Malaya Journal of Matematik, Vol. S, No. 1, 290-295, 2019
https://doi.org/10.26637/MJM0S01/0054

A Subclass of close-to-star functions
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Abstract
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In this paper, we generalise the concept of close-to-star functions by considering a subclass #.*(co, ) of
normalized analytic functions in the unit disk U= {z € C: |z| < 1} such that for some starlike function
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We obtain results on sharp coefficient estimates, growth and distortion
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1. Introduction and Definitions

Let <7 be the normalized class of regular functions

f@2) =z4a? +asz + ... (1.1)
which are univalent in the unit disk U= {z € C: |z| < 1} and
normalized by the conditions f(0) = f/(0) — 1 =0.

If f € o and satisfies D‘i{zf(())} >a, V zeU,then

f(z) is said to be a starlike functions of order . We use
*(a) to denote the class of starlike function of order a.
On putting & = 0, the class of functions is denoted by .*.
A function f(z) belonging to <7 is said to be convex if and

only if 9%{ <()) + 1} > 0. We denote % be the subclass of

o/ consisting of all convex functions.

T.H.Macgregor [4], investigated the properties of the class
R of functions f(z) which belong to .« and satisfy R f’(z) >
0, for z€ U. In [3], O.PJuneja and M.L.Mogra considered
the class R(a, ) of functions f(z) € <7, satisfying the
condition

—1
ot

<B, (zel)

forsome o, f(0<ax <1, 0<B<1).

In 1983, Silvia [9] defined and studied the class 63 |A, B] of
functions f(z) € & satisfying

2(f'(2) N
Eﬁ{ 70 } > B, where g(z) € S*[A,B], (z€U).

In [7], the author introduced new subclasses of the class %, of
functions f(z ) deﬁned by (1) to be an alpha-close-to-convex

function if L&) ;é 0 in U and if for some nonnegative
real number o and for some starlike function
0(2) =2+ ...
zf'(2) (zf'(2))
i)%{(l—a) +a >0, (zel).
¢(z) ¢'(z)

n [8] the authors studied a subclass 6" of close to convex



functions defined by the condition

Re (Zf/(z)> > 0, where g€ €.
8(z)

This work was further extended by Peng Zhigang [10], defin-
ing a subclass €”(a, ) by requiring that f € ¢’ (a, ) if and
only if

@) 1

8(2) < B.

f(z)
Zgé + (1-2a)

In [11], the authors studied a subclass €™*[A, B] of close to
convex functions defined by the condition

(zf' () (zf'(2))
g () g (2)

and —1< B <A< 1.

, where g€

1’ < 'AB

Let s and ¢ be analytic functions in U. Then s is said to be
subordinate to 7, written s(z) < #(z) if there is a Schwarz
function @(z) on U such that ©(0) =0,

|o(z)] < |z| for every |z| < I and is such that

(1.2)

However it is well-known that, if r € .7, then (2) is equivalent
to s(0) = #(0) and s(U) = ¢(U).

In this paper. Motivated by the above concepts, we introduce
and study

various properties of subclasses, #;*(a, 3) of close-to-star
functions and

A-close-to-star functions ¢ (o, B).

Definition 1.1. A normalized regular function f(z) of the
Sform (1) is said to be in the class J¢*(a,B) if and only if
there is a starlike function

g(2) = 2+ +..e7*, (zeU) (1.3)
such that
Zf;(;) —1
8\Z
s 1B 0<a<l, 0<B<1 (zel).
zg(g) + (1 -2a)

(1.4)

Interms of subordination (2) can be put in the form f €
(o, B) if and only if

zf'(2)
8(2)

1 + 2a—1)Bz
1+ Bz

Note that f € X (a,B) if and only if §<S’
1)B,B).

e Z((2a —
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Definition 1.2. A normalized regular function f(z) of the
form (1) is said to be in the class € (a, B) if and only if there
is a starlike function g(z) defined by (3) such that

FE L EPERY 1+ Qa1
70 Tk N

(1_1) (ZEU)7
(1.5)

where, 0 <A <1, 0<a<land0<p<I1.

2. Preliminaries
Lemma 2.1. [1, 6] Let N and D be analytic in U, D maps
onto a many-sheeted starlike region, N(0) = 0 = D(0). Then
N'(z) 1+Az N(z) 1+Az
D'(z) 14+Bz " D(z) 1+Bz

3. COEFFICIENT BOUNDS

Theorem 3.1. Ifh(z) = 1+ Z hZ" € p (2a—1)B,B),

0<a<l, 0<B<I, zEUthen|h|<2/3(l— o), for
all n > 1. This inequality is sharp.

