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1. Introduction

S.M. Ulam [43] is the pioneer for the stability problem in
functional equations. In 1940, while he was delivering a
talk before the Mathematics Club of University of Wisconsin,
he discussed a number of unanswered problems. Among
those was the following question concerning the stability of
homomorphisms:

Let G be a group and G' be a metric group with metric
p(., .). Given € > 0 does there exist a § > 0 such that if a

Sunction f : G — G’ satisfies the inequality p (f (xy), f(x) f(y)) <

S for all x,y € G, then there exists a homomorphism h : G —
G with p(f(x),h(x)) < € forall x € G?

In 1941, D.H. Hyers [22] gave a partial answer to the ques-
tion of Ulam. In 1950, T. Aoki [2] and in 1978, Th.M. Rassias
[36] explored the further generalization of Hyers theorem for
linear mappings by considering an unbounded Cauchy differ-
ence for sum of powers of norms The result of Rassias has
influenced the development of what is now called the Ulam -

Hyers - Rassias stability theory for functional equations.

In 1982, a similar stability theorem was proved by
J.M.Rassias [34] in which he replaced the term sum of powers
of norms by product of norms. Later this stability result is
called the Ulam - Gavruta - Rassias stability of functional
equations.

All the above stability results are further generalized by
P. Gavruta [19] in 1994 considering the control function as
function of variables and proved the following theorem.

Theorem 1.1. [19] Let (G, +) be an Abelian group, (X,||-||)
be a Banach space and ¢ : G x G — [0,0) be a mapping such
that

D(x,y) = i 2759 (2"x,2%y) < eo. (1.1)
k=0
If a function f : G — E satisfies the inequality
1FCe+y) = f) = FO) < ¢ (x,¥) (1.2)

for any x,y € G, then there exists a unique additive function
T : G — E such that

1709~ T < 5@(0) (13)

for all x in G. If moreover f(tx) is continuous in t for each
fixed x € G, then T is linear.
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This stability result is called Generalized Ulam - Hyers -
Rassias stability of functional equations.

Very recently J.M. Rassias [38] introduced a new concept
on stability by introducing the mixed type product-sum of
powers of norms. This stability result is called JMRassias
stability of functional equations.

The solution and stability of following additive quadratic
functional equations

f2x+y)+ f(2x—y)

=2f(x+y) +2f(x—y) +2f(2x) —4f(x) (1.4)
f2x+y)+ f(2x—y)

= fx+y)+fx—y)+2f(2x) - 2f(x) (1.5)
glx+y) +glx—y) =2g(x) +8(y) +8(-y) (1.6)
fx=)+fy—1)+f(z—1)

3y (er;)Jrz t> Ly <2x3yz>
+f<—x+32y—z> +f<—x—3y+2z> (1.7)
Sx4+2y+32)+ f(x—2y+3z)
+f(x+2y—3z) + f(x—2y—32)

=4f(x) +8[f(y) + f(=»)]+ 18[f(2) + f(—=2)] (1.8)

were investigated by A. Najati, M.B.Moghimi [31], M.E.
Gordji et. al., [18], M. J. Rassias et. al., [33], M.Arunkumar,
J.M. Rassias [4] and M. Arunkumar, P. Agilan [5, 6].

In this paper, we establish the Ulam stability of a alternate
additive - quadratic functional equation of the form

h(zi+2z20+3z3) —h(z1 — 222+ 323)
+h(z1 422 —3z3) —h(z1 — 220 — 323)

=8h(z1) — 8h(z1 —22) +4[h(z2) + h(—22)] (1.9)

in Intuitionistic Fuzzy Banach spaces via two different
substitutions.

2. Basic Definitions of IFB Space

Now, we recall the basic definitions and notations in the setting
of intuitionistic fuzzy normed space which was introduced by
Saadati and Park [39].

Definition 2.1. [39] A binary operation * : [0,1] x [0,1] —
[0,1] is said to be continuous t-norm if x satisfies the following
conditions:

(1) * is commutative and associative;
(2) * is continuous;
(3) axl=aforallac|0,1];

(4) axb < cxd whenevera<candb <d
foralla,b,c,d €[0,1].
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Definition 2.2. [39] A binary operation < : [0,1] x [0,1] —
[0,1] is said to be continuous t-conorm if © satisfies the fol-
lowing conditions:

(1’) ¢ is commutative and associative;
(2°) ©is continuous;
(3’) ac0=aforallac|0,1];

(4’) aob < cod whenevera<candb <d
forall a,b,c,d € [0,1].

Definition 2.3. [39] The five-tuple (X, L, V,*,o) is said to be
an intuitionistic fuzzy normed space (for short, IFNS) if < is
a vector space, * is a COntinuous t-norm, < is a CoOntinuous t—
conorm, and WL,V are fuzzy sets on X x (0,00) satisfying the
following conditions. For every x,y € &/ and s,t >0

(IFN1) p(x,1)+v(x,) <1,

(IFN2) p(x,1) >

(IFN4) u(ax,t) = ( )for each o # 0,

(
(

(IFN3) u(x,t) =1, ifand only if 7 = 0.
(

(AENS) p(x,t)* p(y,s) < px+yt+s),
(

(IFN6) p(x,-): (0,00) — [0,1] is continuous,

IFN7) li — 1 and li -
(IFN7) lim pi(x,r) = 1 and limp(x,1) =0,

(IFN8) v(x,7) <1,
(IFN9) v(x,7) =0, ifand only if z=0.
(IFN10) v(ax,t) =V (x, L) for each o # 0,

(IFN11) v(x,7)ov(y,s) > v(x+y,t+s),

(IFN12) v(x,-): (0,00) — [0, 1] is continuous,

(IFN13) lim v(x,1) = 0 and lim v(x.1) = 1.

t—

In this case, (1L, V) is called an intuitionistic fuzzy norm.

