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1. Introduction

The notion of ternary algebraic system was introduced by
Lehmer [13]in 1932. He investigated certain ternary algebraic
systems called triplexes. In 1971, Lister [14] characterized
additive semigroups of rings which are closed under the triple
ring product and he called this algebraic system a ternary ring.
Dutta and Kar [3] introduced a notion of ternary semirings
which is a generalization of ternary rings and semirings, and
they studied some properties of ternary semirings [3-9, 12].
The theory of fuzzy sets was first studied by Zadeh [16] in
1965. Many papers on fuzzy sets appeared showing the impor-
tance of the concept and its applications to logic, set theory,
group theory, ring theory, real analysis, topology, measure
theory, etc. Interval-valued fuzzy sets were introduced inde-

pendently by Zadeh [17], Grattan-Guiness [10], Jahn [11],
Sambuc [15] in the same year 1975 as a generalization of
fuzzy set. An interval-valued fuzzy set is a fuzzy set whose
membership function is many-valued and forms an interval in
the membership scale. On the other hand, Atanassov [1] in-
troduced the notion of intuitionistic fuzzy sets as an extension
of fuzzy set in which not only a membership degree is given,
but also a non-membership degree is involved. Atanassov
and Gargov [2] introduced the notion of interval-valued in-
tuionistic fuzzy sets which is a common generalization of
intuitionistic fuzzy sets and interval-valued fuzzy sets. Osman
kazanci etal[18]have introduced the notion of intuitionistic
Q- fuzzification of N-subgroups in a near ring . Lekkoksung
[19] studied intuitionistic Q-fuzzy K-ideals of semigroups.
Balasubramaniyan etal[20] Introduced interval-valued intu-
itionistic Q- fuzzy ideals in ternary semirings. In this paper
we introduce the notions of interval-valued Q-fuzzy bi-ideal,
interval-valued anti Q-fuzzy bi-ideal and interval-valued intu-
itionistic Q-fuzzy bi-ideal in ternary semirings and some of
the basic properties of these ideals are investigated. We also
introduce normal interval-valued intuitionistic fuzzy ideals in
ternary semirings.
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2. Preliminaries

In this section, we refer to some elementary aspects of the
theory of ternary semirings and interval-valued fuzzy alge-
braic systems that are necessary for this paper.

Definition 2.1. A nonempty set S together with a binary oper-
ation called, addition + and a ternary multiplication, denoted
by juxtaposition, is said to be a ternary semiring if (S,+) is a
commutative semigroup satisfying the following conditions:
(i) (abc)de = a(bed)e = ab(cde),

(ii) (a+b)cd = acd + bcd,

(iii) a(b+ c¢)d = abd + acd

and (iv) ab(c+d) = abc + abd for all a,b,c,d,e € S.

Definition 2.2. Let S be a ternary semiring. If there exists an
element 0 € S such that 0 +x = x =x40 and Oxy = x0y =
xy0 =0 for all x,y € S, then 0 is called the zero element or
simply the zero of the ternary semiring S. In this case we say
that S is a ternary semiring with zero.

Throughout this paper S denotes a ternary semiring with
Zero.

Definition 2.3. An additive subsemigroup T of S is called a
ternary subsemiring of S if titatz € T for all t),tr,t3 € T.

Definition 2.4. An additive subsemigroup I of S is called a
left [resp. right, lateral] ideal of S if s152i € I [resp. iss2 €
1,s1iso € 1] forall si,s0 € Sandi € 1. If I is a left, right and
lateral ideal of S, then I is called an ideal of S.

It is obvious that every ideal of a ternary semiring with
zero contains the zero element.

Definition 2.5. An additive subsemigroup (B,+) of a ternary
semiring S is called a bi-ideal of S if BSBSB C B.

Definition 2.6. Let S| and Sy be ternary semirings. A map-
ping [ :S1 — S, is said to be a homomorphism if f(x+y) =
)+ f(y) and f(xyz) = f(x)f () f(2) for all x,y,z € S).

Let f: 81 — S2 be an onto homomorphism of ternary
semirings. Note that if / is an ideal of Sy, then f([) is an ideal
of S,. If S| and S, be ternary semirings with zero 0, then

f(0)=o0.
Definition 2.7. An interval number on [0, 1], denoted by a, is
defined as the closed sub interval of [0, 1], where a = [a~ ,a™|
satisfying 0 <a~ <a* < 1.

The set of all interval numbers is denoted by D[0, 1]. The
interval [a, d] is identified with the number a € [0, 1].