Proof. Ashe p((2oe—1)B,), we have

>, 1+ 20 —1)Bz
1+Zhnz" =< ( B
n=1

———— 0<a<1,0<pB <)
1+ Bz (0< p<b)
This implies there is a Schwarz function ®(z) such that

- 1+ 20— DBo()
]+ h Zn == )
n; " 1+Bo(z)
where ®(0) =0,|0(z)| < |z| forall |z] <1.  (3.1)
Then (6) gives,

(Qa-1)p-p)— Zﬁhkzl [ickzkl = ihkzk»
=1 =1
ZCkZ

Applying Cauchy’s product on the left hand side of (7) and
comparing

coefficients, the nth coefficient 4, on the right hand side of (7)
depends only on hy,hy,...,h,—1 on the left of (7). Therefore
from (7), for all n > 1, it follows that

|(J) thz + Z ka

k=n+1

where ®(z (3.2)

n—1
a—1)B—Y Bh 2
k=1

where by (k=n+1,n+2,..
Since |0(z)| < 1, we get,

.) are some complex numbers.

Y+ Y b =2(a—1)B - Zﬁhkz o(z)]
k=1 k=n+1
n—1
< [2(a-1)B- Y Bh (3.3)
k=1




Squaring and integrating around the circle z = re®, 0< 6 <

27,
1 2
B / ’
27 Jo

>l
= o

Taking limit r — 1~ we get,

2
n—1
a—1)p—Y Bh e de
k=1

Zh kek® 4 Z b, r e’ke

k=n-+1

de.

n—1 n—1
4B2((X7 : + ZBZ |hk|2 > Zﬁ |hk‘2 + |hn|27
k=1 k=1

which gives

|| < 2B(1—a), ¥V n>1.
Equality is attained for the functions i(z) = %, nS
2,3,....

Theorem 3.2. If an analytic function f in U defined by (1)
satisfies the
inequality

=

Y n(148) lan] + ¥ (14 BQa— 1)) b,] < 2(1—at) .

n=2 n=2
34

where for n=2,3,...,the coefficients b,, are given by (3) then
fex(a,p).

Proof. We set for f given by (1) and g defined by (3), then

= |2f'(z) —g(z)| — |B(1—2a)g(z) — B(zf'(2))|

= Znanz" — Zb,,z”
n=2 n=2

— 2B - )@ + BU—20)Y b + ¥ B
n=2 n=2

< Y nlanl 2" + Y 1bal [2I"
n=2 n=2
- lz(l —a)B el = B(1-2a) Y [bal [o|" + Y Bn ] Zl"]
n=2 n=2

=2(1-a)B [z + Z (B + 1)) lan| [z]"

o

+ ) (1 + Ba—1))[bal |2".

n=2

Hence for z € U using (9) we have

ﬁ+Z

+M<2(1-a (1+B))

) lan]
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Y (14+B2a—1) |by] <0.

n=2

From the above calculation, we have

—8(@)] < IB(1-2a)g(z) = B(zf'(2)];

Which is equivalent to the inequality (4).Hence f € Z.* (o, B).
O

|2f'(z)

Theorem 3.3. Let f(z) of the form (1) be in the class ;" (¢, B).
Then for z € U

|an| < [1=2B(1-a)] + (n+1)(1-a)B.

Proof. If f € 2 (a, B), then there is a function g € .#* with
g(z) is given by (3) such that

Z;;S) e 2(2a—1)B,B). (3.5)
Now
ZZ:;S) — () < 1+ (]2—0: le)ﬁz'
Equating the coefficients of z" on both sides, we get
nay, = pp—1+bapu2+...+by_1p1+by. (3.6)

Since g(z) € .7*, it follows that |b,| < n, for all n > 2 and
from Theorem 1,
|pn| <2B(1 — ) for all n > 1. Therefore, (11) yields

Inan| < |ba| + 2B(1—0)[14+by+b3+...4+by_i]
<n+2B(1—a)[l+243+..+(n—1)]. (3.7)

On simplifying, we get the required assertion of this theorem.
Applying similar arguments, we get the following theorem.
O

Theorem 3.4. If the function f(z) € €, (e, ) is defined by
(1), then

(I—a)B(n+1)2n+1)
3

(3.8)
where, 0 <A <1,0<a<land0< B <1.

4. Growth and distortion theorems

In this section, we prove the distortion and growth results for
the function classes .7{*(«, 8) and € («, ).



Theorem 4.1. If f € 2 (a,B), 0<a<land0< B <
1 |zl =r< 1, then

fp=1,
1—(1-20)r _ 1+ =20)r
5 < |f @) < B
and
(1-o)r(2+r)  (1-2a)r
(1+r) (1+r)
< 17| < (1 —(;x)_rgz—r) N (1(1—_2(:))r.
ifp#1,
I-(1=200Br _ 0 1+ (1=20)Br
ey = MO g
and

_ﬂl—amkg<;+¢)_+

(1-B)? +Br (1-B) 1+r
2(1—a)B 1—r
< @I <—pz o (1ﬁr>
1+ (1-20)8 r
(1-B) 1-r

Proof. As f € (o, B), there exists a function g(z) € ./,
such that

2f'(z) = p(2)g(2),

where p(z) < %ﬁ;)ﬁz
It is clear that
1—(1-2 14+(1-2
m < |p(Z)‘ < (1[3:)6)13”
Again g(z) € %, then
r r
(42 = lg(2)] < (e
Therefore,
1—(1-2a)Br , 14+ (1—2a)Br
wepnne = VO e 40
For z = re'®, with 0 < r < 1, we have
fla) = / " f(te®)e . 4.2)
0
From (13) and (14) we get
_ [ (169)68 T+ -2a)pt
f(Z)—/O f(te®)edt §/0 =g 49
If B =1, then
(I—a)yr2-r) (1=20)r
lf @) < TR T
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If B # 1, then
21—a)p 1—r I+(1-2a)B r
o< Jgree () + e T

