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1. Introduction and Preliminaries

“ Intuitionistic fuzzy sets and Intuitionistic fuzzy topological
space” were initiated by Atanassov [1] in 1993 and Coker
[2] in 1997 respectively. In 2005, Garcia and Rodabaugh [7]
coined the term “double” instead of “intuitionistic”. In the
past two decades many researchers [9-11, 16] doing more
applications on double fuzzy topological spaces. From 2011,
El-Maghrabi and Al - Johany [3-6] introduced and stud-
ied some properties on M-open sets and maps in topological
spaces. Recently these kind of sets were studied in Sostak’s
Fuzzy topological spaces [14]. In this paper we introduce
(1,x)- fuzzy 6-closed, (1,k)-fuzzy M-closed sets, (1,K) -
generalized fuzzy M - closed sets and study some of their
properties in double fuzzy topological spaces.

X denotes a non-empty set, I =[0,1], Ip = (0,1], I, =
[0,1), 0(X)=0, 1(X)=1, 1€l & x € I; and always
1 +x < 1. I¥ is a family of all fuzzy sets on X. In 2002
Samanta and Mondal[13] defined the double fuzzy topological
space (briefly, dfts) denoted by (X,n,n*), also defined (1, k)-

fuzzy open (resp. (1, k)-fuzzy closed) (briefly (1, k)-fo (resp.
(1,x)-fc)) setif n(y) > 1 and n*(y) < k, (resp. 1 —yis an
(1,K)-fo set.) The double fuzzy interior and double fuzzy
closure operators [8] are defined from X xIyx I} — I* as
follows

IT]-,TI*(%LK) = \/{VEIX|VS’)/,T](V)zl,n*(\/)gl{}7
Cons(v,1,5) =
N{verFv=ynl-v)=1,n*(1-v) <k},

y € IX is called (1, k)-fuzzy regular open [12] (resp. (1, K)-
fuzzy regular closed)(briefly (1, k)-fro (resp. (1, K)-frc)) set
if y=Inn+(Cyp - (7,1,%),1,K) (resp. 1 —yis (1,k)-fro set.)
The operators 8Cp n+ and 81y p+ IX x I x I — I [11] as
follows

8Iyn+(1,1,6) = \/ {v e X|v<y,visan (1,x)-fro},

8Cpn- (v, k) = A {verX|lv=>yvisan (1,x)-frc}.

A fuzzy set y € I*, is called (1, k)-fuzzy & pre open (resp.
(1,K)- fuzzy e open, (1,x)-fuzzy & pre closed and (1,x)-
fuzzy e closed ) (briefly (1, k)-fdpo (resp. (1,x)-feo, (1,K)-
fopc and (1,K)-fec)) [11]set if y < Iy n+(8Cp n+(7,1, %),
1,k) (resp. ¥ < Cpp+ (8Iny+(V,1,K),1,K) VI n+ (6Cp =
(7,1,x),1,x), 1 —yisan (1,k)-fOpo and 1 — y is an (1,k)-
feo). The operators PCy p+, 0PIy n+, eCyp+ and el p+:
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X x Iy x I} — IX [11] defined as

8Py n- (v,1,x) =\/{velXlv<y,visan (1,k)-fpo},

8PCpy- (v.1,6) = \{verX|v>yvisan (1,k)-f8pc},
elyn-(v,1,x) = \/{v e¥|v<y,visan (1,K)-feo},

eCpp+(v.1,8) = \{verXlv=yvisan (1,k)-fec}.

All other notations are from fuzzy set theory, which is given
by Zadeh [15] and his followers.

2. An (1, x)- fuzzy M closed sets

Definition 2.1. Let (X,n,n*) be a dfts, Vy,v € IX, the oper-
ators (1, k)- fuzzy 0 interior and (1, x)- fuzzy 6 closure de-
noted by (1, k)-6Iy n« and (1,k)-0Cy p+ : IX x I x I) — I¥
are defined as
OInn-(7:1,K) =
V- (v, L0V < yn(1—v) > 1&n*(1-v) <k}
and
0Cy (1,1, k) =
/\{CTI,TI*(V’LK”V Z Y»TI(V) Z 3 & 77*("> S K} .