Definition 2.8. Leta = [a~,a"] and b= [b~,b"] be two in-
terval numbers in D[0, 1]. Then

iJa< Eifand onlyifa <b” anda™ <b*
ii)a+b=[a"+b ,at +b"|

iii) Ifa > b thend—b = [min{a —b~,a™ —b"}, max{a~ —

b=at —bT}]
iv)infa; =[N\ a;~, N ai™|, supa; = [\ a;, \/ a;F] for interval
el el el el

numbers a; = [a;”,a; "] € D[0,1],i € L.
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Definition 2.9. Let {a;},i=1,2,--- ,n for some n € Z* be
a finite number of interval numbers, where a; = [af,a,-*].
Then we define Max'{a;} = | max{a;”}, max{a;"} ] and
Min'{a;} = [ min{a;"}, min{a;"}].

In this paper we assume that any two interval numbers
in D|0, 1] are comparable. i.e. for any two interval numbers
aand b in D0, 1], we have either @ < b or @ > b. It is clear
that (D[0,1],<,V,A) is a complete lattice with 0 = [0,0] as
the least element and 1 = [1, 1] as the greatest element.

Definition 2.10. Ler X be a non-empty set. A map [L : X x
0 — DI0,1] is called an interval-valued Q- fuzzy subset of X.
The complement of an interval-valued Q- fuzzy subset Uofa
set X is denoted by [1° and defined as 0¢(x,q) = 1 — [fi(x,q),
forallx e X,q € Q.

Note: We can write [L(x,q) = [u™ (x,q), U™ (x,q)] for all
x € X,q € Q, for any interval-valued Q - fuzzy subset [l of a
non empty set X, where ¢~ and u* are some Q- fuzzy subsets
of X.

Definition 2.11. Let it and V be two interval-valued Q- fuzzy
subsets of a non-empty set X. Then [l is said to be a subset of V,
denoted by L CV if li(x,q) < V(x,q), i.e, u~(x,q) <V (x,q)
and U (x,q) < v*(x,q), forall x € X,q € Q where [i(x,q) =
(1 (0), 1 (5,)] and ¥(x,) = [V (1,0), v* (5, )]

Definition 2.12. An upper level set of an interval-valued Q -
fuzzy subset [ denoted by U ([i;1) is defined as U (lL;t) = {x €
X/1(x,q) >t} and a lower level set of an interval-valued
fuzzy subset [i denoted by L([i;1) is defined as L(i1;t) = {x €
X/1(x,q) <t}, forallt € D[0,1].

Definition 2.13. Let I be any subset of a ternary semiring S.
The interval-valued characteristic function of I denoted by ¥
is defined as

(T
X1 = 6
Definition 2.14. Let 1,V and T be any three interval-valued
Q - fuzzy subsets gfa ternary semiring S. Then LNV, LU
V, L+ V, LoVoh are interval-valued Q-fuzzy subsets of S
deﬁnedbyforalljceS,qu o ~
(li n K) (x7 CI) = Minl,{l'i(xv q)? ‘i(x’ q)}
(LUV)(x,q) = Max'{1(x,q), V(x.q)}

if xel
otherwise

S sup{Min'{li(y,q),V(z, if x=y+z

(7)) = { ; p{Min'{1(,0), V(2. @) }if x=y
otherwise

o~ sup{Min‘{fi(u,q),V(v,q), h(w, if x=uww,

(0¥ oR)(x.q) = { ; p{Min' {{i(u.).V(.0). h(w. )} Jif

otherwise

Definition 2.15. An interval-valued intuitionistic Q - fuzzy

subset (IIQFS for short) defined on non-empty set S as objects

of the form
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A= {< a(x,q),va(x,q) > /x € S,q € Q}, where the func-
tion L : Sx Q — D[0,1] and v : S x Q — D[0, 1] denote the
degree of membership (namely 14 (x,q)) and the degree of non-
membership (namely Va(x,q)) for each element x € S,q € Q
10 the set A, respectively, and 0 < [is(x,q) + Va(x,q) < 1 for
eachx € S,q € Q.

For the sake of simplicity, we shall use the symbol A =
(Ua, V4 ) for the interval-valued intuitionistic Q - fuzzy subset

A={<Ua(x,q),valx,q) > /x€S,q € 0}.

