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Abstract

We introduce the concept of 1-fuzzy 0-open (resp. i1-fuzzy 0-closed), 1-fuzzy M-open (resp. 1-fuzzy M-closed)
sets in fuzzy topological spaces in the sense of Sostak’s. Also, we introduce 1-fuzzy 6-interior (resp. 1-fuzzy
0-closure), 1-fuzzy M-interior (resp. t-fuzzy M-closure) and investigate some of their properties. Moreover, we
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1-fuzzy §-preopen, 1-fuzzy a-open, 1-fuzzy e-open and 1-fuzzy ¢*-open in Sostak’s fuzzy topological spaces.
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Contents [26]. Ganguly and Saha [10] introduced the notions of fuzzy

d-cluster points in Chang’s [5]fuzzy topological spaces. Kim

1 Introduction...........cooviiiiiiiiiiiiiiiiennnnnn. 234  and Park [14] introduced r-6-cluster points and §-closure
2 Preliminaries........ccoeiiiiiiiiiiiiieiiiieniinn. 235  operators in Sostak’s fuzzy topological spaces. It is a good
extension of the notions of Ganguly and Saha [10]. Park et

3 1fuzzy 6-open and i-fuzzy 6-closed sets......... 236 al. [20] introduced the fuzzy semi-preopen. In 2008, the
4  1-fuzzy M-open and 1-fuzzy M-closed sets........ 237  initiations of e-open sets, e*-open sets and a-open sets in
5 CONCIUSION ...ovueueeeneeeeeeeeeieeneeanenas 241 topological spaces are due to Erdal Ekici[[7],[8]]. Sobana et al.
References ........covvvviiiiiiiiiiiiiiieiannennn, 241 [28] defined r-fuzzy e-open sets in Sostak’s fuzzy topological

space. Vadivel et al. [30] introduced r-fuzzy e*-open sets in
Sostak’s fuzzy topological space. In 1968, Velicko studied 6-
1. Introduction open sets [31] and §-open sets for the purpuse of investigating

A ) ) the characherizations of H-closed topological spaces. semi-
Sostak [27] introduced the fuzzy topology as an extension of open set [17] were initiated by Levine in 1963. In 1993,

Chang’s fuzzy topology [S]. It has been developed in many  Raychaudhuri and Mukherjee defined S-preopen sets [24].
directions [12, 13, 25]. Weaker forms of fuzzy COIltil’lllity In 1997, 5-semiopen sets was obtained by Park [21] and 6-
between fuzzy topological spaces have been considered by semi-open sets were obtained by Caldas in 2008 [4]. Shafei
many authors [2, 3, 6, 9, 11, 19, 22] using the concepts of ;o duced fuzzy 6-closed [32] and fuzzy 6-open sets in 2006.
fuzzy semi-open sets [2], fuzzy regular open sets [2], fuzzy  \paonrabi et al.[18] introduced the notion of M-open sets in
preopen sets, fuzzy strongly semiopen sets [3], fuzzy y-open topological spaces in 2011.

sets [11], fuzzy -semiopen sets [1], fuzzy 8-preopen sets

[1], fuzzy semi §-preopen sets [29] and fuzzy e-open sets In this paper, we introduce the concept of i1-fuzzy 0-
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open (resp. 1-fuzzy 0-closed),t1-fuzzy M-open (resp. 1-fuzzy
M-closed) sets in fuzzy topological spaces in the sense of
Sostak’s. Also, we introduce 1-fuzzy O-interior (resp. 1-fuzzy
6-closure), 1-fuzzy M-interior (resp. 1-fuzzy M-closure) and
investigate some of their properties. Moreover, we investigate
the relationships between 1-fuzzy open, t1-fuzzy 6-semiopen,
1-fuzzy 6-open, 1-fuzzy J-semiopen, t-fuzzy 8-preopen, 1-
fuzzy a-open, 1-fuzzy e-open and 1-fuzzy e*-open in Sostak’s
fuzzy topological spaces.

2. Preliminaries

Throughout this article, we denote nonempty sets by X, ¥
etc., /=00, 1]and Iy = (0, 1]. Fora €I, &(x) =, Vxe€
X. A fuzzy point x; for ¢t € Iy is an element of IX such that
t ifyisequal to x

x(y) = o

0 ifyis not equal to X.

Let Pt(X) denote the set of all fuzzy points in X. A fuzzy
point x, € p iff t < (x). u € IX is quasi-coincident with v,
denoted by ugv, if 3 x € X such that p(x) +v(x) > 1.

