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Corona product of graphs
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Abstract

A dominating set S which uniquely identify all vertices of the set V (G) — S is a locating dominating set. This paper
presents the procedure for finding the location domination number of Corona product of graphs. And location
domination number of graph of forms G® K,, GO Ky, GOK,, GOS,, GOP,, G&C,, GOW, and GO F; , are

deduced.
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1. Introduction

Opystein Ore [2] defined that the dominating set of a graph
G is a subset S of the vertex set V(G) such that all vertices in
the set V (G) — S is adjacent to atleast one vertex in S. Minimal
cardinality of dominating set is known as domination number
and it is denoted by v(G).

Slater [4, 5] defined the locating dominating set is a domi-
nating set S with S(v) # S(w), forany v, w € V (G) — S, where

S(v) is the set of vertices in S which are adjacent to v. A lo-
cating dominating set is denoted by LD-set. The minimum
cardinality of an LD-set in G is called the location-domination
number of G and it is denoted by RD(G). An LD-set with
RD(G) elements is called as a referencing-dominating set or
an RD-set.

In [1, 3] Sergio R. Canoy, Jr. et al. and Risan Nur Santi
et al. have found the bound for location domination number
of corona product of graphs. In this paper, we construct a
systematic technique for finding location domination number
of corona product of any graph and rectify some results in [3].

2. Location Domination Number of
Corona Product of Graphs

In this section, we introduce a new definition “wholly
located dominated graph” by which we determine location
domination number of corona product of any graph.

Definition 2.1. Let G be any graph with RD-set S. If G has a
vertex v € V (G) — S, such that S(v) = S then the vertex v is
said to be wholly located dominated vertex with respect to the
RD- set S.

Definition 2.2. Let .7 be the collection of all RD-set of G.
Graph G is said to be wholly located dominated graph if for
every RD-set S € . there exist a wholly located dominated
vertex.
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Theorem 2.3. Let G| and G, be any two graphs with vertex
set V (Gy) and V (Gy) respectively. For the graph G| ® G, if
G, wholly located dominated graph then

RD(G1®©Gy) =RD(G2) |V (G1)|+7(G1)
otherwise,
RD (G ®G,) =RD(Gy) |V (Gy)|

Proof.
LetV (Gl) = {I/thug, ...7um} andV (Gz) = {Vl,V2, ...,v,,},
then V (G © G,) is

{ur,ua, sy } U { (ur,v1), (ur,va) 5oy (ur,va) JU
{(u2,v1), (u2,v2) s ..y (2, ) Y U..U
{(m;v1) s Uy v2) s eeey (Uimy Vi) }

By definition of corona product there are |V (Gy)| copies
of G, graph joined to each vertices of G;. To locate dom-
inate each copy of G, it requires RD (G,) number of ver-
tices. Since there are |V (Gy)| copies of Gy, it requires
RD(G,) |V (Gy)| number of vertices to locate and dominate.
Therefore RD (G| ® G2) > RD(G,) |V (Gy)].

Let $1,5,,...,5, be the set to locate and dominate
the m copies of the graph G,. That is S; is the RD-
set of the induced subgraph of G; © G, with vertex set
{(ui,v1),(ui,v2), ...y (uj,vy) } where i = 1,2,....m. Clearly
SiNS;=®if i # j. Now consider the set S =S1 US> U...US,,.
Case 1: Suppose G, is not wholly located dominated graph,
then G, has atleast one RD-set Sg, such that Sg, (v) # Sg,
for all v € V(G2) — Sg,. Hence in the graph G| ® Ga,
S((ul-,vj)) = Sl' (Vj) 75 Si and S(ul) = Si.

Clearly S; locate and dominate all vertices of the
set {(ui,v1), (i, v2),...,(ti,vy)} — S; uniquely and it also
uniquely locate and dominate the vertex u;. So all the vertices
of (G| ® G;) — § are uniquely located and dominated by the
set S and it is minimal. Hence,

RD(G1OG,) =S| =|$1USU...USpy|
=|S1|+ 182+ ... +[Sul,
as S;NS; =Pifi#j
=m RD(G>)
=RD(G) |V (Gy)|.

Case 2: Suppose assume that G, is wholly located dominated
graph, then for RD-set S¢, of G» there exist every some vertex
vj € V(G2) — S, such that Sg, (v;) = Sg,.