3. Interval-valued intuitionistic Q - fuzzy
bi-ideals

Definition 3.1. An interval-valued intuitionistic Q - fuzzy sub-
set A= (la, Va) in S is called an interval-valued intuitionistic
QO - fuzzy right (left, lateral) ideal of S if

L pa(x+y.q) = Min'{fia(x,q), a(y.)}

2. fa(xyz,q) = Ha(x,q)

(Ha(xyz,q) = Ba(z,q), Ha(xyz, q) > Ha(,9))

3. VA(X‘F)’,Q) < Maxl{VA(x?Q)avA(yaQ)}

4. Va(xyz,9) < Va(x,q)

(Va(wyz,q) < Va(z,q), Va(xyz,q) < Va(y.q)) for all x,y,z €
Sand g € Q.

Definition 3.2. Let A = (s, Va) be an interval-valued intu-
itionistic Q - fuzzy subset of S and let 5,t € D[0,1]. Then

the set E&m ={x €S/ fa(x,q) >5,Va(x,q) <t} is called a

(5,1)-level set of A = (lia, Va).

The set {(5,7) € Im(fiy) x Im(V4)/ §+1 < 1} is called
image of A = (i, Va).
Clearly E&Y’B = U (la;8)NL(Va;t), where U(Ha;5) and L(Va;1)
are upper and lower level subsets of 4 and V4 respectively.

Definition 3.3. An interval-valued Q - fuzzy subset 1 of a
ternary semiring S is said to be an interval-valued Q - fuzzy
bi-ideal of S if

1. ﬁA(x+y7‘Z) > Minl{ﬁA(xvq)vﬁA(y’q)}

2. pa(xsiysaz,q) > Min'{fa(x,q9), B4 (v,9), Ha(2,q) } for all
X,81,¥,82,2 € Sand g € Q.

Definition 3.4. An interval-valued Q - fuzzy subset [l of a
ternary semiring S is said to be an interval-valued anti Q -
Sfuzzy bi-ideal of S if

L pa(x+y,q) < Max'{{a(x,q), Ha(y,9) }

2. pa(xs1ys2z,q) < Max'{la(x,q),1a(y,q), 1a(2,9) } for all
X,81,Y,52,2 € Sand q € Q.

Definition 3.5. An interval-valued intuitionistic Q - fuzzy sub-
set A= (Ha, Va) in S is called an interval-valued intuitionistic
Q - fuzzy bi-ideal of S if

1. ﬁA(x+y7‘Z) 2 Minl{ﬁA(xvq)vﬁA(y’q)}

2. ﬁA (xslyS2Z7 q) > Mlnl{ﬁf\ ()C, q) ) ﬁA (yv q) ) ﬁA (Za q)}

3. Va(x+y,q) < Max'{va(x,q),va(y,q)}

4. Va(xs1ys2z,q) < Max'{Va(x,q),Va(y.q),Va(z,q)} for all
X,81,Y,52,2 € Sand q € Q.
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Example 3.6. Consider

0 0 0
S{(a b c) :a,b,c,d,e,hEZo_}.
d e h

Then S is a ternary semiring with respect to matrix addition
and matrix multiplication. Let

0 0 0
B={<O i j):i,jEZO}
0 0 0

Let the interval-valued Q - fuzzy subset [ix and V4 of S be
defined by

_ [ 06,08 if xeB
Ha(x,q) = { [0.1,0.3] otherwise
_ 0.1,02] if x€B
Valx,q) =

A%4) { [0.4,0.6] otherwise

Then A = (lia,Va) is an interval-valued intuitionistic Q -
fuzzy bi-ideal of S, but not an interval-valued intuitionistic

O - fuzzy ideal of S. Since lia(ssb,q) = [0.1,0.3] < tia(b,q);
Fir(sbs, ) = [0.1,0.3] < fia(b,); fia(bss,q) = [0.1,0.3] <
ba(b,q); Va(ssb,q) =[0.4,0.6] > Va(b,q); Va(sbs,q) =[0.4,0.6] >
Va(b,q) and Va(bss,q) = [0.4,0.6] > Va(b,q), where

0 0 0 0 0 0
s:<1 -1 0), b:(o -1 1).
0 —1 —1 0 0 0

Theorem 3.7. If an interval-valued Q-fuzzy subset [l is an
interval-valued Q - fuzzy bi-ideal of a ternary semiring S if
and only if U€ is an interval-valued anti Q - fuzzy bi-ideal of
S.

