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k-Prime labeling of certain cycle connected graphs

S. Teresa Arockiamary'* and G. Vijayalakshmi?

Abstract

A k - prime labeling of a graph G is an injective function f:V — {k,k+ 1,k+2,...,k+ |V|— 1} for some positive
integer k that induces a function f* : E(G) — N of the edges of G defined by f*(uv) = ged(f(u), f(v)),Ve =uv €
E(G) such that gcd(f(u), f(v)) = 1. A graph G that admits & - prime labeling is called a k - prime graph. In this
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paper, we investigate some cycle related graphs which admit & - prime labeling.
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1. Introduction

In our study we consider simple, finite, undirected and non —
trivial graph G = (V, E) with the vertex set V and the edge set
E. The idea of prime labeling was introduced by Entringer
and the problem was discussed by A. Tout, A.N. Dabboucy
and K. Howalla. [1]. Later Vaidya and Prajapati [2] studied
the concept of k — prime labeling. They proved that P, is
k - prime for each positive integer k. In our work we have
discussed k - prime labeling for all positive integer k >2.

2. Preliminaries
We begin with the definition of k - prime labeling.

Definition 2.1. A k - prime labeling of a graph G is an injec-
tive function f:V — {k.,k+1,k+2,....k+|V|— 1} for some
positive integer k that induces a function f*: E(G) — N of
the edges of G defined by f*(uv) = ged(f(u),f(v)),Ve =
uv € E(G) such that ged(f(u),f(v)) = 1. A graph G that
admits k - prime labeling is called a k - prime graph.

The definition of Tadpole Graph 7, ,, Barycentric Subdi-
vision of cycles C, and Friendship Graph F;, are available in
literature.

3. Main Results
Theorem 3.1. Even Cycle Cy, is k — prime for n > 2.

Proof. Let us denote the vertices and edges of Cy,, as
V= {V],Vz,. ..,vzn}
E={vvi:1<i<2n—1}U{vy,n}
Refer Figure 1(a) and 2(a),
Now let us label the vertices of Cy, as follows:
Case 1: (2n—1) is prime.
Ff)=k+i—1,for 1<i<2nandk#O0(mod(2n—1)).
It is easy to check that the induced function f* : E(G) — N
of edges defined by f (viviy1) = ged(f(vi), f(vie1) = 1 and
[ (vanvr) = ged(f(van), f(vi) =1 Ve € E(Cap).
This is clear from Figure 1(b).
Case 2: (2n— 1) is not prime.
fvi))=k+i—1,for 1<i<2nandknota multiple factor
of 2n—1)).
It is easy to check that the induced function f* : E(G) - N
of edges defined by f (vivis1) = ged(f(vi), f(vie1) = 1 and
JT(vanv1) = ged(f(van), f(v1) =1 Ve € E(Can).
This is clear from Figure 2(b). Hence C;, admits k — prime
labeling.
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Figure 1. (a) Cg (b) k - prime labeling of Cg for k = 4
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Figure 2. (a) Ci¢ (b) k - prime labeling of Cj¢ for k =7

Theorem 3.2. Odd Cycle Cy,,1 is k - prime for k odd and
n=1,2,4.

Proof. Let us denote the vertices and edges of Cy,, 11 as

V= {Vl,VQ,. .. ,VQ,H_I}
E={viviy1: 1 <i<2n}U{vauriv1}
Refer Figure 3(a),

Now let us label the vertices of Cy,11 as follows:
Svi)=k+i—1,for 1<i<2n+1.

It is easy to check that the induced function /7 : E(G) — N
of edges defined by T (viviy1) = ged(f(vi), f(viy1) = 1 and
T ansrvr) = ged(f(vant1), f(v1) = 1 Ve € E(Cans1).
This is clear from Figure 3(b).

Hence Cy,,41 admits k - prime labeling.
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Figure 3. (a) Cs (b) k - prime labeling of Cs for k = 11

Theorem 3.3. Tadpole graph T, , is k - prime for all even
positive integer n > 4 and m > 1.

Proof. Let us denote the vertices and edges of T}, ,, as

V:{V17V27"'7vrl+m}
E={vwir1:1<i<n+m—1}U{vv}
Refer Figure 4(a),

Now let us label the vertices of T;, ,, as follows:

Case 1: (n— 1) is prime.

fvi)=k+i—1,for 1<i<n+mandk#0(mod(n—1)).
It is easy to check that the induced function /T : E(G) — N
of edges defined by f+(vivir1) = ged(f(vi), f(vir1) = 1 and
T (vav1) = ged(f(va), f(v1) =1 Ve € E(Tym).