Example 2.4. [39] Let (X, ||-||) be a normed space. Let a
b=aband aob=min{a+b,1} for all a,b € [0,1]. For all
x € o and everyt > 0, consider

L if t>0;
nod 7w ;
and
153 I .
v(xt) =9 il if 1>0;
0 if 1<0.
Then (X, 1, V,*,0) is an IFN-space.
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Definition 2.5. [39] Let (X, 1, V,*,0) be an IFNS. Then, a
sequence x = {x; } is said to be intuitionistic fuzzy convergent
to a point L € & if

lim p(x—Lit)=1 and lm v(x—L,t)=0

forallt > 0. In this case, we write

IF
xp — L as k — oo

Definition 2.6. [39] Let (X, 1, Vv, *,0) be an IFN-space. Then,
x = {x; } is said to be intuitionistic fuzzy Cauchy sequence if

and v(xkﬂ,—xk,t) =0

u (xk+p _XkJ) =1
forallt>0,andp=1,2---.

Definition 2.7. [39] Let (X, U, V, *,0) be an IFN-space. Then
(X, 1, v, *,0) is said to be complete if every intuitionistic fuzzy
Cauchy sequence in (X, L, V,*,0) is intuitionistic fuzzy con-
vergent (X, L, V,*,0).

Here and subsequently, assume that

e o/ - linear space;

e (¢,1, V') - intuitionistic fuzzy normed space;
e (A,u,Vv) - intuitionistic fuzzy Banach space.

Now, we use the following notation for a given mapping
h: e/ — B such that

=h(z1+22+3z3) —h(z1
+h(z14+220—323) —h(z
—8h(z1)+8h(z1 —22)
—4[h(z2) + h(—2z2)]

— 220+ 3z3)
— 2z —323)

H(z1,22,23)

forall z1,22,23 € <.

3. IFBS: Stability Results: Substitution - 1

In this section, we investigate the generalized Ulam-Hyers
stability of the functional equation (1.9) in IFB space.

Theorem 3.1. Let A€ {1,—1}. Let H: &/ — P be an odd
Sfunction satisfying the inequality

u (H(Z17Z27Z3)at) 2 H' (Qu (Z1,22,23) J)
3.1)

V(H(z1,22,23),t) < V' (Qy (21,22,23) ,1)

forall 71,720,723 € & and all t > 0. Then there exists a unique
additive mapping 7€, . of — P satisfying (1.9) and

H(% (Z) *h(Z),t) Z ,u/ (Qﬂ(Z,Z,O),tB 7p|)

v(%ﬁ(z)—h(z),t) <V (Q(2,2,0),t3— p|)
(3.2)
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forallze o andallt > 0. Here Qu,Qy : o X A x of — €

A
are functions such that for some 0 < (g) < 1 with

‘u/ (Qu (3nAZ,3”AZ73nAZ) 71‘) > I'L/ (p”AQ# (Z,Z,Z) 7,)

V(&

v (3"2,3"2,3"2) ;1) <V (p"Qy (2,2,2) ,1)
(3.3)

forallz € of and allt > 0 and

lim p' (Qy (3%721,3%2,,3™23) ,3%) =1

e An An nA (34)
lim v/ (Qy (3%721,3%22,3"23) ,3%"1) =0

n—yoo

forall 71,722,723 € & and all t > 0.

Proof. Case (1):
Let A = 1. Using oddness of & and transform (z;,z2,23)
by (z,z,0) in (3.1), we have
} (3.5)

W (h(32) = 3h(2) 1) >
v(h(3z) —=3h(z),t) <

for all z € 7 and all t > 0. Using (IFN4) and (IFN10) in (3.5),
we arrive

("2 —h(2),5) > ' (Qulz.2,0),1)
V(252 - h).§) <V (@ulz2,0),0)
for all z € o7 and all ¢+ > 0. Substituting z by 3"z in (3.6), we
have

,u '(Qu(2,2,0),1)
V' (Qy(z,2,0),1)

(3.6)

n+1
u (h(33 2) —h(3"2),

% > u (Q (3"z,3"z, 0),t)
h(3" 1, n
V( ( 3 Z>—h(3 Z),%

<V (Qy(3"z,3"2,0)),1)
3.7

S—"——

for all z € o7 and all r > 0. It is easy to verify from (3.7) and
using (3.3), (IFN4), (IFN10) that

R
v(h(;(mf) —h(gnz>, = ) <v (Q (z, Z,O) o )

(3.8)

for all z € &7 and all ¢ > 0. Interchanging ¢ into p"# in (3.8),
we have

h(3"*! h(3z) tpt
“( e — 15, éé’n) > 1 (Qu(z,2,0),1)

n+1 n n
V(h(B +I)Z> _ h(;}nZ) , ;1:;”) S v/ (QV(Z,Z,O),I)

3(n+
(3.9)
for all z € o/ and all t > 0. It is easy to see that
h(3"z) S h(3z) h(3iz)
3 —h(z) L 36 Y (3.10)
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for all z € 7. From equations (3.8) and (3.10), we arrive

u@%h<>ﬂﬁxﬁ

3z+l ) h(3iz) tpi
> H 3(,+]) - 30 9 3.30 (3 11)
h(3"z) n—11tp ’
V( 3n - ()210331)
(37l hG2) 1 p
= H: 0 V( @+ T T3 3.3
with
n—1 n—1
chzcl*cz*m*cn and dezdlodzo---odn
i=0 i=0

for all z € &7 and all r > 0. Thus from (3.9) and (3.11), we get

(M (), 2 %)
> [T ' (Q”(z z,0),t) =

v h(3nz)_ n—11p
3n i=0 3.3¢

<TII= Ov(Qv(zzO) fH=v

(Qy(Z,Z,O),t)

(Qv(Z Z, 0) )
(3.12)

for all z € o/ and all t > 0. Replacing z by 3"z in (3.12) and
using (3.3), IFN4), (IFN10), we obtain

h<3n+mZ) h(3m

3(tm) T T 3m 721 =0 3. 3 t+m
2 IJ/ (QH(3mza 3mZ70)7 )
= ,LL, (Q[J (ZaZaO)a IW

(h(3"+mz) h(3mz) n—1 t pi

3(ntm) T 3m i=0 3.3(i+m)