Proof. Let [1 be an interval-valued Q - fuzzy bi-ideal of a
ternary semiring S. Let x,y,z € S,q € Q. Then

B(x+y,q) > Min'{i(x,q), 1(v,9)}
= —H(x+y,q) < —Min'{i(x,q), i (y,9)}
= Alii ﬁ(x+ya q) < 1 *Mifl{ﬁ(xv q)a‘z(yv q)}
= 1—p(x+y,q) <Max'{l—p(x,q),1-p(yq)}
= [ (x+y,q) < Max'{11°(x, q), 1(y,q) } and [ (xs1ys22,9) >
Min'{f(x,q), 1(y,q), 1H(z,q)}
= —l(xs1ys22,q) < —Min'{{i(x,q), 11y, 9), H(z,9)}
= 1= [(xs1ys2z,q) < 1—Min'{0i(x,q), 1 (y,q), K(z,9)}
= 1—[L(xs1ys822,q) < Max'{1—[i(x,q), 1 - [(y,q), 1 —[1(z,9)}
= 1 (xs1y22,q) < Max'{i“(x,q), 1, 9), 1(2,9) }-

Thus [i¢ is an interval-valued anti Q - fuzzy bi-ideal of S.
By similar argument, we can prove the converse part. O

Theorem 3.8. Every interval-valued intuitionistic Q - fuzzy
ideal of S is an interval-valued intuitionistic Q - fuzzy bi-ideal
of S.
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Proof. Let A = (lla, V) be an interval-valued intuitionistic Q
- fuzzy ideal of S. Then

1 (xs1ysaz,q) = Min'{[L(x, q), L(s1ys2,q),H(z,9) }

> Min'{fi(x,q), 1(v,9), H(z.q)} B

and V (xs1ys22,q) < Maxi{v(x,q), v(z,q9)}

< Max'{V(x,q),v(y,q),V(z,9)}.

Thus A is an interval-valued intuitionistic Q - fuzzy bi-ideal
of S.

(Sly5274])7

O

Theorem 3.9. An [IQFS A = (la,Va) in S is an interval-
valued intuitionistic Q - fuzzy bi-ideal of S if and only if any

level set ff’;) is a bi-ideal of S for 5,t € D[0,1] whenever

nonempty.
Proof. Let A = ({4, V4) be an interval-valued intuitionistic Q
(51

- fuzzy bi-ideal of S. Let x,y,z € S, "’ and

u,veS. _

Then fis(x +y,q) = Min'{lia(x,q), Ha(y;q)} = s and Va(x+
%.q) < Max' {Va(x,q),Va(y.q)} <7. Sox+y € Sy,

Again [i5 (xuyvz,q) > Min'{[io(x,q), Ha(y,q), Ha(2,q)} > §
and v4 (xuyvz,q) < Max’' ivA (x,q),va (Ny7 q),Valz,q)} <t
which implies xuyvz € E/(;’a. Hence E/&Sﬂ is a bi-ideal.
Conversely let EXD be a bi-ideal of S, for any 5,7 € D[0, 1]
with §+7 < 1.

Letx,y € S such that fia (x,q) = &1, fa(,q) = 0

and VA(x 61) ﬁth(y, ) ﬁz where Otl,(Xz,ﬁl,ﬁz ED[O 1]
Then ¢y +B1 <1 oc2+ﬁ2 <.

Let & = Min'{@1, 8} and B = Max'{By, B>} then x,y € s\

Since S( ) be a bi-ideal of S then x4y € S( 0

thatmeagls fia(x+y,q) > & =Min'{{is(x,q), uA(y,q)},VA(er
yvq) < ﬁ = Maxl{vA(xv Q)7 VA(yv q)}

Similarly we prove

Hia (xuyvz, q) > Min'{lia(x,q), Ba(y,9), Ha(z,q) }

and Va (xuyvz, q) < Max'{Va(x,q),Va(y,9), Va(z,9)}.
Therefore A is an interval-valued intuitionistic Q - fuzzy bi-
ideal. O

Corollary 3.10. An IIQFS A = (lia,Va) in S is an interval-
valued intuitionistic Q - fuzzy bi-ideal of S if and only if for
every 5,t € D0, 1] such that 5+t < 1 all non-empty U (li4;5s)
and L(Va;t) are bi-ideals of S.

