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1. Introduction

In 1965, Zadeh [11] introduced the famous theory of fuzzy
sets and used it as a tool for dealing with uncertainty aris-
ing out of lack of information about certain complex system.
Since then, to use this concept in topology and analysis many
authors have expansively developed the theory of fuzzy sets
and applications. It appears that Kramosil and Michalek’s
study of fuzzy metric spaces paves a way for very soothing
machinery to develop fixed point theorems for contractive
type maps. The concept of fuzzy metric space was introduced
initially by Kramosil and Michalek [7]. Later on, George
and Veeramani [2] gives the modified notion of fuzzy metric
spaces due to Kramosil and Michalek [7] and analyzed a Haus-
dorff topology of fuzzy metric spaces. George and Veeramani
[2, 3] defined fuzzy metric spaces in some different way and
established interesting fixed point results in it. Further, these
results have enthused a number of researchers to work on this
line in diverse ways [4-6, 8].

Recently Sedghi and Shobhe [10] introduced D*-metric
space as a probable modification of the definition of D - metric

introduced by Dhage, and prove some basic properties in D* -
metric spaces. Using D*-metric concepts, Sedghi and Shobhe
[9] define .# - fuzzy metric space and proved a common fixed
point theorem in it.

In this paper, we establish some results on the existence
and uniqueness of fixed point theorems in generalized fuzzy
metric spaces. Here some examples are given to explicate our
main theorem.

2. Preliminaries

Definition 2.1. A binary operation * : [0,1] x [0,1] — [0,1]
is a continuous t-norm, if it satisfies the following conditions:
(i) * is associative and commutative,

(ii) * is continuous,

(iii) a*1 = a for all a € [0, 1],

(iv) a*b < ¢*d whenever a < ¢ and b < d, for each a,b,c,d €
[0,1].

Definition 2.2. [9] A 3-tuple (X, # ) is called .# -fuzzy
metric space if X is an arbitrary non empty set, x is a contin-
uous t-norm and M is a fuzzy set on X> x (0,0), satisfying
the following conditions:

(M) M (x,y,2,t) > 0, for each x,y,z,a € X and t,s > 0.
(M) M (x,y,z,t) =1 ifand only if x=y=z,
(M3) M (x,y,2,t) = M (p{x,y,2},t), when p is the permuta-
tion function.

(M) M (x,y,a,t) % M (a,2,2,8) < M (x,y,2,t +5),
(AM5) M (x,y,2,.) : [0,00) — [0, 1] is left continuous,
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(A 6)Nimy oo A (x,¥,2,t) =1 forall x,y,z€X.

Example 2.3. [9] Let X is a nonempty set and D is the D-
metric on X . Denote axb = a.b for all a,b € [0, 1]. For each
t € [0,00], define

t
t+D(x,y,z)
Sfor all x,y,z € X. It is easy to see that (X, .M ,*) is a M -
fuzzy metric space.

Definition 2.4. Let (X, .# ,*) be a M -fuzzy metric space and
{xn} be a sequence in X
i) {xn} is said to be converge to a point x € X, if

M(x,y,2,1) =

lim A (x,x,x,,t) = 1,

n—oo

forallt >0
ii) {x,} is called Cauchy sequence, if

r}i_r)rolog///(x,ﬁp,xwp?x,”t) =1

forallt >0and p >0

iii) A A -fuzzy metric space, in which every Cauchy sequence
is convergent, is said to be complete.

Lemma 2.5. [9] Let (X, .# ,*) be a M - fuzzy metric space.

Then, A (x,y,z,t) is non-decreasing with respect to t, for all
x,y,zin X.

Proof. By Definition (2.2)(4) for each x,y,z,a € X and ¢,5s > 0
we have

A (x,y,a,t) % M(a,2,2,5) < M (x,y,2,t +5)
If set a = z we get
M(X,,2,1) % M(2,2,2,5) < M (X,9,2,t+5)
that is A (x,y,z,t +5) > M (x,y,2,1). O

3. Main Results

Theorem 3.1. Let (X,.# ,*) be a complete generalized fuzzy
metric space and T : X — X is a continuous function and
satisfied the condition
M (Tu, Tv,Tw,t) > min{ A (u,v,w,t), M (Tv,Tv,w,t),

M (Tu,v,w,t), M (u, Tv,w,t), M (Tu, Tu,u,t)} (3.1.1)
Moreover the fuzzy metric M (u,v,w,t) satisfies the condition

lim A (u,v,w,t) = 1,
t—ro0

where u,v,w € X and u #v #w, then T has a fixed point in
X.