If u is not quasi-coincident with v, we denoted ugv. If Ais a
subset of X, we define the characteristic function Y4 on X by

) 1 ifxeA,
X) =

x4 0 ifx¢A.
standard in the fuzzy set theory.

All notations and definitions will be

Lemma 2.1. [27] Consider X be a nonempty set and L, V €
IX. Then

(i) UqV iff there exists x; € W such that x,qV .
(ii) uqv, then L Av #0.
(iii) pgv iff u <T—v.
(iv) u < Viff x; € uimplies x; € v iff x;qu implies x;qVv
implies x;gU.

(v) x:q '\/ V; iff there exists ig € WL such that x;gVi,.
ey

Definition 2.2. [27] A function ©: 1X — I is called a fuzzy
topology on X if it satisfies the following conditions:

(1) z(0)=1(1)=1,
(2) T(Vier Vi) > Nier ©(vi), for any {;}ier C 1%,
(3) t(viAv) > T(vl)/\’c(vz),forany Vi, \» € X,

The pair (X, T) is called a fuzzy topological space or Sostak’s
fuzzy topological space or smooth topological space (for short,

fts, sfts, sts).

Remark 2.3. [23] Let (X, t) be a sfts. Then, for every 1 € I,
7, ={v € IX : 1(v) > 1} is a Change’s fuzzy topology on X.

Theorem 2.4. [25] Let (X, t) be a sfts. Then for each
w e IX, 1 €ly, we define an operator C; : IX x Iy — IX as
follows:
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Co(u,)=NverF:u<v, t(1-v)>1}.
For u, v € IX and 1,s € Iy, the operator C; satisfies the fol-
lowing conditions:

(1) C:(0,1) =0,

(2) u<Ce(u, ),

(3) Ce(p, YV Ce(v, 1) =Ce(uV v, 1),
(4) Ce(p, 1) <Colu, ) if L <5,

(5) Ce(Ce(u, 1), 1) =Ce(p, 1).

Theorem 2.5. [25] Let (X, tT) be a sfts. Then for each
1 €Iy, pu € IX we define an operator I : IX x Iy — IX as
follows:

L(p, ) =V{veX:u>v, t(v) > 1}.

For u, v € IX and 1,s € I, the operator I satisfies the fol-
lowing conditions:

(1) L(L,1) =1,

(2) u>1Ir(u, 1),

(3) L(u, YAL(v, 1) =L(UAV, 1),

(4) In(p, 1) <It(u, s) ifs <1,

(5) L(Ie(p, 1), 1) = Ie(u, 1),

(6) Ie(1—p,1) =1—Ce(u, 1) and Ce(1—p,1) =1~
I(p, 1)

Definition 2.6. [15] Let (X, ) be a sfts. Then for each
velX x, € B(X)and1 €Iy, v is called

(i) 1-open Qr-neighbourhood of x; if x,qv with T(v) > 1.
(ii) 1-open Ry-neighbourhood of x, if x,qv with v = I;(C;
(1, 1), ).
We denote Q¢ (x;, 1) ={v eIl :x,qv,t(v) > 1}, Rt (x;, 1)
={velX: xqv=01(C/(u, 1), 1)}
Definition 2.7. [15] Let (X, ) be a sfts. Then for each
welX, x, € B(X)and 1 € Iy, x; is called

(i) 1-T cluster point of W if for every v € Q¢(x;, 1), we
have vqu.

(ii) 1-0 cluster point of W if for every v € R¢(x;, 1), we
have vgL.

(iii) An 8-closure operator is a mapping Dy : IX x [ — IX
defined as follows: 8C.(u, 1) or D(u, 1) = \V{x €
P,(X) : x; is r-O-cluster point of U}

Definition 2.8. Let (X, T) be a sfts. For u, v € IX and 1 € I,
W is called an

(i) 1-fuzzy &-semiopen (resp. 1-fuzzy O-semiclosed)[28]
set lf“ SC‘L’(S[‘F(H7 l)a l)
(resp. It(6Cz (1, 1), 1) < ).
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(ii) 1-fuzzy 6-preopen (resp. 1-fuzzy O-preclosed)[28] set
lf"L S IT(SCT(.LLv l)7 l)
(”6’5]9- CT(SIT(ILL’ l)a l) S ,U)

(iii) 1-fuzzy a-open (resp. 1-fuzzy a-closed)[28] set if u <
I:(C (811, 1), 1), 1)
(resp. Co(I(8Cc (1, 1), 1), 1) S ).