<V (Qy(372,3"2,0),1)
= vl (QV(Z5Z70)7 pirrt

=

<

(3.13)
)

for all z € o7 and all ¢t > 0 and all m,n > 0. Interchanging ¢
by p™t in (3.13), we arrive

h<3n+mz) 1t pH»m
u ( 3(n+m) - 2:1 0 3.3(i+m)
>u' (Q 0
= p ez )m R (3.14)
h(3""z) (3 Zn 1t pt
3(n+m) 3 £i=0 3.3(+m)

<V (Qy(z,2,0),1)

for all z € o and all t > 0 and all m,n > 0. Using (IFN4),
(IFN10) in (3.14) implies that

)>/.1 <Qu(z,z,0) o t )

173
n+m m
v(hg3(n+mf) _ h(;nz)7t) <y <Qv(z,z70)7 — =
):i:m 3.30
(3.15)
holds for all z € .« and all + > 0 and all m,n > 0. Since

O<p<land ) (%)i < oo, The Cauchy criterion for conver-
i=0

h<3n+m ) h<3m )
3(n+m) 3m

gence in IFNS shows that the sequence {hg:Z) } is Cauchy
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n (%,u,v). Since (8, uU,V) is a complete IFN-space this
sequence converges to some point . (z) € %. So, one can
define the mapping 74 : &/ —> % by

hm,u( k32 —%(Z),I) =1, and

n—o0
hmv( k3 —%’i(z),t) =0 for all z € o/ and all r > 0.
Hence

L @), s

Letting m = 0 and »n tend to infinity in (3.15), we arrive

n — oo,

B(A@ = h()0) = b (@u(e2,0116-p)

v(ffi(z)—h(z),t) <V (Q(2,2,0),1(3— p))
(3.16)

for all z € o7 and all > 0. To prove & satisfies (1.9), replac-
ing (z1,22,23) by (3"21,3"22,3"z3) in (3.1) respectively, we
obtain

u(3H (3"21,3"22,3"23) 1)

> 1 (Qu(3"21,3"22,3"23),3")
v (3H(3"21,3"22,3"23),1)

< V(Qv(3"21,3"22,3"23). 1)

(3.17)

for all z € o7 and all > 0. Now,

N(ﬁpl (z1 + 222+ 323) — 54 (21 — 220 + 323)
+ 4 (21 +222 — 323) — A (21 — 220 — 323)
— 850 (21) + 8 (21 — ) — 4[h(22) + h(~22)) 1) >

1 t
A%%a+m+%>3h@%wkﬁam@ﬁ
t
u( A (21 =20 +33)+ 5 Lh, (3n(Z1—2Z2+3Z3>)»§)*
Ii( i (z1+220 —323) — 1h (3"(z1 + 220 — 3z3)) £>*
3n '8
1 t
”( A ( 212_313)—3*‘”1 (3n(21—222—3z3)),§>*
8 t
u( =854 ) + 5o (3'21) 5 ) ¢
(8%”1 21— 22) iho(B’"(m—zz)) 5)*
3n '8
( 4[4 (z2) + 74 (—22)]
4 t
+ 5 1o (3"2) +ho (=3"22)] 5 )
1 1
u (371’10 (3”(Z1 +220 +3Z3)) - 37]’10 (3"(11 —22 —|—3Z3))
1 1
+ 37]’1() (3"(21 +222 - 323)) - 37/’1,, (3”(21 — 222 — 323))
8 " 8 n
—3—"h0(3 1)+ 53;h0 (3 (z1—22))
4 t
— 3 11 (3"2) +ho (=3"22)] 5 (3.18)
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and

v (i (2142224 323) = H (21— 22+ 323)
+ I (21 + 220 — 323) — 4 (21 — 220 — 323)
— 80 (21) + 87 (21 —22) — 4 [h(z2) + h(—22)] 1)

> V(«%ﬁ (z1 +222+3z23)

1 t
- 371’10 (3"(z1 + 222+ 3z3)), §><>

V(—%(Zl — 2z +323)

1 t
37/10 (3"(z1 — 222+ 3z3)) , g)o

v (ffi (z1 +222 — 323)

+

(I t
—3—”h0(3 (Zl+222—323))a§><>
v(—%(11—2m—3z3)
1 n t
—3—”+h0(3 (Z1—2Z2—3Z3))7§)<>
8 t
v(—&;f( )+ 3ho (3" )§><>
8 t
V<8<%”1 (21 =22) = 3o (3"(z1 = 22)) 5 g)o

v<—4[%”1 () + 74 (—22))]

4 t
+ 30 o (3"22) + o (=3"22)], §><>
1
V(37h0 (3n(Zl +212+3Z3))
1
- 371/1() (3n(Zl -2+ 323))
1
3nh 0 (3"(z1 +220 — 323))
1
— giho (3"(21 — 202~ 323))
8 n 8 ;
- ?Tnho (3 Zl) + 37/’10 (3 (Z1 _ZZ))
4 " ; ¢
= 3 (1o (3"22) +ho (=3 Zz)},g) (3.19)

orall 71,73,7z3 € & and all t > 0. Letting n — oo in (3.17), we
arrive

n n ) _
r}ggu( H(3"z,3"2,3 Z3),6) =1
(3.20)
lim v( =H(3"71,3"22,3"23), ) =0
n—oo

for all z € & and all r > 0. Letting n — o in (3.18), (3.19)

and using (3.20), we observe that 7] fulfills (1.9). Therefore,
4 is a additive mapping. In order to prove 7] (z) is unique,

let 7% (z) be another additive functional equation satisfying
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(1.9) and (3.2). Hence,
W(Ai(z) — 7 (2),1)

3"
>y (32”1 (32) —h(3"2), "

n2 >*
t23)
13"(3-p)

2>

t3"(3-p)
)o

h(3"z) — A (3"2),

=

" Qu(z,2,0)(3"2),

)

QH(Z7Z70)7 2])"

t.3"
2

t3”

[\

t3"(3
<Qv(z 2,0)(3"2), (2 P )
/ 13"(3—p)
\% <QV(Z’Z7O)72~p"
forall z € o/ and all t > 0.
t3"(3—
Since lgn 2<pnp) = oo, We obtain
3"(3
r}l_rgl-‘« ( u(z %%) 1
. 33—
im v (@045 =0

for all z € o and all t > 0. Thus

1

B(Hi(z) — A (2),1)

V(H#i(z) — A (2),1) =0
forall z € o7 and all r > 0. Hence, 74 (z)
J4(z) is unique.