Proof. Take {u,} be a sequence in X such that u, | = Tuy.
If u, = upy1, then w1 = Tuy, = uy, = u, is a fixed point of
T.

Suppose u,, # uy+1, To prove that {u, } is a Cauchy’s sequence
inX.

Putu=u,_1,v=u,,w=u,in (3.1.1), we get
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A (Ut i1, Unt1,t) = A (Tuup—y, Tuy, Tuy,t)
> min { A (up—1,ty,un,t), A (Tity, Tuy, iy, 1),
%(Tunflauna”mt)a%(unflaT”mTunat)7
%(T”nflvTunflaunflat)}
M (U, U g1, Uny1,1)
> min {7 (Un—1,tn,tn, 1), M (Un g1, Un i1, U, t),
'///(umunaunat)w//(unfl7un+l7un+1at)7
A (U Uy Uy—1,1) }
A (U, U1, Un1,1)
> min {oA (un— 1,y n, 1)y A (Uni 1, Unt 1, Un, T,
A (U1, Un 1 Unt1,8), 1y A (U, Uy tn—1,8) }
> min { A (un—1,tn,tn, ), M (Uni1, Unt1,Un,t),
M (Un—1 U1y Uni158) s A (Ut up—1,1) }
Therefore,
M (U, Unt1,Unt1,) > M (Un—1,Up, Un,T) (3.1.2)
Putu=u,_1,v=u,—» and w=u,, in (3.1.1), we get
A (U tty—1,un—1,t) = M (Tutp—1, Tun—2,Tuy_2,1)
> min{ A (up—1,upn—2,upn—2,t), M (Tup—2,Ttiy_2,uy—2,1),
%(Tunfl7un727un72at)7%(un717Tun723 T”n727t)a
%(T”nflvTunfl,unflat)}
v//(umun—lyun—bt)
> min{'///(un—laun—Lun—27t);%(un—1;un—laun—Zat)a
'///(umuanaunth)a%(unf] yUn—1,Upn—1 ,l),
M (U, Uy —1,1) }
-/Z(un,unflaunflat)
> min{v//(unflvunfbMn727t)a'/%(unflaunflaun727t)7
A (Ut uUn—2,8), 1y A (U, iy —1,1) }
'//(umunflaunflvt)
> min { A (U1, tp—2,Un—2,t), A (U1, Up—1,Un-2,1),
<%(un>un72aun727t)a%(unaumurtht)}
'//(unaunflaunflat) > %(unflaunf%unf%t)
Therefore,

(3.1.3)

%(un—laun—laumt) > %(un—Zaun—Zaun—laI)a

for all n.
Let us assume that {u, } is not a Cauchy’s sequence, then for
0 < & < 1,t > 0 then there exist sequence {u,, } and {u, },
where ny,my > n and ng,my € N, (ny > my,) such that
A (Uny s Uy s Uy 1) < 1 — €M (U |3ty s Uy 51)
> 1—&, M (Up, Uy, U, ,T)
>1—-¢
Consider
1 —&2> A (tp, Uy Uy )
> min{///(unk,unk,u,,k_1 1/2), A (U, 7u,,,k,umk,t/Z)}
> min{///(unk,unk,un,ﬁz,t/4),///(unk72,unk71 Uy 5 t/4),
VAU ,umk,umk,t/Z)}
> min{,//l(unk,unk,unkfz,t/4),,///(unkfz,unk7unk,t/4),
M (U, g U ,1/2) } (by using(3.1.2))
> min{///(unk,unk,unkfz,t/4),///(unk71,umk,umk,t/Z)}
> min{,//l(unk,u,,k,u,,kf1 1/4), A (uy, 7u,,,k,umk,t/2)}
(by using(3.1.2))
> rnin{//{(unk,14,”(,14,,](71 t/4), M (uy, ,umk,umk,t/Z)}
(by using(3.1.2))
> min {///(”nk—l U | Ung 5ot ]4), A (U, ,umk,umk,t/Z)}
(by using(3.1.3))
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> min {‘//l(“”k—l s Ung_y ) Uny_y 7t/4)"%(u”k—l’umk7umk’t/2)}
(by using(3.1.2))

> min{la%(”nk,l 7“mkaumkvt/2)}

> M (Uny Uy > Uy 1/ 2)

>1—-¢

=<« Therefore, {u,} is Cauchy’s sequence.