(iv) 1-fuzzy e-open (resp. 1-fuzzy e-closed)[28] set if u <
Ce(8I(u, 1), 1) VIr(8C(u, 1), 1)
(resp. Cz(0Iz (1, 1), 1) ANI:(8C(u, 1), 1) < ).

(v) 1-fuzzy e*-open (resp. 1-fuzzy e*-closed)[30] set if
[,L SCT(IT(5CT(”a l)7 l)7 l)
(resp. It(Ce (81 (1, 1), 1), 1) < ).

(vi) 1-fuzzy semiopen (resp. 1-fuzzy semi-closed) [16] set if
.u S CT(I‘L'(.U'7 l)a l)
(”esll IT(CT(.U“7 l)7 l) S ,LL)

3. 1-fuzzy 6-open and :-fuzzy 6-closed
sets

In the following section, we introduce the concepts of 1-
fuzzy O-interior (resp. 1-fuzzy 0-closure), 1-fuzzy 6-open
(resp. 1-fuzzy O-closed), 1-fuzzy 0-semiopen (resp. t-fuzzy
0-semiclosed), 1-fuzzy 0-preopen (resp. 1-fuzzy 0-preclosed)
sets to the sfts.

Definition 3.1. (i) 1-fuzzy O-interior (resp. 1-fuzzy 0-semi-
interior and 1-fuzzy 0-pre-interior) of a subset [l in
a sfts (X, 1), V 1 € Iy, denoted by OI;(u,1) (resp.
Osl;(,1) and Opl(U,1)) defined as OI; (1) =
V{L(v):u>v, t(1—v)>1}; Osl;(u,1) = V{slz(v)
tu>v, visrfsel; Opli(p,1) = V{pl(v):p>v, v
is r-fpc }.

(ii) 1-fuzzy O-closure (resp. 1-fuzzy 0-semi-closure and
1-fuzzy 0-pre-closure) of a subset L in a sfts (X, T),
V1 € Iy, denoted by 0C(l,1) (resp. 0sC(U,1) and
0pCr(u,1)) defined as 0C(i,1) = N{C:(v) : u <
v, ©(v) > 1}; 0sCr(u,1) = A{sCe(v) :u < v, vis
r-fso }; OpCr(u,1) = N{pC:(v) : u < v, visrfpo }.

Definition 3.2. Let (X, T) be a sfts. For u, v € IX and 1 € I,
U is called an

(i) 1-fuzzy O-open (resp. 1-fuzzy O-closed) set if U =
91’5(“71) (resp' u= 9CT(“7l))

(ii) 1-fuzzy O-semiopen (resp. 1-fuzzy 0-semiclosed) set if
B < Co(BI(p,1),1) (resp. I(0C(p,1),1) < ).

(iii) 1-fuzzy O-preopen (resp. 1-fuzzy @-preclosed) set if
1< I(0C(p,1),1) (resp. Co(O1(1,1),1) < ).

The family of all 1-fuzzy 6-open (resp. i-fuzzy 0-closed),
1-fuzzy 0-semiopen, (resp. 1-fuzzy 0-semiclosed), 1-fuzzy
0-preopen (resp. 1-fuzzy 6-preclosed) sets will be denoted
by 1-f6o (resp. 1-fOc), 1-fOso(resp. 1-fOsc), 1-fOpo(resp.
1-fOpc) sets.
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Lemma 3.3. Let yt, v € IX and 1 € Iy in a sfts (X, T), then
(i) W is 1-fuzzy 0-open iff @ = OI; (1, 1).
(ii) If L < v, then OI(1,1) < OI;(v,1).
(iii) 01 (0Ic(1,1)) < 0L (1, 1).

(iv) For any subset 1 of X, 4 < Cr(u,1) < 0Cr(u,1) <
0Cc(u,1) (resp. OIt(p,1) < 8Ic(p,1) < Ie(u,1) < p.

(v) 1— (01 (u,1)) =0C(1—p,1).
(vi) 1—(0Cc(1,1)) = O1(T —u,1).

(vii) OI;(uAV,1)=0I(u,1)\NOI(v,1) and
OI (U, 1) VOI(v,1) <0l (uVv,1).

(viii) OC(LAV,1)=0Cc(1,1) NOC(V,1) and
0C(LV Vv, 1) =0C(U,1)VOC(v,1).