Definition 2.2. In a dfts (X,n,n*), y € IX is called an

1. (1,x) - fuzzy 6 open (resp. (1,k) - fuzzy 6 semi
open) (briefly (1, k)-f00 (resp. (1,k)-f0s0)) set if
Y= 0@y p+(7,1,K). (resp.
vs C’m* (9171-,71* (% L K)7 L K))

2. (1,k) - fuzzy 6 closed (resp. (1,k) - fuzzy 6 semi
closed) (briefly (1,x)-f0c (resp. (1,x)-f0c)) set if
1—1yisan (1,K)-f0o0 (resp. (1, K)-fOs0) set.

Definition 2.3. In a dfts (X,n,n*), y € IX is called an

1. (1,x)- fuzzy M closed (briefly (1,x)-fMc) set if y >

ITI,U* (GCT]J]* (’}/7 l7 K)a lv K)/\CTI,U* (6111,77* (% la K)7 la K)'

2. (1,x)- fuzzy M open (briefly (1,x)-fMo) setif 1 —yis
an (1,x)-fMc set.

Definition 2.4. Let (X,n,n*) be a dfts, then the

1. union of all (1,x)-fMo (resp. (1,k)-f00 and (1,x)-
f0s0) sets contained in v is called the (1, x)-fuzzy M
(resp. (1,K)-fuzzy 0 and (1, x)-fuzzy 6 semi) interior
of y and is denoted by MIy »+(Y,1,k) (resp. 01 »-
(7,1,%) and Bsly n+ (7,1, K)).

2. intersection of all (1,k)-fMc (resp. (1,k)-f6c and
(1,K)-fOsc) sets containing ¥ is called the (1, k)-fuzzy
M (resp. (1, k)-fuzzy 6 and (1, x)-fuzzy 6 semi) clo-
sure of ¥y and is denoted by MCy »+(7,1,Kk) (resp.
0Cy n+(7,1,x) and 0sCp p+(7,1,K)).
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Proposition 2.5. In a dfts (X,n,n*), Vy,v € I,

() Ml +(0,1,k) =0, and Ml - (1,1,K) = 1.

(b) MCy »+(0,1,x) =0, and MCy 5+ (1,1,%K) = 1.

(©) 1—=MIy n+(7,1,K) = MCp (L — 7,1, k).

(d) 1=MCyn(y,1,%) = MIy (1L —7,1,%).

(e) If y < vthen MI n+ (7,1,%K) < MIy p+(V,1,K%).

() If y < v then MCyy p+ (7,1, k) < MCp p+(V,1,K).

(&) MIyp+(7,1,K). <y < MCp p+(7,1,K).

(h)y MCy y+(YVV,1,K) >MCp < (7,1, K) VMCy (v, 1, K).

(i) MCyy+(YAV,1,K) SMCp n+ (7,1, K) AMCyy p+(V, 1, %).

() MCyp+(MCy p+(7,1,K),1,K) = MCp = (7,1, K).

(k) If yis (1,x)-fMc set then MCp = (7,1,K) = V.

() Ifvis (1,k)-fMo setthen v q yiff v g MCy (7,1, K).
(m) MIy < (YV V,1,K) > My n+ (7,1, K)V My p+(V,1,%).
() MIyp-(YAV,1,K) <My g (Y,1,K) AMIy p+(V,1,K).
(0) My p+(MIy n+(Y,1,%),1,K) = MIy p+(7,1,K).

(p) If yis (1,x)-fMo set then MIy n+(7,1,K) = 7.

@ ¥<Cpy (:1,%) < 8Cpp+(¥,1,K) < 0Cy (7,1, K).