Theorem 3.11. Let I be a non-empty subset of a ternary
semiring S. Then an IIQFS A = ([ia,Va) defined by

~ sy if Vxel
Ha(x,q) = { ~ .
S1 otherwise
- b oif Vxel
Valx,q) = S
4 (x,) { t1  otherwise

where 0 < 51 <5 <1, 6§?2 <h §Tand§+E§Tforeach
i = 1,2 is an interval-valued intuitionistic Q - fuzzy bi-ideal
of S if and only if I is a bi-ideal of S.
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Proof. Let I be a bi-ideal of S. Let x,y,z,u,v € S,q € Q.
Ifx,y,z€ 1, thenx+y,xuyvz € I,q € Q.

Then fia(x +y,q) = 52 = Min'{ia(x,q), Ba(v,9) },
Va(x+y,q) =12 < Max'{Va(x,q),va(y,9)}.

fa (xuyvz,q) = 52 > Min'{fia(x,q), [ (7,9), HBa (2, 9) }

and V4 (xuyvz,q) =ty < Max'{V4(x,q),va(y,q)Va(z,q)}.

If either x or y or z ¢ I, then also

Ha(x+Y,q) > 51 = Min'{fa(x,q), Ha (y,q) }.

Va(x+y,q) <t = Max'{Va(x,q),Va(y,9)}.

fa (xuyvz,q) > 51 = Min'{fia(x,q), [ (7,9), Ba (2, 9) }

and V4 (xuyvz,q) <1 = Max'{V4(x,q),Va(y,q),Va(z,q)}.
Hence A = (lis,V4) is an interval-valued intuitionistic Q -
fuzzy bi-ideal of S.
Conversely, let A =

Q - fuzzy bi-ideal of S. Then 52"
I must be a bi-ideal of S.

(L4, V4) is an interval-valued intuitionistic
=1I. So, by Theorem 3.9,

O

Theorem 3.12. Let (Li;, V;)ics be a family of interval-valued
intuitionistic Q - fuzzy bi-ideals of S then (Nf;,UV;) is also
an interval-valued intuitionistic Q - fuzzy bi-ideal of S.
Proof. Leti = N\ W;and v = J V;. Forany x,y,z€ S,q € Q,
iel icl

L fi(x+y.q) = Qﬁi(x+y,q) > ﬂIMin’{ﬁi(Lq),ﬁi(y,q)}
IS 1S
- Min’{_ﬂlﬁi(x,q), _ﬂlﬁi(y,q)} = Min'{f(x,q),1(y,q)}-

1< e
2. [i(xs1ys22,q) = ﬂlﬁi(xslyszzwl)

4SS

> QIMin’{ﬁi(x,q),ﬁi(xq)yﬁi(aq)}

—Mln’{ﬂ 1i(x, q), ﬂuz(y, q), N Hi(z,9)}

Ml (i) B fed)
3. V(X+y, ) ‘LEJIVI(X_Fy, )SEU]Max’{vi(x,q),vi(y,q)}

= Maxi{_ELJIVi(x,Q)v U ,Vi(yv )} = Maxi{v(xaq)a,‘j(yaQ)}

4. V(xs1ys2z,q9) =

< UMax'{vi(x,q
iel

U Vi(xs1y822,q)
) i(3,9),Vi(z,9)}
:Max"{_eulvi(x q), U Vi(:q), gIVi(z,q)}

= Max'{V(x,q), (~y,q), (z,9)}-
Therefore (Nu;,UV;) is an interval-valued intuitionistic Q -
fuzzy bi-ideal of S. O

Theorem 3.13. An IIQFS A = (s, Va) in S is an interval-
valued intuitionistic Q - fuzzy bi-ideal of S if and only if the
interval-valued fuzzy subsets [y and V§ are interval-valued
Q - fuzzy bi-ideals of S.

Proof. 1f A = (Ha, Va) is an interval-valued intuitionistic Q -
fuzzy bi-ideal of S, then clearly fi4 is an interval-valued Q-
fuzzy bi-ideal of S. For all x,y,z,51,52 € S,q € 0,

VS (x+2,9) = T=Va(x+Y,9) > T—Max'{Va(x,q),Va(y,9)}
= Min'{T—Va(x,q),1—Va(,9)}

= Min'{V§(x,q),V5(y,q)} and

V5 (xs1y822,) = 1 — Va(x51522,9)
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> 1—Max'{Vs(x,q),Va(y,9), Va(z,0)}

= Min' {1 —Va(x,q),1—Va(3,9), 1~ Va(z.9)}

= Min'{V§ (x,q), V5 (3,9), V4 (z,9)}.