Now for the graph G; © G, if we look upon the set
S=81USU...US,, it clear that S; will be the RD-set of
i" copy of G, in the graph G| ® G,. By our assumption
there exist a vertex (u;,v;), where i = 1,2,...,m such that
S((ui,vj)) = Si(vj) = S; and S(u;) = S;. Hence S could
not be the LD-set of G{ ® G,. But § dominates all the ver-
tices of G| ® G, and locate all the vertices uniquely except
ui,up,...,Uy.
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As S(u;) = S;, it is enough to dominate the ver-
tices uy,un,...,u;,, with the help of the vertices in the set
{ur,up,...;up}, so that S(u;) O S; and it would be the LD-
set of G; ® G, and could not be further reduced.

Therefore RD-set of G| ® G, is the set S union dominating
set of {uy,up,...,u,, }. That is, S union dominating set of G;
is the RD-set of G| ® G,. Hence,

RD (G ©G2) = |S|+7(G1)
=RD(G2) [V (G1)|+7(Gy). 0

Remark 2.4. Corona product of two graphs is not com-
mutative. Therefore RD (G| ® G2) need not be equal to
RD (G, ®Gy).

Remark 2.5. All disconnected graphs will not be a wholly
located dominated graph. In the graph G| ® Gy, if G; is dis-
connected then it will not a wholly located dominated graph.
Thus RD (G1 ® G2) = RD (G2) |V (Gy)].

3. lllustration

3.1 GOK;|

Corollary 3.1. As K, is not wholly located dominated graph
when n =1, RD(G®K;) =|V(G)|. Forn>1, K, are all
wholly located dominated graph so

RD(G©K,) = RD(K,) |V (G)|+7(G)
= (=1 V(G)[+7(G).

3.2 GOKp,
Corollary 3.2. For m,n > 2, K, , are all not wholly located
dominated graph. Hence

RD(G® Ky ) = RD (K ) |V (G))|
= (m+n—2)|V(G)|.

3.3 GOK,
Corollary 3.3. K, is not wholly located dominated graph for
alln > 1. By Theorem 2.3 we obtain

RD(G®K,) =RD(K,)|V (G)|
=n|V(G)|.

34 GoS,

Result 3.1. Consider the star graph S, = Kj , as shown in
Fig. 1. It’s vertex set be {u,v,v2,...,v,}, where deg (u) =n
and deg (v;) = 1 fori=1,2,...,n.

Clearly S1 = Kj,1 = K> is a wholly located dominated
graph. Any set with cardinality n will be the RD-set of §,,.
Therefore S = {u,vy,vy,...,v,—1} will be the RD-set of S,,.
For n > 1, S, has the RD-set S which has no wholly located
dominated vertex. Hence S,,, n > 1 are all not wholly located
dominated graph.
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Figure 1. Star Graph S,

Corollary 3.4. For the graph Sy, by Theorem 2.3 and Re-
sult 3.1 we get

RD(G®S)=RD($1)|V(G)[+7(G)=|V(G)|+7(G)
and forn > 1,
RD(G®S,) =RD(S,)|V(G)| =n|V(G)|.

3.5 GOP,

Result 3.2. Path graph P, P5 are wholly located dominated
graph while P,, n # 2,5 are all not wholly located dominated
graph.

Corollary 3.5. For the graph P,, combining with the fact of
Result 3.2 and Theorem 2.3 we get

_JRD(R)|V(G)[+7(G), ifn=2,5
RD(GOR) = {RD (P) [V (G)], otherwise
_ {Vﬂ V(G)|+7(G), ifn=2,5
{%] IV (G)I, otherwise

3.6 GOC,

Result 3.3. For the cycle graph C,, n > 3 it is obvious that
C; = K3 and Cs are wholly located dominated graph and C,,
n # 3,5 they are all not wholly located dominated graph.

Corollary 3.6. For the cycle C,, n >3

_ JRD(G)|IV(G)|+7(G), ifn=3,5
ROIGEG) = {RD(CH)|V<G>|, otherwise
{[%”HV(G)IH(G), ifn=35
{zsfnw |V(G)|, otherwise

3.7 GOW,

Result 3.4. W, n > 3 is the wheel graph whose vertex set is
{u,v1,v2,...,v, } with deg (u) = n and deg (v;) = 3 is shown
in the Fig. 2.