(®) 0Ly < (7,1,K) < 8l (7,1, %) < Iy (7,1,K) < 7.

Theorem 2.6. In any dfts (X,n,n"), Every

1. (1,x)- fOsc (resp. (1,K)- fépc) set is an (1,K)-fMc
set.

1,K)- fOcsetis an (1,K)-fOsc set.

(1, %)-
(1,K)- fOc setis an (1,K)- fc set.
4. (1,K)- fcsetisan (1,K)-fOpc set.
(1, %)-

5. (1,x)- fMc setis an (1,K)- fec set.

Remark 2.7. The converse of the above theorem, in gen-
eral, need not be true. It can be verified from the following
examples.

Example 2.8. Consider the dfts (X,n,n*) with X = {a,b,c}
and

1, ifye{0,1}, 0, ifye{0,1},
ny)=1{3% ify=01  n'(y=q3 ify=01
0, Otherwise. 1, Otherwise.

Then the fuzzy set 0.1 is an (%, 1)-fMec set but not an (%, 1)-

fépc set.
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Example 2.9. Consider the dfts (X,n,n*) with X = {a,b,c}
and

1, ifye{0,1}, 0, ifye{0,1},

2 1 .

3 lfYZYh * 3 lf’}/:yla
nw=47 . n(y) = .

5, ify=mn, 3, ify=mp,

0, Otherwise. 1, Otherwise.

where 71(a) =03, %) =04, 7(c)=0.5, pnl)=
0.6, p(b) =09, p(c) =05, B(a)=0.3, 5(b) = 0 and
13(c) = 0.5. Then the fuzzy set y3 is an (%, %)—ch set but
not an (§ i) fOsc set.

Example 2.10. Consider the dfts (X,n,n*) with X = {a,b,c}
and

1, ifye{0,1}, 0, ifye{0,1},

3 . 1 .

a9 lfY:%a * 4> lf’}/:’yla
nm=41 . n*(y)= :

o ify=mn, 3, ify=mp,

0, Otherwise. 1, Otherwise,

where M (a) = 0.3, bl (b) = 0.4, N (C) = 0.5, ’)/z(a) = 0.67
1(b) = 0.5, and y(c) = 0.5. Then the fuzzy set y; is an

(%,i) stcsetbutnotan(4,4) fOc set.

Example 2.11. Consider the dfts (X,n,n*) with X = {a, b, c}
and

1, ifye{0,1}, 0, ifye{o,1},

2 : 3 :

3 lf'}/:@a * 3 lf’}/zgy
nm=537 .. nm=4i ...

3 lfY—Yla 3> 1f7—71;

0, Otherwise. 1, Otherwise,
where 7,(a) = 0.3, y1(b) = 0.5, and y;(c) = 0.5, then the

Ul\-P\_/

fuzzy set 1 — i is an (1, 2)- fc setbutnot an (3, 2)- fOc set.

Example 2.12. Consider the dfts (X,n,n*) with X = {a, b, c}
and

1, ifye{0,1}, 0, ifye{0,1},
ny=<¢ ify=n, n(n=492 ify=mn,
0, Otherwise. 1, Otherwise,

where y1(a) = 0.5, 71(b) = 0.3, 11(c) =02, p(a) =
12(b) = 0.6 and 12 (c) = 0.6, then the fuzzy set 7, is an (

fec set but not an (é, %)— fMc set.

0.5,
2)-

From the above theorem, examples and by [11], the fol-
lowing implications are hold.
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(i1) Similar to the proof of (i).
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(1,K)-fOc

I
%

(lv K)-f5pc

(1,K)-fOsc

N

(1,K)-fec

Note: A — B denotes A implies B, but not conversely.
Theorem 2.13. Let (X,7n,1n*) be a dfts,

(1) V % is an (1,k)-fMo set if Vi € N, ¥ be an (1,x)-
ieN
fMo set.