Case 2: (n— 1) is not prime.

fvi)=k+i—1,for 1 <i<n+m and k not a multiple
factor of (n—1)).
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It is easy to check that the induced function f* : E(G) — N
of edges defined by f*(viviy1) = ged(f(vi), f(vir1) = 1 and
ST (vav1) = ged(f(va), f(v1) =1 Ve € E(Tym)

This is clear from Figure 4(b).

Hence 7, ,, admits k — prime labeling.

(a)
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(b)
Figure 4. (a) T3 (b) k - prime labeling of T¢ 3 for k = 6

Theorem 3.4. Tadpole graph T, ,, is k - prime for k odd,
n=23,59andm> 1.

Proof. Let us denote the vertices and edges of Ty, ,, as

V= {V],Vz,. .. ,vn+m}
E={vviy1:1<i<n4+m—1}U{vv}
Refer Figure 5(a),

Now let us label the vertices of Ty, ,, as follows:
f)=k+i—1,for 1<i<n+m.

It is easy to check that the induced function f* : E(G) — N
of edges defined by f (viviy1) = ged(f(vi), f(viy1) = 1 and
T (vav1) = ged(f(va), f(v1) =1 Ve € E(Tym)

This is clear from Figure 5(b).

Hence T, ,, admits k - prime labeling.
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Figure 5. (a) T5 3 (b) k - prime labeling of 75 3 for k = 11

Theorem 3.5. Friendship graph F,, (n > 3) is k - prime for k
odd.

Proof. Let us denote the vertices and edges of F,, as
V= {V,V1,V2,. i »VZn}
E={w;:1<i<2n}U{vviy1:i=1,3,5,...2n— 1}
Refer Figure 6(a),



k-Prime labeling of certain cycle connected graphs — 282/283

Now let us label the vertices of F;, as follows:

f(v) = p, where p is largest prime less than or equal to k+2n
and remaining 2n vertices are distinctly labeled from {k,k+
1,...k+2n} —p.

Sfvi)=k+i—1,for 1<i<2n.

It is easy to check that the induced function f* : E(G) — N
of edges defined by £ (vw;) = ged(f(v), f(v;) = 1 and
Frivier) = ged(f(vi), f(vir1)) = 1 Ve € E(F).

This is clear from Figure 6(b).

Hence F;, admits k - prime labeling.

s
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Figure 6. (a) F5 (b) k - prime labeling of F5 for k=5

Theorem 3.6. The barycentric subdivision C,(C,) of cycle
C, is k - prime for n > 3.

Proof. Case 1: (2n—1) is prime.

Sub Case (a): When k is odd

Letuy,uy,...,u, be the vertices of the cycle C,,. Let vi,va,...,v,
be the newly inserted vertices of C,,(C,,) where v;;1 subdivides
the edge uju;+1 for 1 <i <n—1 and v subdivides the edge
Unpll].

Now let us label the vertices of C,(C,) as follows:

Let us denote the vertices and edges of C,(C,) as

V =A{ui,uzy .oty fU{v1,v2, civp
E={vu:1<i<n}U{uviz1:1<i<n—1}U{u,v}U
{vivip1 : 1 <i<n—1}U{vv}

Refer Figure 7(a),

Now let us label the vertices of C,(C,) as follows:

fv) =k

flu) =k+1

fv)=k+2(i-1),2<i<n,
Sflu)=k+2i—1,2<i<n,

It is easy to check that the induced function f* : E(G) — N
of edges defined by T (viu;) = ged(f(vi), f(u;)) =1
fT(wivier) = ged (f (i), f(vigr)) = 1

I (uavr) = ged(f(un), f(v1)) =1

Fr(vivier) = ged(f(vi), f(vi+1)) = 1 and

Frvavt) = ged(f(va), f(v1)) =1 Ve € E(Ca(Cn)).

This is clear from Figure 7(b).

Sub Case (b): When k is even

Letuy,uy,...,u, be the vertices of the cycle C,,. Letvy,vo,...,v,
be the newly inserted vertices of C,(C,) where v; subdivides
the edge u;u;+ for 1 <i<n—1 and v, subdivides the edge
UupVvi.