Proposition 3.4. Let u € IX and 1 € Iy in a sfts (X, 7), then

(i) 0sC(p,1) =puVI(0C(u,1),1) and Osl;(p,1) = U
Cf(elf(uul)7l)'

(ii) 8pCq(p,1)

=V Cr(8Ir(p,1),1) and Spl(p,1) = LA
IT(6C‘C(H’71)71)

(iii) T—(81(1,1)) = 8C:(1—p,1) and I (T—p,1) =1~
8Ce(p,1)

Lemma 3.5. Let v € IX and 1 € Iy in a sfts (X, T), then
=VVC(8I:(v,1),1) and dpI;(v,1) = VA
);1)-

(ii) SpCe(8ple(v,1),1) = Sple(v, 1)V Ce(S8Le(v,1),1)

(1) 6PCT(Va l)
I:(6C(v,1

(”l) 5P11(5PCT(V7 l)v l) = 5PCT(Va l) AIT(5CT(V7 l)7 l)‘

(iv) Osl;(v,1) = VAC(0I;(v,1),1) and 6sC(v,1) = vV
IT(6CT(val)>l)'

Lemma 3.6. Let v €1X and 1 € Iy in a sfts (X, T), then
(i) C(0Iz(v,1),1) = 8C (81 (v,1),1).
(ii) I:(0Cz(v,1),1) = 81 (8C(v,1),1).

Definition 3.7. A subset [ in a sfts (X, T) is called a 1-fuzzy
locally closed setV 1 € Iy, if 4 = v \a, where T(V) > 1, a is
1-fuzzy closed in X.

Definition 3.8. Let (X, T) be a sfts. For u € IX and 1 € I,
then A sfts (X, T) is 1-fuzzy extremely disconnected (briefly,
1-FED) if the 1-fuzzy closure of every 1-fuzzy open set of X is
1-fuzzy open.

20,
80,
50272

9
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4. 1-fuzzy M-open and 1-fuzzy M-closed
sets

Definition 4.1. A subset u € IX, & ¥V 1 € Iy in a sfts (X, T)
is called an 1-fuzzy

(i) M-open set if 4 < C(0I:(u,1),1) VI (6C(u,1),1).
(ii) M-closed set if L > I (0C(u,1),1) ANC(81(1,1),1).

Definition 4.2. 1-fuzzy M-interior (resp. 1-fuzzy M-closure)
of Win a sfts (X, 7). ¥ 1 € Iy, denoted by MI:(u,1) (resp.
MC+(u,1)) defined as MI(u, 1) =\V{velX:u>v, vis
a 1-fMo set}; MC(u,1) = N{velX:u<v, visai-fMc
set}.

Remark 4.3. The implications are true ¥ |l in a sfts X and

1€l
r-féso
r-fdo ///////////1 [
r-fao r-ffso

/r \
r-fe*o

/< >—f1\[o
" 19()\

where 1-fo,1-f0so, 1-fOsc, 1-fOo, 1-fOc, 1-fdso, 1-fdsc,
1-fépo, 1-fépc, 1-fao, 1-fac,i-fMo, 1-fMc, 1-feo, 1-fec, 1-
fe*o and 1-fe*c, are abbreviated by 1-fuzzy open, 1-fuzzy
0-semiopen, 1-fuzzy 0-semiclosed, 1-fuzzy 0-open, 1-fuzzy
6-closed, 1-fuzzy 6-semiopen, 1-fuzzy 6-semiclosed, 1-fuzzy
d-preopen, 1-fuzzy 8-preclosed, 1-fuzzy a-open, 1-fuzzy a-
closed, 1-fuzzy M-open, i1-fuzzy M-closed, 1-fuzzy e-open,
1-fuzzy e-closed, 1-fuzzy e*-open and 1-fuzzy e*-closed re-
spectively.

From the above definitions, it is clear that every 1-fépo is
1-fMo and every 1-f0so is 1-fMo. Also, it is clear that every
1-fMo set is 1-feo set and 1-fe*o set. Also, every 1-f6o, 1-
féo, 1-fao set is 1-fMo set. The converses need not be true in
general.

Example 4.4. Let X = {x, y, z} and u,v € I* given by

U(x) =04, u(y) =05, u(z) =0.2; v(x) = 0.5, v(y) = 0.4,
v(z) =0.7. and t: IX — I is
1, ue{0,1},
T(u) =93, MH=m,
0, otherwise,

is a fuzzy topology on X. For l:%, then v is % fe*o but v is
not % -fMo set.