Case 2:

For A = —1. Putting z by % in (3.5), we get

= ] (2). Therefore,

w(h(z)=3h(5).1) = 1 (Qu (5,

V()30 (3) 1) < V' (@0 (5.5.0) 1)

5,0).1)

[OSTIS ]

(3.21)

for all z € o and all t > 0. The rest of the proof is similar to
that of Case 1. This completes the proof. O

The following corollary is an immediate consequence of
Theorem 3.1, regarding some stabilities of (1.9).
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Corollary 3.2. Assume an odd function H : &f — 2 satis-
fies the double inequality

“(H(217127Z3),t)
W (),
APy
Yozl
V(H(Z1,22,Z3) lt) (3.22)
V3,
S (A’Z IHZtHa )a
()‘Z IHZIHal t)

forall z1,22,z3 € & and all t > 0, where A,a,ds are con-
stants with A > 0. Then there exists a unique additive mapping
A . A — B such that

p (h(z) — Hi(z),1)
w (A, 13— plt),
> QA% 113 = pl),
w (A2l +lz]|2] 213 = pl),

v (h(z) — i (2).1) (3.23)

)
V(4,13 =plr),

<q V@Al H3 = pl),
VANl +Izl12], 213 = pl),

forall z € o and allt > 0.

Theorem 3.3. Let A€ {1,—1}. Let H: of — 2P be an even
function satisfying the inequality

1 (H (z1,22,23),1) > W (Qu (21,22,23) ,1)

V(H(z1,22,23),1) < V' (Qv (21,22,23) 1) } (3.24)

forall 71,720,723 € o/ and all t > 0. Then there exists a unique
quadratic mapping 6 . of — A satisfying (1.9) and

u ()~ h(2)st) = W (Qu(22,0),119 - pl)
v(#5(2) (2.1 ) <V (Q0(2,2,0),119—pl)

(3.25)

forallz € o andallt > 0. Here Q,,Qy : &/ X o X o — €

A
are functions such that for some 0 < (g) < 1 with

,LL/ (Q” (SnAZ, 3nAZ’3nAZ) ,t)

Zu (P9 (2,2,2) 1)
v/ (Qv (3nAZ’3nAZ’3nAZ) ,t) <v

"(p™Qy (2,2,2) 1)

(3.26)
forall z € of and allt > 0 and
lim p (Qy (3821,3%%25,3"423) ,94) = 1
n—oo
lim v/ (Qy (34721,3%4%2,,3"23) ,9%) =0
n—soo
(3.27)

forall z1,22,723 € o/ and all t > 0.

Proof. Case (1): Let A=1.
Using evenness of A and transform (z1,z2,23) by (z,z,0)
in (3.24), we have

H " (Qu(z,2,0) 1)
v

"(Qy (z,2,0),1) } (3.28)

>
—9h,(z),1) <

for all z € o/ and all r > 0. Using (IFN4) and (IFN10) in
(3.28), we arrive

—h(2),§) = 1 (Qu(2:2,0).1)

3.29
V(52 —h().5) <V (@ (22,0).1) o

for all z € o/ and all ¢ > 0. The rest of the proof is similar to
that of Theorem 3.1. O

The following corollary is an immediate consequence of
Theorem 3.3, regarding some stabilities of (1.9).

Corollary 3.4. Assume an even function H : &/ — 9 satis-
fies the double inequality

’(/W),
H(AXL [[=il0)
(AT )
(A,1),
(A’Z?:1||Zi”a7t>7
(A Xy lfzill,1),
(3.30)

W (H(z1,22,23),1) >

v (H(z1,22,23),1) <

< ULEETE

forall z1,z2,z3 € & and all t > 0, where A,a,d}s are con-
stants with A > 0. Then there exists a unique quadratic map-
ping 76 : o/ — P such that

p (h(z) — H5(2),1)
w (A, 19— plr),
> 9 W A|1%19 - pl),
WAzl +[|z]]“2],#19 = pl)
v (h(z

) = H5(2),1)
vi(4,19=plr),

<9 VAl 19—pl),
VIl +[zl12), 219 = pl)

(3.31)

forall z € of and allt > 0.

Theorem 3.5. Let A€ {1,—1}. Let H : &/ — 9 be a function
satisfying the inequality

W (H(z1,22,23),1) > W' (Qu (21,22,23) 1) (3.32)
V(H(Z17227Z3)at)§vl(QV (Z],Zz,Zg,),t) '

forall 71,722,723 € &/ and all t > 0. Then there exists a unique
additive mapping 74, . &/ — 9B and a unique quadratic

208
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mapping 76 . of — B satisfying (1.9) and

y,(h(z) H(2) — H5(2), 2f)
> 1 (Qu(2,2,0).1[3 — p|) *

“/(QM(Z’Z7 )t|3 pl)

1 (Qu(—2,-2,0),73—p|) *

W (Qu(—z,-2,0),1|3— p|) *

.u/ (Q”(Z,Z,O),l‘|9—p|)*

H/EQ#(v ’ ),l|9—p|)

,LL/ Q#(—Z,—Z7O),t9—p|§*

[.L/ (Q#(—Z,—Z,O),[p p|

(3.33)

v (h(e) ~ () - (), 21
< V(Qv(2,2,0),1[3=p|)o

Vi(Qy(z,2,0),1[3 = pl)o
V/(.Q. ( _Z70)7t|3_p|)<>
V/(.Q. (_17_Z70)’t|3_p|)<>
v (Qy(z,2,0),t]9 — p|) o
VI (Q(
Vi (Q(
v (Qy(

forallz € o andallt > 0. Here Q,,Qy : &/ X A X o — €

A A
are functions such that for some 0 < (B <1;0< (%) <
1 with conditions (3.3), (3.26) and (3.4), (3.27) for all z € o/
and all t > 0 and for all 71,722,723 € o/ and all t > 0.