Now let us label the vertices of C,(C,) as follows:

Let us denote the vertices and edges of C,(C,) as
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V ={uj,up, ...,y U{vi,v2,...,vs}

E={uyv;: 1 <i<n}U{vuiy1:1<i<n—1}U{vu}U
{vviz1:1<i<n—1}U{v,n}

Refer Figure 8(a),

Let us label the vertices of C,(C,) as follows:

flu) =k

f(vl) =k+1

Flu) =k+2(i—1)2<i<n,
Fvi)=k+2i—1,2<i<n,

It is easy to check that the induced function f* : E(G) - N
of edges defined by £ (u;v;) = ged (f(wi), f(vi)) =1

ST (vistier) = ged(f(vi), f(uir1)) = 1

F(vnur) = ged(f(va), f(ur)) =1

fH(vivier) = ged(f(vi), f(vi1)) = 1 and

£ (vavt) = ged(F(v), f(v1)) = 1 Ve € E(Ga(Ca).

This is clear from Figure 8(b).

Case 2: (2n— 1) is not prime.

Sub Case (a): When £ is odd

Letuy,us,...,u, be the vertices of the cycle C,,. Let vy, vo, ..., v,
be the newly inserted vertices of C,(C,,) where v;;| subdivides
the edge w;u;; for 1 <i<n—1 and v; subdivides the edge
Upuq.

Now let us label the vertices of C,(C,) as follows:

Let us denote the vertices and edges of C,(C,) as

V ={uy,up,...,un }U{vi,va,...,vn}

E={vu;: 1 <i<n}U{upwiz1:1<i<n—1}U{uv}U
{vivip1 1 <i<n—1}U{vv}

Refer Figure 9(a),

Now let us label the vertices of C,(C,) as follows:

flv) =k

flur) =k+1

F)=k+2(i—-1),2<i<n,
fl)=k+2i-1,2<i<n,

It is easy to check that the induced function f* : E(G) — N
of edges defined by T (viu;) = ged(f(vi), f(w;)) =1

S (uvier) = ged(f (i), f(vis1)) = 1

F (unvr) = ged(f(up), f(v1)) =1

fT(vivigr) = ged(f(vi), f(viq1)) = 1 and

fH(vav) = ged(f(va), f(v1)) =1 Ve € E(Ca(Cn)).

This is clear from Figure 9(b) .

Sub Case (b): When £k is even

Letuy,us,...,u, be the vertices of the cycle C,,. Letvy,va, ..., v,
be the newly inserted vertices of C,(C,) where v; subdivides
the edge uju;+1 for 1 <i <n—1 and v, subdivides the edge
Upvi.

Now let us label the vertices of C,(C,) as follows:

Let us denote the vertices and edges of C,(C,) as

V ={uj,up,...;uty }U{vi,v2,...,vs }

E={uyv;: 1 <i<n}U{viuir1:1<i<n—1}U{vu }U
{vviz1:1<i<n—1}U{v,n}

Refer Figure 10(a),

Let us label the vertices of C,(C,) as follows:

flur) =k

Fn) = k+1
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flu) =k+2(i—1),2<i<n,
fv)=k+2i—12<i<n,

It is easy to check that the induced function f* : E(G) — N
of edges defined by £+ (uv;) = ged (f(u;), f(vi)) =1

ST iuigr) = ged(f(vi), f (uiv1)) =1

S (var) = ged(f(va), f(ur)) = 1 ;
fT(vivig1) = ged(f(vi), f(vit1)) = 1 and (a) (b

FHvav1) = ged(f(va), f(1)) =1 Ve € E(Ca(Cy))- Figure 10. (a) C3(Cg) (b) k - prime labeling of Cg(Cg) for k =
This is clear from Figure 10(b). 14
Hence C,,(C,,) admits k — prime labeling.
O
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Figure 8. (a) C4(C4) (b) k - prime labeling of C4(Cy) for k =
6

(a) (b)
Figure 9. (a) C13(C13) (b) k - prime labeling of C;3(C)3) for
k=13

4. Conclusion

In this paper we have proved that Cycle graph C,, Tadpole
graph T, ,,, Friendship graph F,, and Barycentric subdivision
Cy(Cy) is k - prime. We have discussed k - prime labeling of
these graphs for any positive integer k. Further our study is
extended to snake related graphs.
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