Example 4.5. Let X = {x, y, z} and u,v € IX given by
u(x)=0.5u(y)=0.3, u(z) =0.2; v(x) = 0.5, v(y) = 0.4,
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V(z) =04. and T : I* — I is
1, ue{0,1},
W)=1%3 w=u,
0, otherwise,

9

is a fuzzy topology on X . For l=%, then v is % feo set but V is
not %—fMo set.

Example 4.6. Let X = {x, y, z} and u,v € I* given by

p(x) =0.1, u(y) =0.1, u(z) = 0.1;
v(x) =0.9, v(y) = 0.9, v(z) = 0.9.
and T : 1X — I is
1’ ‘Ll S {6’ T}v
T(u) =143, ifu=u,
0, otherwise,

)

is afuzzy topology on X. For l=%, then v is %—fMo but v is

neither % 5-fépo nor 5 f50 nors L fao set.

Example 4.7. Let X = {x, y, z} and u,v € IX given by

p(x)=0.1, u(y) =0.1, u(z) = 0.1;
v(x) =0.9, v(y) = 0.9, v(z) = 0.9.
andt: IX > 1is
1, we{0,1},
T(u)=143% ifu=u,
0, otherwise

is a fuzzy topology on X. For 12%, then v is % f8soset but v

is not % 180 set.

Example 4.8. Let X = {x, y, z} and u,v, @ € I* given by
n(x) =03, u(y) =04, u(z) =0.5;

v(x) =0.6, v(y) =0.9, v(z) =0.5;

0(x)=0.7, 0@) =1, o(z) =0.5.

and © : 1X — I is

I, pe{0,1},
5, ifu=u, v,

2
0, otherwise,

T(u) =

is a fuzzy topology on X. For l=%, then @ is %-fMo but ® is

neither %—f@so set nor %—szo set.
Example 4.9. Let X = {x, y, z} and u,v,0 € X given by
p(x) =03, u(y) =04, u(z) =0.5;
v(x) = 0.6, v(y) =0.5, v(z) =0.5;
o(x) =0.7, o(y) = 0.6, o(z) = 0.5.
andT: 1X > 1is
1’ ‘Ll S { 6’ T}a
T(u): %7 l‘f‘u:u7 V,
0, otherwise,

)

is a fuzzy topology on X . For 1= % then @ is %—]‘Mo and %—f@so
set but @ is not % B0 set.

007
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Example 4.10. Let X = {x, y, z} and u,v,® € I* given by
p(x)=0.3, u(y) =0.5, u(z) =0.5;

v(x) =0.5, v(y) =0.5, v(z) = 0.5;

o(x) = 0.7, 0(y) = 0.6, 0(z) = 0.5.

and t: IX — I is

I, we{0, 1},
W)=13 ifu=mu,v,
0, otherwise,

is a fuzzy topology on X. For lz%, then W is %—fuzzy open set
but U is neither % fuzzy 0-open set nor % fuzzy 8-open set.

Proposition 4.11. If i is an 1-fuzzy M-open subset of a sfts
(X, t) and 01;(u,1) = 0, then W is 1-fuzzy O-preopen.

Proof. Obvious. O

Theorem 4.12. Arbitrary union (resp. intersection) of 1-fMo
(resp. 1-fMc) sets is an 1-fMo(resp. 1-fMc) set.

Proof. We prove only for 1-fMo sets, let {io : ¢ €'} be a
family of 1-fMo sets. For each o € T,

Ua < Cr(06: (U, 1),1) VI (8C (Ug,1),1).

\/ Mo < \/ (Ce(0Ic(Ha,1),1) VI (6C(Ha, 1), 1))

aecl’ acl

= V (Cr(elr<.uaal)al>) \ \/ (Ir<6cr(ﬂaal>7l))

acl acl’

<Ce(OL:(\/ (Mo, 1), 1)) VI(8C(\/ (Mo 1) 1))

acl’ acl’
O

Remark 4.13. The intersection (resp. union) of two 1-fMo
(resp. 1-fMc) sets need not be 1-fMo (resp. 1-fMc) as illus-
trated in the forthcoming example.

Example 4.14. Let X = {x, y, z} and i,v,®,5 € IX given
by Let i, v, @ and & be fuzzy subsets of X = {x, y, 7} defined
as follows

1, ifu=0o0rl,
(W)=13, ifu=4u,
0, otherwise,

is a fuzzy topology on X . For l=%, then v and o is % -fMo but
VA®= 0 isnota %—fMo set.