(i) A visan(1,K)-fMcsetif VieN, y;bean (1,k)-fMc
ieN
set.

Proof: (i) Let % be an (1,k)-fMo set, Vi € N then

% g Cﬂvfl*(elfl,n*(%vla’()»h’()
Viy < (8Cy n+ (i1, K),1,K) VieN,
= V% S V(Con(0Iyy (%,1,%),1,%)
iceN icl
\/Invn*(SCT],T]*<’},i7laK)al7K))
Cnsn*(elfl-ﬂ*(\/’yivlvK)avi)

icl

\/Iﬂyn* (SCU«,T]* (\/ %717 K)ala K)-

iel

N

Thus V/ % is an (1, k)-fMo set.
el

(=]

Theorem 2.14. In dfts (X,n,n*), let y,v € IX

(1) YAvisan (1,K)-fMo setif yis an (1, k)-fMo set and
nw) =t n*(v) <k

(i) yVvisan (1,x)-fMc setif yis an (1,k)-fMc set and
nl-v)zt, n"(1-v) <«

Proof: (i) Let v is an (1, x)-fMo set, and a crisp set v € IX
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with n(v) > 1, n*(v) < k, then

YAV < (Cop(BIn (7,1, K),1,K)
ViInn+(0Chy n+(7,1,K),1,K)) AV
= (Cn,n* (9177-,71* (% L K)v L, K) A V)
V(I (6Chn+(7:1,K),1,K) A V)
(Con+ (OIn p+(V: 1, K) AV, 1,K)) V
(In.g* (8Cy = (¥, 1, K) AV, 1, K))
(Con+ (Ol p=(YAV,1,K),1,K)) V
(Inn=(8Cy (YA V,1,K),1,K))
Hence YAV is an (1, k)-fMo set.
(ii) Similar to the proof of (i).

IN

IA

(]

Theorem 2.15. If y € IX is both (1, k)-fMo and (1, k)-fc set
in (X,n,n*) then yis an (1, k)-f0s0.

Proof: Let y be an (1, x)-fMo then

Yy < Cyn(0Iyp+(7,1,%),1,K)

Viy g+ (6Cn g+ (7,1, %),1,K)
= Cyp(0Inn-(v,1,K),1,K) VI = (7,1,K)
< Gy (0ly g+ (7,1, %), 1, ).

Hence yis an (1, x)-f0so0. =

Theorem 2.16. If y € IX is both (1,k)-fMc and (1, k)-fo set
in (X,n,n*) then yis an (1, x)-f0sc.

(x]

Proof: Follows from theorem 2.15.

Theorem 2.17. In a dfts (X,n,n*), Vy € I,
1. If n(y) > vand n*(y) < k then yis an (1, k)-fMo set.
2. Iny+(7,1,K) is an (1,k)-fMo set.

3. Cyp+(7,1,%) is an (1,K)-fMc set.

3. An (1, x)-generalized fuzzy M closed
sets

Definition 3.1. Ina (X,n,n*) be adfts, y,v € IX, a fuzzy set
v is called an (1, x)- generalized fuzzy M closed (resp. (1, x)-
generalized fuzzy M open) (briefly (1, x)-gfMc (resp. (1,K)-
gfMo)) setif MCy »+(7,1,K) < v whenever y < v, n(v) > 1
and n* < x (resp. 1 — yis an (1,k)-gfMc set).

Theorem 3.2. Inadfts (X,n,n*), y€ X is (1,k)-gfMo set
iff v < MIy n+(y,1,x) whenever v <7y, n(1—v) > 1 and
n"(l-v) <k

Definition 3.3. In a dfts (X,n,n*), Vy€IX, an (1, k)- gener-
alized fuzzy M closure operator denoted as (1, k)-GMCyp p+
X x Iy x I} — I* defined as

GMCy p+(1,1,6) = \{veXly<vand vis (1,k)-gfMc}.
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Theorem 3.4. In a dfts (X,n,n*), ¥y, v € IX, then the oper-
ator (1,k)-GMCy, + satisfies the following statements

—_—

. GMCT]TP(Q) l, K) = 97 and GMCn‘n* (l, l, K) == l.
2. Yy < GMCy p+(7,1,K).