Thus v is an interval-valued Q - fuzzy bi-ideal of S.
Conversely assume that [I4 and V§ are interval-valued Q -
fuzzy bi-ideals of S, then clearly the conditions (1) and (2) of
definition 3.5 are satisfied.

Now for all x,y,z,51,52 €S,

1 —VA(x—i—y, q)= VA(x+y, q) > Min'{V§(x,q),V{(»q)}

= Min'{1—Va(x,q),1—Va(y,q)} =
]_Maxl{vA(x7Q)7vA(yaq)} .

which implies —V4 (x+y,q) > —Max'{Va(x,q),Va(y,q)}
implies V4 (x +y,q) < Max'{Va(x,q),Va(y,q)} and

1= Va(xs1y522,) = V§ (¥51y522,9)

> Min'{ V4 (x,q), V5 (1,9). V4 (. 9) }

= Min'{1—Va(x,q),1 = Va(3,9), 1 = Va(z,9)}
=1—Max'{Vs(x,q),V4(y.q), Va(z,q)} which implies
—Va(xs1y822,q) > —Max'{Va(x,q), Va(y,4). Va(z,9) }
implies Va (xs1ys22,q) < Max'{Va(x,q),Va(y,q),Va(z,¢)}. O

Corollary 3.14. If an IIQFS A = (lia, V) in S is an interval-
valued intuitionistic Q - fuzzy bi-ideal of S if and only if IQFS
Ay = (Ha, 11§) and IHIQFS Ay = (V§,Va) are interval-valued
intuitionistic Q - fuzzy bi-ideals of S.

Proof. Tt is straightforward by Theorem 3.7 and Theorem
3.13. U

Theorem 3.15. Let S1,S, be ternary semirings and let  :
S1 — Sy be a homomorphism. If B = (lig, V) is an interval-
valued intuitionistic Q - fuzzy bi-ideal of Sy, then ®~'(B) =
(@ (115), " (V) where &~ ([ig) (v, q) = fin(®(x,q)) and
@ 1(Vp)(x,q) = Va(P(x,q)) forallx € Sy,q € Q, is an interval-
valued intuitionistic Q - fuzzy bi-ideal of S;.

Proof. Assume B = ([ig, V) is an interval-valued intuition-
istic Q - fuzzy bi-ideal of Sy, and let x,y,z,u,v € S1,q € Q.
Then

&' () (x+y,q) = fp(P(x+,q))
= lp(®(x,q) + P(y,9))
> Mm’{HB( (x,9)), 1 (‘D(l% q9))}

—Mln’{q> Y(1p) (x,q), @ (18) (v,q)}-

2. & (1up) (xuyvz, q)— 1B (P (xuyvz,q))

= lp(P(x,q)®(u,q)P(y,9) (v, q)P(z,4))

> Min'{jip(®(x,q)), u(P(y,9)), I (<I>(Z, q))}
—Mln’{<1> '(1ip) (x, ), () (v,9), @ (is)(z,9) }-
3.9 (V) (x+y,q ) Ve(®(x+Y,9))

= Va(P(x,q) + P(y,q))

< Max'{vp(®(x,q)), Vs(P(y,9)) }

—MaX’{CD’l( v)(x,q), @~ (VB)(y,9)}-

4. @ (vp) (xuyvz, 61) V(P (xuyvz,q))
=v3(4?(~,q)¢( q)2(y,q)®(v,.q)P(z,q))
<Max’{VB( (x q)) 3(P(y,9)), va(P(z,9))}

= Max'{®~ ( B)(X,9), <I>‘1( ve)(y.q), P~ '(VB)(z,9)}-
Therefore ®~ (B) (D~ (,uB) (VB))ls an interval-valued

intuitionistic Q - fuzzy bi-ideal of Sj.
O
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4. Normal interval-valued intuitionistic Q -
fuzzy right ideals

Definition 4.1. An interval-valued intuitionistic Q - fuzzy
right (left, lateral) ideal A = (Lia,Va) of a ternary semiring S
is said to be normal if A(0,q) = (1,0) that means [is(0,q) =
1, v4(0,q9) = 0. Denote by NIHQFRI(S) (NHQFLI(S), NI-
IQFMI(S)) the set of all normal interval-valued intuitionistic
Q - fuzzy right (left, lateral) ideals of S.

Note that NIIQFRI(S) (NIIQFLI(S), NIIQFMI(S)) is a poset
under set inclusion.