Theorem 4.15. In a sfts (X, T) W is an 1-fMo set iff p =
Osl(u,1)Vopl(u,1).
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Proof. Let u be an 1-fMo set. Then
IJ'SCT(GI‘L'(.u'al)vl)VIT(scf(lJ'al)al)' (4’1)

Hence by Proposition 3.4, Lemma 3.5 and by using (4.1),
we have,

Osl(1,1)Vopl(u,1)

= (,LL /\CT(GIT(“vl)vl)) v (I’l /\IT(5C‘E(”al)al))
= [.L/\ (CT(GIT(nu'vl)vl) \/IT((SCT(‘“J)?I))
=U.

Conversely, suppose that t = 0sI;(i,1)V Opl (i, 1). Then
by Proposition 3.4 and Lemma 3.5,

f=(UAC(0I(11,1),1)) V (U AL(8Ce(,1),1))
< Co(02c(1,1),1) VI (8C(p,1),1).

Therefore, u is an t-fMo set. O

Proposition 4.16. In a sfts (X, T) W is an 1-fMc set iff L =
0sC(u, 1)V opCr(,1).

Theorem 4.17. Ina sfis (X, ©),V u € IX and 1 € 1, (i)&(ii)
are hold.

(l) MC‘L'(”vl) = OSCT(:uvl) /\8PC‘L'(’Jal)
(ii) MI(u,1) = O0sl;(u,1) VvV opl(u,1).

Proof. (i) Since MCr(,1) < 0sCr (i, 1) ASpCr(UL,1).
Also, 0sCr(1,1) ASpCr(l,1)

= (UVI(0C(1,1),1)) A (1 V Ce (81 (p,1),1))
= UV (1(8C (11,0), 1) A Ce(BTe(t1),1).

But, MC;(u,1) is 1-fMc, hence,
MCT(:“» l)

> I (0C(MCy(u,1),1),1) AC(81:(MCy(u,1),1),1)
> I (0C(U,1),1) ANCr (8 (u,1),1).

Thus HVIT(QCT(HJ)J) /\Cf(al‘r(l“l?l)vl)) <

BV MCr(p,1) =MCr(1,1)

Therefore, 0sC7(1,1) ASpCr(i,1) < MCr(U,1).
So,

MCr(u,1) = 0sCr(,1) NOpCr(U,1).
(i1) Obvious. O

Theorem 4.18. In a sfts (X, ©),V u € IX and 1 € 1, (i)&(ii)
are hold.

(i) wis1fMo iff p = MIz(u,1).
(ii) wis i-fMc iff p = MCr(p,1).
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Proof. (i) Let u be an 1-fMo set. Then by Theorem 4.15,

p=0sl (1, 1)V opl(u,1)

and by Theorem 4.17, we have u = MI.(u,1).
Conversely, let 4 = MI;(u,1). Then by Theorem 4.17,

U= 0sl(u,1)Vpl(u,1) and by Theorem 4.15, p is an
1-fMo set.

(i) Obvious. ]

Theorem 4.19. In a sfts (X, ©),V u € IX and 1 € 1,, (i)&(ii)
are hold.

(i) MIc(1 - 1,1) = 1 = (MCe(u, 1),
(ii) MCe(1— 1) = 1 — (MI(1,1)).

Proof. ()Y uelX, 1€l

1—(MCy(u,1)) =1— \{v:v>u, visriMc}
=\/{1-v:1-v<1-pu, 1-visrfMo}
=MI;(1—u,1).
(i1) same as (1).

O

Theorem 4.20. In a sfts (X, 7),V u € IX and 1 € 1,, (i)—~(vi)
are hold.

(i) MC7(0,1) =0 and MI;(1,1) = 1.
(”) IT(.u7l) SMI‘E(.qu) S u SMCT(.uvl) S C’C(.u'al)'

(iii) p<v=MI(u,1) <MI(v,1) and
MCr(p,1) S MCr(v,1).

(iv) MC:(MCr(p,1),1) =MC(u,1) and
MIc(MIe(p,1), 1) = MI (1, 1).

(v) MC(p,1) VMCr(v,1) <MC(uV v,1) and
MI(u, 1)V MI(v,1) <MI(uVv,1).

(vi) MCr(LAV,1) <MCr(,1) AMCr(v,1) and
MI(UAV ) <MI(U,1) AMI(v,1).

Proof. (i) It is trivial from the definitions of MC; and MI;.
(iii) Since, by Theorem 4.15,
MC(u,1) = 0sCr (1, 1) NOpCr(p,1) and u < v,

MCr(u,1) = 0sCr(l,1) NS pCr(lt,1)

< 0sC(v,1) NS pCr(Vv,1)
= MCT(V7 l).