Graph W3 and W, are obviously wholly located dominated
graph. While Ws has a RD-set {u,v;, v, } which does not has
a wholly located dominated vertex. Hence Ws is not a wholly
located dominated graph.
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Figure 2. Wheel Graph W,

If We has a RD-set containing {u} then it must also contain
two vertices from the set {v{,v2,v3,v4,vs} in such a way that
it locate and dominates 3 vertices, so there exist a wholly
located dominated vertex. If {u}does not belongs to the RD-
set, then u will be the wholly located dominated vertex. Hence
in all possible RD- set there exist a wholly located dominated
vertex. So W is a wholly located dominated graph.

Forn > 6, if n =1 mod 5 that is n = 5k + 1 where k > 2,
W, has a RD-set {M,Vz,V4,V7,V9, ""3V5k737‘}5k71} without a
wholly located dominated vertex. So W, is not a wholly
located dominated graph when n > 6is n = 1 mod 5.

Similarly when n > 6 is n = 3mod5, then W,
is not a wholly located dominated graph with RD-set
{u,v2,v4,v7,v9, ..., V5¢_3,Vsk_1,Vsk+1 + Which has no wholly
located dominated vertex.

But when 7 is of form n =5(k+1) or n = 5k+2 or
n = 5k-+4 where k > 1, none of the RD-set contains {u}. But
as u is adjacent to all the vertices, it will definitely be the
wholly located dominated vertex with respect to any RD-set.
So for all n > 6, W,, will be the wholly located dominated
graph when n = 0,2,4 mod 5.

Corollary 3.7. For wheel graph Wy, n > 3 by Theorem 2.3
and Result 3.4 we get
RD(GOW,)

RD (W) |V (G)|+7v(G), ifn=13,4,6 or
= ifn>6, andn=0,2,4 mod 5

RD (W) |V (G)], otherwise

3IV(G)|+7(G),  ifn=3,6

2G| +7(G),  ifn=4
=13V (@), ifn=>s

ifn>6andn=0,2,4 mod 5
ifn>6andn=1,3 mod 5.

3.8 GOF,
Result 3.5. Fan graph Fi, = K; + P, with vertex set
{u,v1,v2,...,v,} is shown in the Fig. 3.

Clearly Fy 1, F1 2, F1 3 and Fj 4 are all wholly located dom-
inated graph. Fj s has an RD-set {u,v3,v4} with no wholly
located dominated vertex. Hence Fj 5 is not a wholly located
dominated graph.
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Figure 3. Fan Graph Fj ,
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For the graph Fj ¢ all possible RD-set has a wholly lo-
cated dominated vertex. So Fj ¢ should be a wholly located
dominated graph.

Similar to W,, we can show that Fj , is wholly located
dominated graph when n > 6 and n =0,2,4 mod 5.

For n > 6, if n = 1lmod5, that is n=5k+1
where integer k > 2, then we can find a RD-set
{u,v2,v4,v7,v9,...,Vsr_3, vsp—1 } with no wholly located dom-
inated vertex. Similarly for n > 6, if n =3 mod 5 then Fy
has an RD-set {u,v3,V4,V7,V9, ..., Vsg_3,Vsp—1,Vsk11 } With no
wholly located dominated vertex. Hence Fj ,, n > 6 with
n= 1,3 mod 5 are all not wholly located dominated graph.

Corollary 3.8. Location domination number of the graph
GO F , is given by
RD(GOF )

RD (Fi)|V(G)|+7(G), ifn=1,2,3,4,6 or
ifn>6andn=0,2,4 mod 5

RD (Fl,n) ‘V (G)| ) otherwise
V(G)|+7(G), ifn=1
2|V (G)[+7(G), ifn=2,3,4

_Jsva, ifn=>s
3[V(G)|+7(G), ifn=6
[2]V(G)|+7(G), ifn>6andn=0,2,4mod 5
Pn] V(G ifn>6andn=1,3mod 5.

Remark 3.9. By replacing graph G in the Corollary 3.1,
3.2, 3.3, 34, 3.5, 3.6, 3.7, 3.8, with known graph we could
directly find the location domination number of graph of form
GOKy GOKpy GOKy GOSy GOP, GOC,, GOW,
and G O Fy .

4. Conclusion

In this paper by introducing wholly located dominated
graph we have found location domination number of corona
product of graphs. And we have deduced the location domi-
nation number of some general graphs like G© K,, G © Kyy, ,
GOK,GOS,, GOP,, GOC,, GOW, and GO F .
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