Proof. Let ho(z) = % for all z € o7. It is easy to
verify that 2p(0) =0 and hp(—z) = —ho(z) forall z € &7. By
definition of h¢(z), we have

U (ho(z1,22,23),1)
= w(h(z1,22,23) —h(—z1,—22,—23),2t)
> p(h(z1,22,23),t) *
w(h(—=z1,—22,—23),t)
> w (Qu(z1,22,23) 1) *
W (Qu(—z1,—22,—23) ,)
(3.34)
v (ho(z1,22,23),t)
=V (h(z1,22,23) —
<V (h(z1,22,23),1)©
v (h(—z1,—22,—23),t)
<V (Qy(z1,22,23),1) ¢
vV (Qy(—z1,—22,—723),1)

3)721)

( 21,—32,— %

for all z;,22,23 € o/ and all ¢+ > 0. By Theorem 3.1, there
exists a unique additive mapping 7] : &7 — £ satisfying

209 X

(1.9) and

2,0),1[3 = p|) *
NMBM)
(3.35)

(m@ﬂ%@ﬁ

v’(Qv(z z, 0) 13— p\)
vl(gv(i 7Z30)vt|3 P|)
Vv (Qv(~z,-2,0),¢3—p|)

forall z€ o and all ¢ > 0.

Also, let hg(z) = h@)+h(=2)
verify that hg(0) =0 and hg(—z) =
definition of hg(z), we have

for all z € o7. It is easy to
he(z) for all z € o7 By

u (he(z1,22,23),t)

= (h(z1,22,23) + h(—21,—22,—23),2t)

> 1 (h(z1,22,23),1) * o (h(—z1, —22,—23),1)

> u (Qu(z1,22,23) 1) # 1 (Qu (—21, —22,—23) 1)
v (he(z1,22,23),1)

=V (h(z1,22,23) + h(—21,—22,—23),2t)
<v(h(z1,22,23),t) oV (h(—21,~22,723),1)

< v/ ('QV (Zl,Z2,Z3) ,l‘)()V’ ('QV (7Z1,7Z2a 7Z3) 7t>

(3.36)

forall z1,z2,7z3 € &7 and all t > 0. Also, by Theorem 3.3, there
exists a unique quadratic mapping 543 : of — 2 satisfying
(1.9) and

£(@) = B(2)1)
(@ (2,2.0),119— p) 4’ (2u(2,2,0).119— pl)

':: i 0

ulh
>
W (Qu(=2,-2,0),119 = pl) ' (Qu(~z,~2,0),119 - p|)
V(e - Aa(2).1)
<VI(Qy (Z 2,0),2|9 = p[) oV (Qy(z,2,0),119 — p[)
V! (Qy(—2,—2,0),1[9 = pl) o V! (Qv(—2,—2,0),1[9 — p)
(3.37)
forall z € o/ and all t > 0.
Suppose if we define a function %(z) by
h(z) = ho(2) + he(2) (3.38)
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for all z € 7. It follows from (3.35), (3.37), (3.38), we arrive

u@@—%@—%@g
> 1 (o(@) = Ai(2).1 ) # (e () — A3(2).1)
> 1 (Qu(z,2,0),13—p|) *
”(Z,Z,O),l‘|3*p|) *
(_Z’ _Z70)7t‘3_p|) *
(_Z’ —Z,O)JB—]JD *
#EZ7Z7O)7I|9_p|) *
(
(

2N
~ T~

T E

u z,z,O),t|9—p|)*
*Z,*LO)J‘Q*FD*
—Z,—Z,O),t\9—17‘)
(Z)*%(Z),Zl

A (2).1) ov (e ()~ H(2).1)
= 7Z’0)’ |3_p|)<>

~ -~ ~ =

oo =R

=

EEEEEETE
~ e~~~ —— Y
=

X

v@@f

A A
< <
~
IS
~ &
-~

(Qv(z

(Qv(

(Q' ( Z70)7t|37p|)<>
(QV(Z,Z,O),I|9—p|)<>
(‘Q‘ (Z’Z>O)>l|9_p|)0
('Q' (—Z,—Z,O),l‘|9—p|)<>
(Qv(

forall z€ o7 and all ¢ > 0. O

The following corollary is an immediate consequence of
Theorem 3.5, regarding some stabilities of (1.9).

Corollary 3.6. Assume a function H : &f — 9 satisfies the
double inequality

H'( 1),
H(H(117Z2,Z3),t) > u (121 1||Zl|| ) )7
WAL [fzilr)
v/ (A1),
V(H(Z],Z2,Z3),t) < 4 (AZ?zl Hzi||a7t)v
V(AL [fzil]r)

(3.39)

forall zi,22,z3 € o/ and all t > 0, where A,a,ds are con-
stants with A > 0. Then there exists a unique additive mapping
I - A — B and unique quadratic mapping 76 . A — B
such that

(h(z) = Ai(z) =
w (A, 13=ple+19—plt),
>q M QAl[ 13— pl+1|9—pl),
A=l +[1zl[2], 213 = pl 219 = pI),
) = H(2) = H3(2), 2t)
WA, [3=ple+19—plt),
<q WAL 13 = pl+1[9—pl),
w Al +1lzl|2], 213 = pl+219 = pl),
(3.40)

H5(2),21)

v (h(z

allze o/ and allt > 0.
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4. IFBS: Stability Results: Substitution - 2

In this section, we investigate the generalized Ulam-Hyers
stability of the functional equation (1.9) in IFB space via
another substituton .