Example 4.2. Consider the ternary semiring S = Z , the set
of all non positive integers with usual addition and ternary
multiplication. Let the interval-valued Q - fuzzy subset [y
and V4 of S be defined by

1 if x=0
ﬁA ()C, Q) = [05706] lf X e <_2> \ {0}
[0.2,0.3] otherwise
0 if x=0
VA(xvq) = [01702] lf RS <_2> \ {0}
[0.4,0.7] otherwise
Then A = (4, V) is a normal interval-valued intuitionistic

Q - fuzzy ideal of S.

Theorem 4.3. Given an interval-valued intuitionistic Q -
fuzzy right (left, lateral) ideal A = (,uA, Va) of a ternary semir-
ing S. Let [L; (x,q) = Ha(x,q) + 1—114(0,9) and Vi(xq) =
Va(x,q) —va(0,q), forallx € S,q € Q. Then AT = (1), vy)
is a normal interval-valued intuitionistic Q - fuzzy right (left,
lateral) ideal containing A = (U, Va) of S.

Proof. Forany x,y,z€S,q€Q _

L L] (x+y,9) = fa(x+y,9) + 1 [14(0,q)
ZMini{ﬁA<x7q)7ﬁ@v(yvq>}+l_ﬁA(O?Q) _
:Minf{ﬁA(x,4)+1*ﬁA(O,q),ﬁA(m)H*ﬁA(O,q)}
= Min'{fiy (x,q), iy (v,9)}

2. ﬁA*(xyz,q) fia(xyz,q) + 1 — [a(0,q)
> fia(x,q)+1—[14(0,9) = +(x, q)
3. VX(x—i—y,q) =Va(x+y,9) —va(0,q)

SMaxl'{f‘jA(xaQ) vA()@ )} VA O’q)
= Max {4 (x.4) ~ Va(0,). Va(3.4) =
—Max’{VA (x,9), vy (0,9)}

4. vy (xyz,q) = valoyz, q) va(0,9)

< Va(x,q) = Va(0,9) = v (x,q).

Hence A™ is an interval-valued intuitionistic Q - fuzzy right
ideal of S. Again we have [} (0,q) = [ia(0,¢) 4+ 1 — 14 (0,q) =
1 and v (0,¢) = v(0,¢) — Va(0,9) = 0. Hence A™ is a nor-
mal interval-valued intuitionistic Q - fuzzy right ideal of S
and by definition A C AT, O

VA(OaQ)}

Corollary 4.4. Let A and A" be as in the Theorem 4.3. A is
a normal interval-valued intuitionistic Q - fuzzy right ideal of
S ifand only if AT = A
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Remark 4.5. If A = ([lia, Va) is an interval-valued intuition-
istic Q - fuzzy right (left, lateral) ideal of S, then (AT)T = AT,
In particular, if A is normal, then (AT)T = AT = A.

Theorem 4.6. Let A = (lis,Va) be an interval-valued intu-
itionistic Q - fuzzy right (left, lateral) ideal of a ternary semir-
ing S and let ® : D[0,1] — DI0, 1] be an increasing function.
Then an IIQFS Ae = ((Ha)o, (Va)o) where (Ha)o(x,q) =
D(pa(x,q)) and (Va)a(x,q) = P(Va(x,q)) forallx € S,q € Q
is an interval-valued intuitionistic Q - fuzzy right (left, lateral)
ideal of S. Moreover, if ®(114(0,q)) = 1 and ®(v4(0,q)) =0,

then Ag is normal.

Proof. Letx,y,z€ S,q€Q

L (Ba)o(x+y,q) = P(Ha(x+,9))
> ®(Min'{Fia (x.q). ia (1,9)})

= Min'{®(a(x,q)), P(1a(y,9))}
— Min'{ (Tx)o (.q), (B )0 (1,0)}
2. (Ka)o (xyz,q) = P(Ha(xy2,9))
> P(fa(x.q)) = (fia)o(x.q)

3. (Va)o(x+y,q) = P(Valx+y,9))

< ®(Max'{Va(x,q),Va(y,9)})

= Max'{®(V4(x,q)), ®(Va(y,9))}

— Max{(Va)o(.q). (Va)o(»0)}

4. (Va)o(xyz,9) = P(Va(xyz,q))

< @(Va(x,9)) = (Va)o(x,q)-

Hence Ag is an interval-valued intuitionistic Q - fuzzy right
ideal of 8. If @(f14 (0, ¢)) = 1, @(va(0,¢)) = O then (114)(0,4)
1 and (V4)e(0,¢) = 0 and hence Agp = ((fia)s, (Va)p) is a
normal interval-valued intuitionistic Q - fuzzy right ideal of
S. O

(1
L
Jo

Definition 4.7. An interval-valued intuitionistic Q - fuzzy
ideal A = (ll4,Va) of a ternary semiring S is said to be an
interval-valued intuitionistic Q - fuzzy maximal ideal if it
satisfies:

i) A is non-constant.

ii) AT is a maximal element of NIIQFI(S), where NIIQFI(S)
denote the set of all normal interval-valued intuitionistic Q -
fuzzy ideal of S.

