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1. Introduction and preliminaries

Ŝostak [7] introduced the fuzzy topology as an extension of
Chang’s fuzzy topology [1]. J. H. Park and B. Y. Lee [5]
introduced fuzzy semi preopen and fuzzy semi preclosed sets
in fuzzy topology.

In this paper, Y. C. Kim [4] introduced r-fuzzy semi pre-
open (r-fuzzy semi preclosed) sets in Ŝostak’s fuzzy topologi-
cal space. Moreover, we establish some properties of fuzzy
semi pre-continuous, fuzzy semi preopen (semi preclosed)
maps and fuzzy semi pre-irresolute maps. Also, we investi-
gate the relation between fuzzy semi pre-continuous maps and
fuzzy semi pre irresolute maps. As a natural follow-up of the
study of r-fuzzy semi preopen sets, we introduce and study
r-fuzzy semi pre-connectedness of a fuzzy set.

Throughout this paper, let X be a nonempty set, I = [0, 1]
and I0 = (0, 1]. For α ∈ I, α(x) = α for all x ∈ X . The
family of all fuzzy sets on X denoted by IX . For λ ,µ ∈ IX , λ

is called quasi-coincident with µ , denoted by λqµ , if there
exists x ∈ X such that λ (x)+µ(x)> 1. Otherwise we denote
λqµ .

Definition 1.1. [7] A function τ : IX → I is called a fuzzy
topology on X if it satisfies the following conditions:

(O1) τ(0) = τ(1) = 1,
(O2) τ(

∨
i∈Γ µi)≥

∧
i∈Γ τ(µi), for any {µ}i∈Γ ⊂ IX .

(O3) τ(µ1∧µ2)≥ τ(µ1)∧ τ(µ2), for any µ1, µ2 ∈ IX .
The pair (X , τ) is called a fuzzy topological space (for short,
fts).

Remark 1.2. [4] Let (X ,τ) be a fuzzy topological space.
Then, for each r ∈ I, τr = {µ ∈ IX : τ(µ)≥ r} is a Change’s
fuzzy topology on X .

Theorem 1.3. [2], [3] Let (X , τ) be a fts. Then for each
r ∈ I0, λ ∈ IX we define an operator Cτ : IX × I0 → IX as
follows

Cτ(λ , r) =
∧
{µ ∈ IX : λ ≤ µ, τ(1−µ)≥ r}.

For λ , µ ∈ IX and r,s ∈ I0, the operator Cτ satisfies the fol-
lowing conditions:

(1) Cτ(0,r) = 0.

(2) λ ≤Cτ(λ , r)

(3) Cτ(λ , r)∨Cτ(µ, r) =Cτ(λ ∨µ, r).

(4) Cτ(λ , r)≤Cτ(λ , s) if r ≤ s.
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(5) Cτ(Cτ(λ , r), r) =Cτ(λ , r).

Theorem 1.4. [3] Let (X , τ) be a fts. Then for each r ∈
I0, λ ∈ IX we define an operator Iτ : IX × I0→ IX as follows

Iτ(λ , r) =
∨
{µ ∈ IX : λ ≥ µ, τ(µ)≥ r}.

For λ , µ ∈ IX and r,s ∈ I0, the operator Iτ satisfies the follow-
ing conditions:

(1) Iτ(1−λ ,r) = 1−Cτ(λ , r).

(2) Iτ(1,r) = 1.

(3) λ ≥ Iτ(λ , r)

(4) Iτ(λ , r)∧ Iτ(µ, r) = Iτ(λ ∧µ, r).

(5) Iτ(λ , r)≥ Iτ(λ , s) if r ≤ s.

(6) Iτ(Iτ(λ , r), r) = Iτ(λ , r).

(7) If Iτ(Cτ(λ , r), r) = λ , then Cτ(Iτ(1−λ ,r),r) = 1−λ .

Definition 1.5. [6] Let (X , τ) be a fts. For λ ∈ IX and r ∈ I0.

(1) λ is called r-fuzzy preopen (r-fpo, for short) iff λ ≤
Iτ(Cτ(λ , r),r).