Theorem 4.1. Let A€ {1,—1}. Let H: &/ — % be an odd
function satisfying the inequality
} 4.1)

forall z71,22,723 € &/ and all t > 0. Then there exists a unique
additive mapping 7 : of — B satisfying (1.9) and

B (H (z1,22,23),1) > W' (Qu (21,22,23) ,1)
V(H(z1,22,23),t) < V' (Qy (21,22,23) ,1)

u(%i(Z) —h(Z),t) > 1 (Q0(2,2,2), 513 - pl)
v(% () —h(z),t) <V (Q9(z,2,2), 53— pl)

(4.2)
where
w(Q9(z,2,2),1)
S0 300w G390 | s,
=V(Qv(5:5:3) 1) oV (Qv (5:5:%) 1)

forallze o/ andallt > 0. Here Q,Qy : A X A X A —C

A
are functions such that for some 0 < (%) < 1 with

'u/ (QH (3nAZ’3nsz3nAZ) ,t) >
4 (Qv (3"Az, S"Az, 3”Az) ,t) < (p"AQ.V (z,2,2) ,t)

forall z € of and allt > 0 and

Q” (SAn2173AnZ2,3nAZ3) ’3Ant) =1
QV (3Anzl’3An1273nAZ3) ’3Ant) =0 (45)

m
lim v/ (

n—oo
forall z1,23,23 € o/ and all t > 0.

Proof. Case (1): LetA=1.
Using oddness of 4 and transform (z;,z2,23) by (%, 5, %)
and (%,%,%) in (4.1), respectively, we have

(4.6)

IN<IVE
=
b/-\
=
o+
S ":"“
ol

and

IN<IVE
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for all z € o7 and all t > 0. It follows from (4.6), (4.7) and
[(IFNS5)], [AFN11)], we arrive at

1 (o (3x) — 3hy(2),2t)

> u (ho 31) +/’la(22) - /’l(,(Z) - 8h0 (%) 7t) *
1 (ho(22) + ho(2) +ho(2) = 8ho (5) 1)

o (Q (53:3) 1) (R (3:5.8).1)

=y (93(2)7’)

V (ho(3x) — 3ho(2),2t)

<V (ho(32) + ho(22) — ho(z) — 8ho (%) ,1) ©
V (ho(22) +ho(2) + o (2) — 8o %9 1)

V(@ (53.3) 1) oV (@ (5.5.1).1)

=V (Q0(2),1)

(4.8)

for all z € o and all r > 0. Using (IFN4) and (IFN10) in
(4.8), we arrive

(" -2, %) = ' (Q2).1)
v(*52-n(). %) <V (Q0).0)

for all z € o/ and all ¢ > 0. Substituting z by 3"z in (4.9), we
have

(4.9)

n+1
‘u(h(33 2) —h(3"2),

2t
3
V(M w3, ) < v (@9(312).0)

3
(4.10)

forall z € o/ and all ¢ > 0. It is easy to verify from (4.10) and
using (4.4), (IFN4), (IFN10) that

3"z K(3"z)
3(n+1 3n 9 3.3n

€

) Pt

h(3"+lz) h(3"z) 2t ’ o0 t
V( s — o) SV V(@)

@11

for all z € &7 and all r > 0. Interchanging ¢ into p"t in (4.11),
we have

]<3n+] ) h(3n ) 2. pht 0
S~ e agr ) 2 1 (Q1(2),0) “n
h 3n+l h(3%z) 2 .
v(HRd -1 2 < v (@9(2),1)

forall z € o/ and all r > 0. It is easy to see that

h(3"z)

SRS ¢

for all z € &7 From equations (4.11) and (4.13), we get

31+1 ) ]’l(?’lZ)
3i

(4.13)

“(@ —h(2) Xi) 3 )

> I h(3Hlz)  h(3iz) u pi)
= 3<z+1) 30 033
v(h( ( ) n 12t pf (4.14)
31 i=0 3.3
( 3it+1 ) _ h(3iz) 2t pi
<1 ( S T3 3
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with

n—1
ch:CI*CZ*"'*Cn
i=0

for all z € o7 and all ¢ > 0. Thus

n—1
de =diodyo---od,
i=0

and

2 pl

3.30
U (Q4(2)1)

.u(h(g:Z) —h(Z), :l ()l
> 1y 1 (Q4(2).1)
v(h<§:z) —h(2), X1 55

<IIS V' (Q0(2),1) =V (Q0(2),1)

for all z € o/ and all r > 0. Replacing z by 3"z in (4.15) and
using (4.5), (IFN4), (IFN10), we obtain

n-+m
u(hg:?ner)Z) T T am ’Zl =0 3?15171 )
> W (Q8(2)(372),1) = 1 (Q2(2), )
h(3"tMz)  h(3™z) vn—1 2t p!
V( 3(n+m) 3m 7Zi:0 3_3(i+n1))
v (Q9()32),1) = V' (Q9(2), 7 )

for all z € o/ and all t > 0 and all m,n > 0. Interchanging ¢
by p™t in (4.16), we get

(4.15)

N”w
< ®RE @
N— N———

(4.16)

h 3n+mz 12 it+m 0
ou“( :(),()Hrm)) T T 3m aZ:l 0 3. 3!j+m ) 2 ,‘Jv (Q” (Z),t)
h(3n+mz) 3m 12t Pt+m 1o}
V( 3(n+m) - 3’" Z:l 0 3.3(i+m) < v (‘Q‘V (Z)7t)

4.17)

for all z € &7 and all t > 0 and all m,n > 0. Using (IFN4),
(IFN10) in (4.17) implies that

0
7t) Z ,LL/ (Qﬂ (Z)7 2,1112],1)
1=m 3.3l

7t) SV/ (Qe( ) Zn fz,ﬂ)

3(n+m) 3m

(h(3"+mz) h(3"z)

h<3n+mz) h<3mz>
3(n+m) T T am
i=m 3.30

(4.18)
holds for all z € .« and all + > 0 and all m,n > 0. Since

n )
O<p<land ) (%)l < oo, The Cauchy criterion for conver-
i=0

gence in IFNS shows that the sequence {h@;’z)

in (%,u,v). Since (%,u,v) is a complete IFN-space this
sequence converges to some point .74 (z) € 9. So, one can
define the mapping 74 : &/ — A by

} is Cauchy

h(3"z) _
lim <3jfl<z>,r> 1,
. h(3"z)
nlggv< = —jﬁ(z),t>_0
for all z € o7 and all ¢+ > 0. Hence
n
]’l(3 Z) L%(Z), as 1 —s oo