3. GMCy y+(YV V,1,K)
> GMCh p+(7,1,K) VGMCp p+(V,1,K).

4. GMCnn*(GMCnyn* ('}/, l, K), l, K) = GMCnn* (Y, l, K).
5. If yis (1,x)-gfMc set then GMCy p+(7,1,K) = ¥.
6. GMCT]-,TI*(’Y; i K) < MCf].ﬂ* (’}/7 L K) < CT].T]* (’}/7 L K)'

Theorem 3.5. Inadfts (X,n,n*), Vy€IX, an (1,k)- gener-
alized fuzzy M interior operator denoted as (1, k)-GM1Iy -+ :
IX x Iy x I} — IX given by

GMIy - (v, 1, k) =\/{verX|y>vand vis (1,x)-gfMo},
and
GMIUTI* (li Va l7 K) - lf GMCan* ('}/, l, K),

Proposition 3.6. In a dfts (X,n,n*), letan (1, k)-gfMc set
y € IX and

1. if yis an (1,K)-fMo set then ¥ is an (1, k)-fMc set.

2. if yis an (1,x)-fo set then YAV is an (1, k)-fMc set
whenever v < MCy »+(7,1, K).

Proof: (1) Let y be an (1, k)-gfMc set and an (1, k)-fMo set
such that y < v.
= MCyy+(7,1,K) < 7. Since y < MCy n+(7,1, %),
= Y=MCyy+(7,1,K). Therefore y is an (1, k)-fMc set.
(2) Let ybe an (1, K)-gfMc set and an (1, x)-fo set, then

MC’”IJI*(%laK) <y = visan (1,K)-fMc set
= 7YAvisan (1,K)-fMc set
= 7YyAvisan (1,K)-gfMc set.

—_
)
—

Definition 3.7. In a dfts (X,n,n"*), a fuzzy set y is called as
(1, k)- generalized” fuzzy M closed (resp. (1, k)- generalized*
fuzzy M open) (briefly (1, x)-g*fMc (resp. (1,K)-g*fMo))
set if MCy pn+(7,1,k) < v whenever y < v and v is an (1, k)-
gfosetin I* (resp. 1 —yis (1, Kk)-gfM*c set).

Theorem 3.8. In a dfts (X,n,n*), a fuzzy set y is (1, x)-
g*fMo setif and only if v < MI; »+(7,1, k) whenever Vv is an

(1,K)-gfc set.

Proof: Let y be an (1, k)-g* fMo set in IX, and let v is an
(1,x)-gfcset 3 v <y, by definition (3.1), 1 — yis an (1, k)-
gfosetin¥ & 1—y<1-—v.Butl—yisan (1,k)-g" fMc
set, then MCy p+(L—7,1,kK) <1—v. But

MCy (1 =7,1,K) =1 =My p+(7,1,K) < 1—v.
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Hence, v < M1y p+(7,1,K).

Conversely, let v < My p+ (7,1, k) whenever v < y and
visan (1,x)-gfc set, now, 1 — MI n+(y,1,x) < 1—v, Thus
MCy (1 —7,1,x) < 1—v. Therefore 1 —y is an (1,k)-
gfMc set. Hence yis an (1, k)-gf Mo set.

(x]

Proposition 3.9. Inadfts (X,n,n*), yAvisan (1,x)-g* fMc
setif y & v are (1, k)-g* fMc sets.