(2) λ is called r-fuzzy preclosed (r-fpc, for short) iff 1−λ

is r-fuzzy preopen set of X .

(3) The r-fuzzy pre-interiror of λ , denoted by PIτ(λ ,r), is
defined by PIτ(λ ,r) =

∨
{ν ∈ IX : ν ≤ λ ,ν is r-fpo }

(4) The r-fuzzy pre-closure of λ , denoted by PCτ(λ ,r), is
defined by PCτ(λ ,r) =

∧
{ν ∈ IX : ν ≥ λ ,ν is r-fpc }.

Definition 1.6. [4] Let (X , τ) be a fts. For λ ∈ IX and r ∈ I0,

(1) λ is called r-fuzzy semi preopen (for short, r-fspo) if
λ ≤Cτ(Iτ(Cτ(λ , r), r), r);

(2) λ is called r-fuzzy semi preclosed (for short r-fspc) if
Iτ(Cτ(Iτ(λ , r), r), r)≤ λ .

Theorem 1.7. [4] Let (X , τ) be a fts. For λ ∈ IX and
r, s, ri ∈ I0.

(1) λ is r-fspo iff 1−λ is r-fspc.

(2) Any union of r-fspo sets is r-fspo.

(3) Any intersection of r-fspc sets is r-fspc.

(4) If λ is r-fpo, then λ is r-fspo.

Definition 1.8. [3], [7] Let (X , τ) and (Y, η) be a fts’s. Let
f : X → Y be a mapping.

(1) f is called fuzzy continuous iff η(µ)≤ τ( f−1(µ)) for
each µ ∈ IY .

(2) f is called fuzzy open iff τ(λ ) ≤ η( f (λ )) for each
λ ∈ IX .

(3) f is called fuzzy closed iff τ(1−λ )≤ η(1− f (λ )) for
each λ ∈ IX .

2. r-fuzzy semi preopen and r-fuzzy semi
preclosed sets

Theorem 2.1. Let (X , τ) be a fts. For each r ∈ I0, λ ∈ IX ,
we define an operator SPCτ : IX × I0→ IX as follows:

SPCτ(λ , r) =
∧
{µ ∈ IX : λ ≤ µ, µ is r-fspc }.

For λ , µ ∈ IX and r ∈ I0, it holds the following properties.

(1) SPCτ(0,r) = 0.

(2) λ ≤ SPCτ(λ , r).

(3) SPCτ(λ , r)∨SPCτ(µ, r)≤ SPCτ(λ ∨µ, r).

(4) SPCτ(SPCτ(λ , r), r) = SPCτ(λ , r).

(5) SPCτ(λ , r) = λ iff λ is r-fspc.

(6) Cτ(SPCτ(λ , r), r) = SPCτ(Cτ(λ , r), r) =Cτ(λ ,r).

(7) λ is r-fspc iff SPCτ(λ , r) = λ .

Proof. (1), (2), (5), (7) are easily proved from the definition
of SPCτ .
(3) Since λ , µ ≤ λ ∨µ , we have

SPCτ(λ , r)∨SPCτ(µ, r)≤ SPCτ(λ ∨µ, r).

(4) From (2), we only show SPCτ(λ , r)≥ SPCτ(PCτ(λ , r),r).
Suppose

SPCτ(λ , r)� SPCτ(SPCτ(λ , r),r).

There exist x ∈ X and t ∈ (0, 1) such that

SPCτ(λ , r)(x) < t < SPCτ(SPCτ(λ , r),r)(x).
(A)

Since SPCτ(λ , r)(x) < t, by the Definition of SPCτ , there
exists r-fspc set λ1 with λ ≤ λ1 such that

SPCτ(λ , r)(x)≤ λ1(x)< t.

Since λ ≤ λ1, we have SPCτ(λ , r)≤ λ1. Again, by the Defi-
nition of SPCτ ,

SPCτ(SPCτ(λ , r),r)≤ λ1.

Hence SPCτ(SPCτ(λ , r),r)(x)≤ λ1(x)< t. It is a contradic-
tion for (A). Thus,

SPCτ(λ , r)≥ SPCτ(SPCτ(λ , r),r).