3)1
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Letting m = 0 in (4.18), we arrive

for all z € o7 and all t > 0. Letting n tend to infinity in (4.19),
we have

(4.20)

for all z € o and all r > 0. To prove 7] satisfies (1.9) and it
is unique the proof is similar to that of 3.1. U

The following corollary is an immediate consequence of
Theorem regarding some the stabilities of (1.9)

Corollary 4.2. Assume an odd function H : &f — 2 satis-
fies the double inequality

(A1),

(AZ, llaillr)
1 (H(z1,22,23),1) = ()LZ, NIFIERE
(lnl 1||Z1H ’ )7
((/{LT)I Lo Ml

t

(AXE =il r),
EAZ?] |‘Zi||ai7t)7
(

~ '~ ‘'~ ‘'~ <

TEEEET

V(H(z1,22,23),t) <
AT Mfzill9)
AT il |2)

21

forall z,22,23 € & and all t > 0, where A,a,d.s are con-
stants with A > 0. Then there exists a unique additive mapping

212

IA A — B such that

w(h(z) = A (2).1)
WAL 3= pl),
W (Al [+ &1 1B pl),
u’é A [ 2 ]
> t|3—p|),
W (2A11lPe [ + pigs | 113 p)
! (2Allzllor+etes | grrbzess + vz |
t|3—p|),
v (h(z) = 4 (2).1)
v/ (24,3 — p|t
v (2AIJZ [+ & 13— ).
V(22 [z”;!ll 2“22J£“2+"§UZ3 + 1421,
< t\3—pl),
v (2201l | + i | 13— pl)
v (24l 4 [ e + g |
t\3—pl),

(4.22)
forall z € o and allt > 0.

Theorem 4.3. Let A€ {1,—1}. Let H : &f — P be an even
function satisfying the inequality

W (H(z1,22,23),1) > W' (Qu (21,22,23) 1)
V(H(z1,22,23),t) < V' (Qy (21,22,23) ,1)

} (4.23)

forall 71,722,723 € o/ and all t > 0. Then there exists a unique
quadratic mapping 76 . o/ — A satisfying (1.9) and

()~ h@).r) = 1 (QE(2).116 - p)

v(#(2) — h(2).1) <V (2 (2).116— p)
(4.24)
where
W (QE),1) =1 (2 (5:5:%) 1)
o S e W B

forallz € o andallt > 0. Here Q,,Qy : o/ X o X o — €
A

are functions such that for some 0 < (%) < 1 with

H "(p™Qu (2,2,2), t)}

\%

"(p™Qy (2,2,2) 1)
(4.26)

‘u/ (Q‘IJ (4nAZ’4nAZ74nAZ) ,t) >
v/ (Qv (4nAZ74nAZ74nAZ) ,t) <

forall z € of and allt > 0 and
lim ' (

Qu (4%7),4%75,4"73) | 16471) = 1
n—soo
lim v/ (QV (4A”zl,4Anzzy4"AZ3) ) 16Ant) =0

n—oo

forall 71,722,723 € & and all t > 0.
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Proof. Case (1): LetA=1.

Using evenness of /4 and transform (z1,22,23) by (%, 5, %)
in (4.23), we have

(4.28)

for all z € o/ and all r > 0. Using (IFN4) and (IFN10) in
(4.28), we arrive

(4.29)

for all z € o/ and all t > 0. The rest of the proof is similar to
that of Theorem 3.1. U

The following corollary is an immediate consequence of
Theorem 3.3, regarding some stabilities of (1.9)

Corollary 4.4. Assume an even function H : of — 2 satis-
fies the double inequality

u (A,
u (lZ, lzille)
“(H(117Z27Z3)’t> > u’ (lZz 1 ||Zl|| )
,LL (lHZ l||ZlH ) )7
W (AT Millr)
vV (A1),
V’(/IZ?ZLHZiH“J),
V(H(ZI’Z27Z3)J) < v/ (A‘Zl 1HZ1|| i )
v (/IH, i |[zil12) 5
\2 (A’Hl 1||Z1Ha t)

(4.30)

forall z,22,23 € & and all t > 0, where A,a,d.s are con-
stants with A > 0. Then there exists a unique quadratic map-

213

ping 76 : o/ — P such that

' (A, 116 —plr)

W (el [3+ ] 16 = pl),

w (2 [qul+|\z 2+H§U33}7
1116 — pl)

W (MR [ ] 116 —p1)

/(l‘|z||a1+az+a3 1 } ,

1 (h(z) — H5(2),t) >

a1 Fay 3a3
l|16—pl),
V' (A,[16— p\t
V (A2l [5 + 52 ] 2116 = pI),
V’é Iz +Hzl\“z Hgl{jﬂ’

t|16_p‘)7
V/ (A’HZH?’a [22a13a 7t|16_p|) )
vl(l||z||a1+a2+a3 W}

t|l6_p‘)a

v (h(z) — #5(2),1) <

4.31)
forall z € o and allt > 0.

Theorem 4.5. Let A€ {1,—1}. Let H : &/ — 9 be a function
satisfying the inequality

.u(H(ZlaZ27Z3),I) Z IJ'/ (QIJ (ZI,ZZ,Z:S)J)
<v

v (H(z1,22,23),t) (Qy (21,22,23) 1) } 4.32)

forall 71,722,723 € &/ and all t > 0. Then there exists a unique
additive mapping 7 . &/ — B and a unique quadratic
mapping 76 . of — B satisfying (1.9) and

u(h() = A1)~ A(2)1) = 1 (QEE (2).1)
v(he) = A (2) ~ H(2).1) <V (QPE(2).1)

(4.33)
where
W (QPE(2),1) = u' (QF(2) + Qf (2), 513 — p| +1[16 — p|)
V(QPE(2),1) = V' (QV(2) + Q4 (2), 513 — pl +1[16 — pl)

(4.34)

forallze o andallt > 0. Here Qu,Qy : o X A x of — €

1A% p\A
are functions such that for some 0 < <7) <1;0< (Z) <

1 with conditions (4.4), (4.26) and (4.5), (4.27) for all z € &/
and all t > 0 and for all z1,z7,723 € o/ and all t > 0.