To prove the lower bound of | f(z)| we proceed as follows. Let
o be the radius of the open disc contained in the map of D by
f(2). Let zo be the point of |z| = r for which |f(z)] attains its
minimum value. This minimum increases with r and is less
than o. Hence, the linear segment I" connecting the origin
with the point f(zo) will be covered entirely by the values of
f(z) in D. Let y be the arc in D which is mapped by @ = f(z)
onto this linear segment. Then

fall = [ ol = [ 1) d

/ "1—(1-2a)pt
> [Ir@llal > [ G g @
If B =1, then
(I—a)r(2+7) (1-20)r
@ = e~
If B # 1, then
—2(1-a)B 1+r 1+(1-2a)B r
I (e R = e
O

Theorem4.2. Let0 < A < 1,0<a <1, 0< B <1
and f € €5 (o, B).
(1) If A =0, then for |z| = r < 1, we have

"1—(1-2a)Bt (1—1)
/0 (14+B1)  (1+1)3 dr < |f(2)]
"1+ (1-20)Br (1+1)
< /0 (=B (=17 dr.

4.5)

which gives
2 < f@@)] £ 4,

where

_2B(1—a)(1+4B) 147
7= e (1)
(1—2a)B? +2B(3a—2)—1 1
(1-p)? I+r

(14 (1—2a)8] r+2

(1-B) (+n?
_—2[3(1—a)(1+[3) 1—r
S Ve e 1"“”(1&)

+(1—2a)B2+ 2B3a—2)—1 1
(1-B)?

and




2+ (1-2a)B] r-2
(1-B)  (1-r*
(2)If 0 < A < 1, then for |z) = r < 1, we have

A < |f(2)| <

where
it 1—(1—2a)Br 1— 1,
=" l// (1+B1) (1+) di st = ds.
71 -t S14+(1—-20)Bt 1+41¢ 1,
f}t // ( — 1) (1_) dt sA~ ds.
4.6)

Proof. Suppose that f € € (a,f3), there exists a function
8(z) € .77,

such that(1—A)f'(z) + A(zf'(z)) = g'(z)h(z), where

14+ Qa—-1)Bz
S
It is clear to see that then
1—r 1+r
oy < lEe < a0
Setting F'(z) = (1—a)f'(z) + a(zf'(z))’, we have
1—(l-2a)Br 1—r ,
(187 (+rp = IF(2)
I+ (1 =2a)Br 1+r
S TUB) a0 “n
Therefore,
"l—(1-20)Bt 1—t
T T e
"1+(1-20)Br 1+t
S R e (e
(4.8)
"1—-(1-2a)Bt 1—t
J 1)t
< [(1=2)f(2) + Azf'(2)|
T14+(1-20)Br 141
Shum mot

Consider the following two cases:

(1) When A = 0. From (20) and using simple computation,

we get (16).

(2) When 0 < A < 1, using a simple computation from (20),

we get (17). O

Theorem 4.3. Let f(z) € *(o,B),0<a<1,0< B <1

Then
zf'(2)
Re{ g(z)

(4.10)

o
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where

%:

2(1—a)Br
[1+ a-1)Br]>

~ 0+ ifri <,
+ -

ifri >nr.

and

VB + 2o~ DB —pr)[1— (2a—1)Br]
(- a)B(i—r) |
14 (1 -20)B%)

Ty

(=B -7) @iy
where r| and ry are the unique roots of the equations
Qa-1)*r — Bl2a—1)—1]r"
- R2Qa-1)B—-1r—-1=0 4.12)
and
[1-(1=2a)B]Br* — 21— (1 —2a)B]Br’
—{(1=B)[1 = (1 -2a)B]
+2B(a—1)}r + 2[1— (1 —2a)B]r
—1-(1-2a)B] =0 (4.13)
respectively.
Proof. Since f(z) € #*(a,B), we can write
! 1+Q2a—1
Zg(g) = p(2) < w where g(z) € .
Hence F(z) = zf'(z) and therefore
F'E) @) @)
ERrE e I
For starlike function g(z) of order & (0 < @ < 1), we have
8'(z) 1-r
Re{ 20 } > T (4.15)
As p(z) < %ﬁ)&, we have [2],
Re{Zp/(Z)} 2| mmaeer S )
p(2) Y 1og ifry > rp.
where
_ VB +a—1DB](1 - Br2)[1 — (2o —1)Br
7
" (1—a)B(1-P)
—[1+(1-20)B%]
(=B -7) @
and ry, rp are the unique roots of the equation
o —1)B** — 22 —1)B%*7
— [1+4aB+QRa-1)B4r? —2r+1 =0
(4.18)

in the interval (0,1].From (24) (25) and (26), we get the re-
quired result.
O

o
L0,
Ssa2ez
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