(6) From (2) and Cτ(λ , r) is r-fspc we have, SPCτ(Cτ(λ , r),r)=
Cτ(λ , r). We only show that

Cτ(SPCτ(λ , r),r) =Cτ(λ , r).
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Since λ ≤ SPCτ(λ , r),

Cτ(SPCτ(λ , r),r)≥Cτ(λ , r).

Suppose that

Cτ(SPCτ(λ , r),r)�Cτ(λ , r).

There exist x ∈ X and r ∈ I0 such that

Cτ(SPCτ(λ , r),r)(x)>Cτ(λ , r)(x).

By the definition of Cτ , there exists ρ ∈ IX with λ ≤ ρ and
τ(1−ρ)≥ r such that

Cτ(SPCτ(λ , r),r)(x)> ρ(x)≥Cτ(λ , r)(x).

On the other hand, since ρ =Cτ(ρ, r), λ ≤ ρ implies

SPCτ(λ , r)≤ SPCτ(ρ, r)= SPCτ(Cτ(ρ, r),r)=
Cτ(ρ, r) = ρ .
Thus,

Cτ(SPCτ(λ , r),r)≤ ρ .

It is a contradiction. Hence Cτ(SPCτ(λ , r),r)≤Cτ(λ , r).

Theorem 2.2. Let (X , τ) be a fts. Define an operator SPIτ :
IX × I0→ IX as follows:

SPIτ(λ , r) =
∨
{µ ∈ IX | µ ≤ λ ,µ is r-fspo }.

Then:

(1) SPIτ(1−λ ,r) = 1−SPCτ(λ , r).

(2) Iτ(λ ,r)≤ PIτ(λ ,r)≤ SPIτ(λ ,r)≤ λ ≤ SPCτ(λ , r)≤
PCτ(λ , r)≤Cτ(λ , r).

(3) λ is r-fspo iff SPIτ(λ ,r) = λ .

Proof. (1) For each λ ∈ IX and r ∈ I0, we have
SPIτ(1−λ ,r) =

∨
{µ ∈ IX | µ ≤ 1−λ , µ is r-fspo }

= 1−
∧
{1−µ ∈ IX |1−µ ≥ λ ,1−µ is

r-fspc }
= 1−SPCτ(λ ,r).

(2) and (3) are easily proved.

3. Fuzzy semi pre-irresolute mappings

Definition 3.1. Let (X , τ) and (Y, η) be a fts’s. Let f : X→
Y be a mapping.

(1) f is fuzzy semi pre-irresolute (resp. fuzzy semi pre-
continuous [4]) iff f−1(µ) is r-fspo set of X for each
r-fspo set µ ∈ IY (resp. η(µ)≥ r).

(2) f is fuzzy semi pre-irresolute open (resp. fuzzy semi
pre-open [4]) iff f (µ) is r-fspo set of Y for each r-fspo
set µ ∈ IX (resp. τ(µ)≥ r).

(3) f is fuzzy semi pre-irresolute closed (resp. fuzzy semi
pre-closed [4]) iff f (µ) is r-fspc set of Y for each r-fspc
set µ ∈ IX (resp. τ(1−µ)≥ r).

(4) f is fuzzy semi pre-irresolute homeomorphism iff f is
bijective and both of f and f−1 are semi pre-irresolute.

Theorem 3.2. Let (X , τ1) and (Y, τ2) be a fts’s. Let f : X→
Y be a mapping. The following statements are equivalent.

(1) A map f is fuzzy semi pre-irresolute.

(2) For each r-fspc µ ∈ IY , f−1(µ) is r-fspc.

(3) f (SPCτ1(λ ,r))≤ SPCτ2( f (λ ),r), for each λ ∈ IX and
r ∈ I0.

(4) SPCτ1( f−1(µ),r)≤ f−1(SPCτ2(µ,r)), for each µ ∈ IY

and r ∈ I0.

(5) f−1(SPIτ2(µ,r)) ≤ SPIτ1( f−1(µ),r), for each µ ∈ IY

and r ∈ I0.