Example 4.8. Consider the ternary semiring S = Z, the set
of all non positive integers with usual addition and ternary
multiplication. Let the interval-valued Q - fuzzy subset [y
and V4 of S be defined by

_ ] Tifxe(-2)
Halxq) = { 0 otherwise
~ 0 if xe(-2)
Valx,q) = ~
4(x.4) { 1 otherwise
Then A = (lia, Va) is an interval-valued intuitionistic Q - fuzzy

maximal ideal of S.

Theorem 4.9. Let A = (i, Va) € NIIQFRI(S) be non-constant
such that it is maximal in the poset of NIIFRI(S) under set
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inclusion. Then both [iy and V4 takes only the values (T,ﬁ)
and (0, 1) respectively.

Proof. Since A is normal interval-valued intuitionistic Q -
fuzzy right ideal, so A(0,q) = (1,0).
Let xo (#0) €S,,q € Q be arbitrary with fis (xo,q) # 1.
We claim that fis(xo,¢) = 0. If not then there exists an ele-
ment ¢ € S such that 0 < fis(c,q) < 1.
Let A, = (G4, Ma) be an interval-valued intuitionistic Q - fuzzy
subset of S defined by
Ga(x,q) = 5[l (x,q) +Ha(c. )] Ma(x,q) = 3[Va(x,q) +Va(c,q)].
Clearly A, is well defined.
Now, 64(0,9) = 3[fa(0,9) +Ha(c,q)] =
= cfA(x q),ma(0, 61)

3[Va(0,9) +Va(c,q)]
Z[VA(X q) +Va(c,q)] = Na(x,q) forany x € S,q € Q.
gain, for any x,y,z € S,q € Q,
GA(x+y, q) = 31Ha(x+y,9) + Falc.q)]
> 3 [Min'{fia (x,q), Iia(v,9) } + Ha(c,q)]
= Min' {5 [fa (x,q) + Ha(c,q)], 5 [Fa (3, q) + Ha(c, )]}
= Minl{gA(xvq)ng(yv 6])}
2. Ga(xyz,q) = 5 [fia(xyz,q) + Ha(c,q)]
> 5 [Ha(x.q) + (e, q)] = Ga(x,q)
3. Ma(x+y,9) = 3[Va(x+y,9) +Valc,q)]
< %[Maxi{VA(x 4),Va(3,9)} +Va(c,q)]
= Max'{5[Va(x,q) +Va(c.q)], 5[Va(v.q9) +Valc,q)]}

— Max {74 (x,9). T (19)}
4. Ma(xyz,q) = 5[Va(xyz,q) +Va(e,q)]
< 5[Va(x,q) +Va(e,q)] = Ma(x,q).
Hence A, is an interval-valued intuitionistic Q - fuzzy right
ideal of S.
Define Al = (6,,1, ). Then by Theorem 4.3, A} is a normal
interval-valued intuitionistic Q - fuzzy right ideal of S, where
Gy (x,q) = Ga(x,q) +1 —5A(07‘1) = 5[ (x,q) + Hia (e, )] +
- *[.UA(O q) + Ha(c,q)] = 3[1+ Ha(x,q)]

3 [Ha(x,q)+ Ha(c,q)]

_‘>I/\

and 17 (x,q) = Na(x,q) — nA(O,q) = 5[Va(x,q)+Valc,q)] -
1[VA(O q) +VA(c,q)} = 1[Va(x,q)]. Clearly A C Aj. Since
0y (x,q) = 31 +1a(x,9)] > Fa(x,q) and 7 (x,q) = 5[Va(x,q)] <

Va(x,q),Aisa proper subset of A}. Again since 62_(6‘ q) =
s+ (e, q)] < 1=5;(0,9). Hence A is non-constant
and A is not a maximal element of NIIQFRI(S). This is a
contradiction. B B

Therefore EA takgs only two values 1 and 0. Hence V, takes
the values O and 1.

This completes the proof. O
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