Similarly, by Theorem 4.15,
MI(u,1) =0sl(u,1)Vépl(u,1)and p <v,

MI:(1,1) = Oslz(u,1) ASpl(p,1)
< Osl(v,1) ASpl(v,1)
=MCr(v,1).
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(iv) Since, by Theorem 4.18,
MC(MC(u,1),1)

= 05C;(MCr(U,1),1) ASpCr(MCr(1,1),1)
= [05Cr(0sCr(1t,1) NS pCr(l,1),1)A
6PCT(GSCT(ALL71)/\Spcf(u7l)’l)]

< [(05Ce(u,1) NOSC(8pCr(pt,1),1))A
(6pC(05Cr(1,1),1) A SpCr(p,1))]

- GSCT(IJJ)/\5PCr(IJal)

:MCT(uvl)'

Hence, MC;(MCr(i,1),1) < MC;(u,1).
But MC(it,1) < MC(MCr(,1),1). Therefore,

MCT(MCT(Hal)7l) :MCT(.u’l)'

(v) and (vi): Obvious. O

Lemma 4.21. In a sfts (X, 7),¥Y u € IX and 1 € 1, (i)—(iv)
are hold.

(i) pl;(6pCr(,1),1) = SpCr(t,1) NI (Cr(l,1),1) and
pCr(0ple(p,1),1) = dple(p, 1)V Ce(Ir(1,1),1

)
(ii) Opl(OpCe(,1),1) =8pCr(l,1) NI (0C(1,1),1) and
epcf(aplr(‘u,l),l):SPIT(,U,I)\/CT(BIT( s1),1).

(iii) GSCT(GIT("LJ)’ ):SCT(OIT(I'L l) )
=I(Ce (01 (1,1),1),1).

(iv) OsI(0C(1,1),1) = sl;(0C(u,1),1)
=C(Iz(0Cr(U,1),1),1).

Proof. Obvious. O

Proposition 4.22. In a sfts (X, 7),V u €1X and 1 € I,,
(i)&(ii) are hold.

(i) MCr(u,1) =uVO0pl(dpCe(,1),1).
(”) MI’C(.“'?") ::LL/\GPCT(SPIT(M71)’1)'
Proof. (i) By Lemma 4.21,
Hveplf(épcf(u>l)al)
— 1V (8pCelp, 1) AL(6Ck (1), 1)
— (1 8pCe(pt, 1) A (W VI(OC: (1,1),1)

=6pCr(U,1) A OsCr(,1)
=MC:(u,1).

(ii) Obvious. O

Theorem 4.23. In a sfts (X,
are equivalent.

7), Y u X and € I, (i)(iii)

(i) Wisani-fMo set.
(ii) u < OpCr(dple(u,1),1).
(”l) GPC‘:(IJJ) = epcf(gpl‘t(“7l)7l)'
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Proof. (i) = (ii): Let u be an fMo set. Then by Theorem
4.18, M = MI;(u,1) and by Proposition 4.22,
p=pAOpCe(dple(i,1),1)

and hence u < OpC(dpl;(u,1),1).
(ii) = (i): Let u < OpCr(8plc(1,1),1). Then by Propo-
sition 4.22,

u S u /\QPCT(SPIT(NJ);U
= MIT(“?")'

So M < MI;(u,1). Then M = MI;(u,1) and hence, U is an
1-fMo set.
(ii) = (iii): Let u < 0pC(dpl:(1,1),1). Then
epcf(lual) S OPCT(5PI’C(:ual)7l)

and epCT(.ua l) = epCT((SpIT(:ua l)7 l)'
(iii) = (ii): Obvious. O

Theorem 4.24. In a sfis (X, ©),V u € IX and 1 € 1, (i)—(iii)
are equivalent.

(i) Wisani-fMc set.
(ii) Opl:(6pCr(u,1),1) < .
(iii) Opl(u,1) = Opl(dpCe(l,1),1).

Theorem 4.25. If U is a fuzzy subset of an extremely discon-
nected sfts (X, t) and 1 € I,. Then (i) & (ii) are equivalent

(i) W is an 1-fuzzy open set.
(ii) W is an 1-fMo set and 1-fuzzy locally closed.

Proof. (i) = (ii): Obvious from Definitions 3.8 and 4.1.
(ii)=> (i): Let u be an 1-fuzzy open and a 1-fuzzy locally
closed subset of X. Then u = v ACr(u,1) and

U <Cr(O0I: (1, 1),1) VI (6Cr(1,1),1).