Proof. (1)⇔ (2) It is easily proved from Theorem 1.7, and
f−1(1−µ) = 1− f−1(µ).

(2)⇒ (3) Suppose there exist λ ∈ IX and r ∈ I0 such that

f (SPCτ1(λ ,r))� SPCτ2( f (λ ),r).

There exist y ∈ Y and t ∈ I0 such that

f (SPCτ1(λ ,r))(y)> t > SPCτ2( f (λ ),r)(y).

If f−1({y})= φ , it is a contradiction because f (SPCτ1(λ ,r))(y)=
0.
If f−1({y}) 6= φ , there exists x ∈ f−1({y}) such that

f (SPCτ1(λ ,r))(y)≥ SPCτ1(λ ,r)(x)> t > SPCτ2( f (λ ),r)( f (x)).
(A)

Since SPCτ2( f (λ ),r)( f (x)) < t, there exists r-fspc µ ∈ IY

with f (λ )≤ µ such that

SPCτ2( f (λ ),r)( f (x))≤ µ( f (x))< t.

Moreover, f (λ )≤ µ implies λ ≤ f−1(µ). From (2), f−1(µ)
is r-fspc. Thus, SPCτ1(λ ,r)(x) ≤ f−1(µ)(x) = µ( f (x)) < t.
It is a contradiction for (A).

(3)⇒ (4) For all µ ∈ IY , r ∈ I0, put λ = f−1(µ). From (3),
we have

f (SPCτ1( f−1(µ),r))≤ SPCτ2( f ( f−1(µ)),r)≤ SPCτ2(µ,r).

It implies

SPCτ1( f−1(µ),r))≤ f−1( f (SPCτ1( f−1(µ),r)))≤ f−1(SPCτ2(µ,r)).
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(4)⇒ (5) It is easily proved from Theorem 3(1)

(5)⇒ (1) Let µ be r-fspo set of Y . From Theorem 3(3),
µ = SPIτ2(µ,r). By (5),

f−1(µ)≤ SPIτ1( f−1(µ),r).

On the other hand, by Theorem 3(2),

f−1(µ)≥ SPIτ1( f−1(µ),r)

Thus, f−1(µ) = SPIτ1( f−1(µ),r), that is, f−1(µ) is r-fspo.

The following theorem is similarly proved as Theorem 3.2

Theorem 3.3. Let (X , τ1) and (Y, τ2) be a fts’s. Let f : X→
Y be a mapping. The following statements are equivalent.

(1) A map f is fuzzy semi pre-continuous.

(2) f (SPCτ1(λ ,r))≤Cτ2( f (λ ),r), for each λ ∈ IX and r ∈
I0.

(3) SPCτ1( f−1(µ),r) ≤ f−1(Cτ2(µ,r)), for each µ ∈ IY

and r ∈ I0.

(4) f−1(Iτ2(µ,r))≤ SPIτ1( f−1(µ),r), for each µ ∈ IY and
r ∈ I0.

Theorem 3.4. Let (X , τ) and (Y, η) be a fts’s. Let f :
X → Y be a bijective mapping. The following statements are
equivalent.

(1) A map f is fuzzy semi pre-irresolute.

(2) SPIη( f (λ ),r) ≤ f (SPIτ(λ ,r)), for each λ ∈ IX and
r ∈ I0.

Proof. (1)⇒ (2): Let f be fuzzy semi pre-irresolute mapping
and λ ∈ IX , r ∈ I0. Then f−1(SPIη( f (λ ),r)) is r-fspo set in
X . By Theorem 3.2 and the fact that f is one-to-one we have

f−1(SPIη( f (λ ),r))≤ SPIτ( f−1( f (λ ),r))
= SPIτ(λ ,r).

Again since f is onto we have

SPIη( f (λ ),r)) = f f−1(SPIη( f (λ ),r))
≤ f (SPIτ(λ ,r)).

(2)⇒ (1): Let µ be r-fspo set of Y . Then by Theorem 3(3),
µ = SPIη(µ,r). By (2)

f (SPIτ( f−1(µ),r))≥ SPIη( f f−1(µ),r)
= SPIη(µ,r))
= µ .