Since X is complete, there exist an element z € X such that

lim, e ut, =2

That is, A (u,,z,z,t) =1 as n — oo,

Next prove that limit z is unique.

Suppose lim,,_,u, =y for some y € X where y # z.

Then,

MY,2,2,1) = M (Y, g, 1 )2) 5 M (U,2,2,1]2)

(Since axb=min(a,b))
Taking limit n# — oo on both sides

M(Y,2,2,1) = M (y,y,y,1/2) % M (2,2,2,1/2) > 1

= <«<Therefore z is unique.

To show that z is fixed point of T'.

Since T is continuous, u, — z = Tu, — T;.
Consider A (up, i1, tnt1,t) > A (Un—1, Uy, Un,t)

Ay, Tty Ty, 1) > A (thy—1,Up, Un,t)

(Since {u,} is a Cauchy’s sequence)
Taking limt n — oo, we get

M (2,Tz,Tz,t) > M (2,2,2,t).M (2,Tz, Tz,t) > 1.

Hence, #(z,Tz,Tz,t)=1=Tz =z

Thus z is a fixed point of 7.

To prove uniqueness:

Suppose that g is another fixed point of 7.

ie., T, = q where g # z.

Now we show that g = z.

M (2,q,9,1) <1

= 1> .4(z,9,9.1)
> min{. A4 (z,z,2,t/2), #(2,q9,q,t/2)}
>min{l,.#(z,z,2,t/4),.#(z,9,9,t/4)}
>min{l,1,.#(z,z,z,t/8),.#(z,9,q,t/8)}
>min{l,1,1,.#(z,2,2,t/16),.#(z,q,q,t/16)}
2min{l,l,l.‘.,///(z,q,q,t/Zk)}
=lask — oo

=2z7=gq

= z is the unique fixed point of 7. O

Corollary 3.2. Let (X,.# ,*) be a complete generalized fuzzy
metric space and T : X — X is a continuous function and
satisfied the condition
M (Tu, Tv,Tw,t) > { M (u,v,w,t)x M (Tv,Tv,w,t) *

M (Tu,v,w,t) « M (u, Tv,w,1)}

Moreover the fuzzy metric A (u,v,w,t) satisfies the condition
Um A (u,v,w,t) =1,
t—o0

where u,v,w € X and u # v # w, then T has a fixed point in
X.
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Proof. The proof of the above Theorem (3.1) considering

the fuzzy contraction on the generalized fuzzy metric space

(X,.# ,*) where

M (Tu, Tv,Tw,t) > { M (u,v,w,t) % A (Tv,Tv,w,t) %
M (Tu,v,w,t) x M (u, Tv,w,t)} O

Example 3.3. Let X = [0, 1] and fuzzy metric is defined by

A (u,v,w,1) = ,(1>0)

t+D(u,v,w)

where
D(u,v,w) =lu—v|+v—w|+|w—u|

and * be the continuous t- norm defined by a «b = min{a,b}
explicitly, (X,.# ,*) is a complete generalized fuzzy metric
space and T be a self map on X is given by Tu = 5. Here
(3.1.1) of Theorem 3.1 are satisfied by above defined fuzzy
metric and T. Thus T has a unique fixed point in X. That is
atu=1.

Example 3.4. Ler X = [0,2] and fuzzy metric is defined by

M (u,v,w,t) = ,(t>0)

t+D(u,v,w)

where
D(u,v,w) =lu—v|+ v —w|+|w—u|

and * be the continuous t- norm defined by a*b = min{a, b}.
Clearly, (X, ,*) is a complete generalized fuzzy metric
space and T be a self map on X is given by Tu =2 — u. Now
(3.1.1) of Theorem 3.1 are satisfied by above defined fuzzy
metric and T. Thus T has a unique fixed point in X. That is
atu=0
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