Hence,

U< VA[CA(OL(1,1),1) VI (8Cr(1,1),1)]
S (V/\CT(GIT(H71)7I)) (IT(V/\SCT(IVL71)’1))
< (VAC(Ie(p,1), 1)) V (It (v ACe(p,1),1))
VAL(Ce(p,1), 1)V ):1))
(

<( (I(vACi(p,1),1)
SIT(V/\CT( :uvl)al)\/IT(V/\CT(“al) l)
:If(u7l)\/lf(u7l)
:If(u7l)'

Hence u is 1-fuzzy open. U

Theorem 4.26. In a sfts (X, 7),V u,v € X and1 €1, (i) &
(ii) are hold.
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(i) If T(v) > 1 where Vv is a crisp subset and [ is an 1-fMo
set, then WAV is an 1-fMo set.

(ii) If t(1 —Vv) > t where V is a crisp subset and [ is an
1-fMc set, then W\ V is an 1-fMc set.
Proof. (i) Let u be 1-fMo and v € IX with 7(v) > 1 which is
a crisp subset. Then
AV < (Co(0L(1,1),1) VI (8Co(1,1),1)) AV
= (Ce(81(1,1), 1) AV)V (Ir(8Ce (1, 1), 1) A V)
O11(1,1) AV, 1)V (I(8Cx (1) AV,1))
AV ), 1))V (I (8C (LA V,1),1)).
Hence u A v is 1-fMo.
(i1) Similar to the proof of (i). O
Theorem 4.27. Let (X, T) be a sfts, u, v € IX and 1 € I.
(i) If W is 1-fMo with T(1 — ) > 1, then W is r-fso.
(ii) If W is 1-fMc with T(U) > 1, then W is 1-fOsc.
(iii) If W is 1-fao with T(W) > 1, then U is 1-fMo.
(iv) If W is 1-fac with (1 — p) > 1, then p is 1-fMc.
Proof. We prove (i) and (iii).

Other results have similar proofs.
(i) Let 1 be an 1-fMo set and 7(1 — i) > 1. Then

1< Co(00(1,1),1) VI (8Cr(,1),1)
= CT(GIT(“al)vl) \/I‘E(N7l)
< Co(01:(1,1),1).

Hence u is an 1-fuzzy 0-semiopen set.
(iii) Let u be an t-fao set and 7(1) > 1. Then

Ol (u,1) =u.
p < I (Co (Sl (p,1),1),1)
<Ie(Ce(p,1),1
S L(Co(ps1),1) V Co (01 (1,1),1)
<L (8C (1,1),1) V Ce (01 (1), 1)

Thus u is an 1-fuzzy M-open set. O

~— —

Theorem 4.28. Let (X, T) be a sfts. For u, v € IX and 1 € I.
(i) wisi-fMoiff 1 —u is 1-fMc.
(ii) If t(u) > 1, then W is 1-fMo set.
(iii) then I (U, 1) is an 1-fMo set.
(iv) then Cc(U, 1) is an 1-fMc set.
Proof. (1) & (ii) are trivial.

(>iii) From the Definition of I; of Theorem 2.5 and Defi-
nition 2.2, since T(I;(u, 1)) > t, by (ii) Iz (i, 1) is an 1-fMo
set.

(iv) Since 1 —C¢(u, 1) = I:(1 — u, 1) from Theorem 2.5,
hence by (iii), we have 7(1 —C¢(l, 1)) > 1

Hence 1—C¢(l, 1) is 1-fMo. By (i) C¢(u, 1) is an t-fMc
set. O
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5. Conclusion

We have introduced the concept of 1-fuzzy 6-open (resp. 1-
fuzzy 0-closed), 1-fuzzy M-open (resp. t-fuzzy M-closed)
sets in fuzzy topological spaces in the sense of Sostak’s.
Also, we have introduced 1-fuzzy 6-interior (resp. 1-fuzzy 6-
closure), 1-fuzzy M-interior (resp. 1-fuzzy M-closure) and in-
vestigated some of their properties. Moreover, we investigated
the relationships between 1-fuzzy open, 1-fuzzy 6-semiopen,
1-fuzzy 0-open, 1-fuzzy d-semiopen, t-fuzzy d-preopen, 1-
fuzzy a-open, 1-fuzzy e-open and 1-fuzzy e*-open in Sostak’s
fuzzy topological spaces.
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