1;xn,,—lat) <e (34 <k

/u/V(me,l,xnp,l,x,,p,l,t) ¢(S) ds

by using (3.3) we get 08
() <k/O 0 (s) ds
Aot g (s) ds

/0 which is a contraction so (x,) is a Cauchy sequence. Since
X is complete so there exist z € X such that x, — z. Now,

M Xy Xy 1 X — 1) . .
:/0 prmp=timp ¢(s)ds=0 and using (3.1) and taking n — o we get,

I S o am
/()(,%(TZ,Xn+1-Xn+IJ) 1) ¢(s) ds < k‘/o(.///(l,xnﬁxn,t) 1) (P(s) ds

*/V(xm Xmp—1Xmp—1 )
/ P b (s) ds
0

(o)

M (z.2,21)

o <k / 0(s)ds=0

:/ ¢(S) dS = 0 0
0

and
from triangular inequality and (3.4)
N (T2 X1 Xn115t) N (2,20 X t)
t///(x,np,l,x,,pfl,x,,pfl,t) /0 ¢(S) dsék/o ¢(s) ds
t t N (2,2,2t
2///(me71,3€%71,me7 5) *///(xm,,,xnpfl,xnpfla 5) <k/ (e >¢(S) ds=0
0
t
> M (x —1sXn,—1,% )7**1_8 . . .
(511X 2> ( ) which implies that .# (Tz, z, z, t) = 1 and hence Tz = z,
S (1—€) asp—oo and that is, z is fixed poipt of T. For qniqueness let us suppose that
y and z are two distinct fixed points of 7 then from(3.1)
N (Xmp—1,%n, 1, Xn,—1,1 Rqreenial T !
(X1 X, 1 X, ~1,1) /( A0z ) 0(s) ds = /( ATy T2 Tz) ) 0(s) ds
t t 0 Jo
></V(xmp—17xn,,—l7xm,,;E)Of/‘/(xmpyxnp—laxnp—lai) ( X >
—L 1
M (y,z,2.1)
t < k/ s) ds
2%(me71,xnp7|7xmp,§)<>8 B 0 ¢( )
— € asp— o 3.5)
N (3,2,2,t) N (Ty,Tz,Tzt)
Hence and /0 O(s)ds = /0 d(s) ds
< | _1> e A (32,2.7)
lim / Ty im0 ) () g5 < / " 0(s)ds and S"/0 9(s) ds
p Jo 0
. 1 o _
N oyt 1) . since k.<l so(m — 1) =0and A (y,z,2,t) =0.
lim/ 0(s) ds < / ¢(s)ds (3.6) Whichimplise .# (y,z,z,) =1 and A" (y, z,z,) =0 or
p Jo 0

y=2z
By using (3.1), (3.3) and (3.6) we have
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