Proof: Assume y and v are (1,k)-g*fMc sets, > YAV <
v, V (1,%)-gfo set v, MCy n+(7,1,k) < v, and since ¥ is an
(1,K)-g* fMc set MCp p+(7,1,k) < OV (1, k)-gfo set v € IX
and y < v. Also v is an (1,k)-g" fMc set MCp p+(V,1,k) <
vV (1,k)-gfoset v € IX, & v < v. Therefore

MCTIJT* (% L K) /\MCT],TI* (V, i, K') S )

whenever YAV < v. Hence YAV is an (1, k)-g* fMc sets in
X, O

Proposition 3.10. In a dfts (X,n,n*), YAV is an (1,K)-
g* fMc setif yis (1,k)-g*fMc setand n(v) > 1,1*(v) < k.

Proof: Since every (1, K)-fc set is an (1,k)-g*fMc set and
from the proposition 3.9 we have the proof. g

Proposition 3.11. In a dfts (X,n,n*), yisan (1,x)-g* fMc
set and

1. if yisan (1,k)-gfo set then v is an (1, k)-fMc set.

2. if y< v <MCyp+(7,1,K) then v is an (1,k)-g* fMc
set.

Proof: (1) Suppose that yis both (1, k)-g fo and (1, k)-g* fMc
set in I*. Since ¥ is an (1, k)-gfo set, MCp n+(7,1,%) < ¥,
since yis an (1,K)-g* fMc set y < MCy y+(7,1,K). Therefore
Y =MCyp+(7,1,K).

(2) Suppose that 7y is an (1,k)-g*fMc set and v is an
(1,k)-gfosetinI¥ 5 y<v <vandletv<MCpan-(7,1,K),
This implies that

Mcn;n*(\/?l”c) S MCTIJ’I*(MCT],T]*(%LK)avi)
== MCn"n*(/y,l7K).

Since yis an an (1,k)-g* fMc, v is an (1,k)-gfo and y < v
we can say that MCp p+ (7,1, k), this implies that

MCpy+(v,1,k) < v.
Hence v is an (1, x)-g* fMc set. g

Theorem 3.12. Let (X,n;,n;) and (Y,12,7n5) be dfts’s. If
y<1ly <ly, > yis (1,k)-g*fMc set in IX, then 7y is an
(1,K)-g" fMc set relative to Y.

Proof: Suppose that (X,n;,n;) and (Y,n2,7n5) be dfts’s 5
y<1y, <ly, & yeIXis (1,k)-g" fMc set. And let y <
1y Av > veXisan (1,K)-gfo set.

Since y € IX is (1,k)-g" fMc set y < vV => MCq n+ (7,1, k) <
v. So that 1y AMCy »+(7,1,k) < 1y Av. Therefore 7y is an
(1,K)-g" fMc set relative to Y. E
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Theorem 3.13. In a dfts (X,n,n*), Vv <7, if vis (1,x)-
g"fMc set relative to ¥ > 7 is both (1,k)-gfo and (1,x)-
g*fMc set of I then v is an (1, k)-g* fMc set relative to X.

Proof: Let v is an (r,5)-g* fMc set and n(v) >t and n*(v)
<k > &v<v.Butwehave,v<y<l,andsov<yv <,
hence v < yAv. Therefore, v is an (1, k)-g* fMc relative to ¥,
ie. YAMCyp+(v,1,K) < YAV = YAMCy p+(v,1,k) < .
Thus (YAMCy p+(V,1,K))V (L =MCy p+(V,1,K)) <OV
(L=MCyp(Vv,1,K)).
This implies that

YV (L=MCyp+(v,1,k)) SOV (1 —=MCyy+(V,1,K)).

Because yis an (1,k)-g* fMc set, MCy p+(7,1,K) < vV (1 —
V). Andso v <y = MCpp+(v,1,k) < MCp y+(7,1,K).
Therefore

MCn)n*(V,l,K‘) MCT]M*(%LK)

<
< vV ({1 -MCyy(v,1,K)).

Thus MCy »+(7,1,k) < v, but MCy +(7,1,K) is not con-
tained in (1 — MCy »+(v,1,%)). i.e. Vv is an (1,K)-g"fMc
relative to X. o)
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