Proof. Let ho(z) = % for all z € «7. It is easy to
verify that 1p(0) = 0 and ho(—z) = —ho(z) forall z € &7. By
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definition of hp(z), we have Suppose if we define a function A(z) by

U (ho(z1,22,23),t)

= p(h(z1,22,23) — h(—21, —22,—23),21) h(z) = ho(z) +he(2) (4.39)
> W (h(z1,22,23),1) * p (h(=21,—22,—23),1)

Z ,u, (Qu (Zl ;ZZ,Z3) 7[) *.ul (Qﬂ (7Z137Z23 7Z3) 7t)
v (ho(z1,22,23)1) for all z € <7 It follows from (4.36), (4.38), (4.39), we arrive
=v(h(z1,22,23) — h(—z1,—22,—23),2t)

<V (h(z1,22,23),8) oV (A(—21,—22,—23),1)

<V(Qy (21,22,23) 1) oV (Qy (=21, —22,—23) ,1) u(h(Z) — H(2) —«%(Z)Jt)

435 = 1 (ho(2) + he(2) = i (2) — H5(2), 2
for all z1,22,23 € & and all t > 0. By Theorem 4.1, there >ulho(z) fﬁ(z),t) *[J(hE(Z) fﬁiﬂz(z),t)
exists a unique additive mapping 74 : &/ — 4 satistying > (QE(Z),%B —p|) *p! (Qﬁ(z),t|16—p|)
(1.9) and =W (QF(2) +Qp(2), 53— pl+1]16 - p|)

= (QPF(2),1
u (h/o(z)o—%”:(z),t / y (h () - A (2) - H42)
> W (Q0(2), 53— pl) 1’ (QF(2), 53— pl)
S CHORIERYY) = v(lole) +he(c) = () = () 21)
v(ko(0) - #(2).1) > v(ho(@) = Hi(2).t) ov (he(z) ~ H5(2)1)
<V (Q9(2), 53— pl) oV (Q7(2), 513~ pl) > V' (Q9(2), 513 = pl) o V' (@7 (2),1]16 - p])
<V (Q9(2),513 - pl) =V (Q0(z2) + Q5 (2), 53— p| +1/16 — p|)

(4.36) =V (P (2).1)

where p’ (Qf(2),1) and v/ (QY(z),) are defined in (4.3) for

allz€ o7 and all > 0. forall z€ o/ and all t > 0. O
Also, let hg(z) = % for all z € &/. It is easy to

verify that £(0) = 0 and hg(—z) = hg(z) for all z € <7, By

definition of hg(z), we have

U (he(z1,22,23),1)

=u (h(zlaZ27Z3) +h(71137127 713)321‘)

> W (h(z1,22,23),1) * u (h(—z1,—22,—23),1)

> ,Ll, (Q# (Z],Z2,Z3) 7t) *[.Ll (QIJ (7Z137Z237Z3) 7t)
v (hg(z1,22,23),1)

The following corollary is an immediate consequence of
Theorem 4.5, regarding some stabilities of (1.9).

=v(h(z1,22,23) + h(—z1,—22,—23),2t) Corollary 4.6. Assume a function H : o/ — A satisfies the
<V (h(z1,22,23),t) oV (h(—z21,—22,—23),1) double inequality
<V(Qy (21,22,23),1) o V! (Qu (=21, 22, —23) ;1)
4.37) W)
for all z,z2,23 € &7 and all r > 0. Also, by Theorem 4.3, there Iy (;L Zz 1zl )
exists a unique quadratic mapping 7% : .of —> 9 satisfying W(H(z1,22,23),) > ¢ M (A Zl p |zl ) J
(1.9) and (AT il 1),
(AT [zl 1)
u(hE(Z)—f”fz( )ot) v/ (A1),
> 1 (QF(2)116 ~ ) = 1 (62,1116 - p) VALt
i (Qg 16—l u\2)s V(He(z1,22,23),1) < ://: 812_)[,331 |||Zi|||:7;))a
i=1 1%l 5T)
v (i (@) - #5(2).1) v (ATE Ilail,1)
< V(@Y (2),1]16 = p|) oV (Q (2), 116~ p|) (4.40)
< V' (Q7(2).1]16 - p|)

(4.38)

forall 21,220,723 € &/ and all t > 0, where A,a,d.s are con-
where p1 (Q(z),) and v/ (Q¥ (z),1) are defined in (4.25) for  stants with A > 0. Then there exists a unique additive mapping
allz€ o7 and all t > 0. I of — B and unique quadratic mapping 76 . oA — B
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such that

u (h(z) — 74 (z) — #5(2),2t)
W (32,]3 = plt+ 16 — plr),

! (Mlelle (2[5 + &) + [2+ 2]}
t|3fp|+r\167p|),
u’(A[SHZH‘” BT EC T
+1 }f|3 pl+1]16 — p|)
H/({z [ 22a6a:| [22334 } ,
t|3*p|+[‘167p|>7
(Rl

u
1 1
{2 |:2a1+a2+ar; payt+ap '6‘13:| + |:2a1+a2‘3a3:| } ’

(3= p|+1]16-p]).

v

v (h(z) — Hi(z) — H5(2),21)
V' (34,3 — p|t+|16 pl),

V(A (2[5 + g ] + [+ 3] b
(I3~ pl+1[16-pl),

WAl 2[5+ &)+ 3+ )}
(3= pl+1]16—p])

4 Slell®2 ) 20l Jle]]*3
2@ + 243 343
LIz}

+¢a3 } t13—p|+1t]16—p|),

(
v ({2l + o]+ [ ]}
(

r( 5 [3ll
v /’L[ 51

IN

t13—pl+t|16—p|),
! /'LHZ”al-&-az-&-ag

v
2 1 + 1
241 +a2+a; 241 +ay 693 241 +ap .343 9

(3= pl+1l16—p)

(4.41)

allze o/ and allt > 0.
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