It implies

SPIτ( f−1(µ),r)) = f−1 f (SPIτ( f−1(µ),r)
≥ f−1(µ).

Hence, f−1(µ) = SPIτ( f−1(µ),r), that is, f−1(µ) is r-fspo
set of X .

Theorem 3.5. Let (X ,τ) and (Y,η) be fts’s. Let f : X → Y
be a mapping. The following statements are equivalent:

(1) f is called fuzzy semi-pre-irresolute open.

(2) f (SPIτ(λ ,r)) ≤ SPIη( f (λ ),r), for each λ ∈ IX and
r ∈ I0.

(3) SPIτ( f−1(µ),r) ≤ f−1(SPIη(µ,r)), for each µ ∈ IY

and r ∈ I0.

(4) For any µ ∈ IY and any r-fpsc λ ∈ IX with f−1(µ)≤
λ , there exits a r-fspc ρ ∈ IY with µ ≤ ρ such that
f−1(ρ)≤ λ .

Proof. (1)⇒ (2): For each λ ∈ IX , since SPIτ(λ ,r) ≤ λ

from Theorem (2), we have f (SPIτ(λ ,r))≤ f (λ ). From (1),
f (SPIτ(λ ,r)) is r-fspo. Hence f (SPIτ(λ ,r))≤ SPIη( f (λ ),r).

(2)⇒ (3): For all µ ∈ IY , r ∈ I0, put λ = f−1(µ) from (2).
Then f (SPIτ( f−1(µ),r)≤ SPIη( f ( f−1(µ)),r)≤
SPIη(µ,r).
It implies SPIτ( f−1(µ),r)≤ f−1(SPIη(µ,r)).
(3)⇒ (4) : Let λ be r-fspc set of X such that f−1(µ) ≤ λ .
Since 1−λ ≤ f−1(1−µ) and SPIτ(1−λ , r) = 1−λ ,

SPIτ(1−λ , r) = 1−λ ≤ SPIτ( f−1(1−µ), r).

From(3),

1−λ ≤ SPIτ( f−1(1−µ), r)≤ f−1(SPIη(1−
µ, r)).

It implies

λ ≥ 1− f−1(SPIη(1−µ, r))
= f−1(1−SPIη(1−µ, r))
= f−1(SPCη(µ, r)).

Hence there exists a r-fspc SPCη(µ, r)∈ IY with µ ≤ SPCη(µ, r)
such that f−1(SPCη(µ, r))≤ rλ .

(4)⇒ (1) : Let ω be r-fspo set X . Put µ = 1− f (ω) and
λ = 1−ω such that λ is r-fspc. We obtain

f−1(µ) = f−1(1− f (ω)) = 1− f−1( f (ω))≤
1−ω = λ .

From(4), there exists r-fspc set ρ with µ ≤ ρ such that f−1(ρ)≤
λ = 1−ω . It implies ω ≤ 1− f−1(ρ) = f−1(1−ρ). Thus,
f (ω) ≤ f ( f−1(1− ρ)) ≤ 1− ρ . On the other hand, since
µ ≤ ρ ,
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f (ω) = 1−µ ≥ 1−ρ .

Hence f (ω) = 1−ρ , that is, f (ω) is r-fspo.
The following theorem is similarly proved from Theorem

3.5

Theorem 3.6. Let (X , τ) and (Y, η) be a fts’s. Let f : X→Y
be a mapping. The following statements are equivalent:

(1) f is called fuzzy semi pre-irresolute closed.

(2) f (SPCτ(λ ,r)) ≤ SPCη( f (λ ),r), for each λ ∈ IX and
r ∈ I0.

Theorem 3.7. Let (X , τ) and (Y, η) be a fts’s. Let f : X→Y
be a bijective mapping.

(1) f is a fuzzy semi pre-irresolute closed map iff, for each
µ ∈ IY and r∈ I0, f−1(SPCη(µ, r))≤ SPCτ( f−1(µ), r).

(1) f is a fuzzy semi pre-irresolute closed map iff f is a
fuzzy semi pre-irresolute open map.

Proof. (1)(⇒) Let f be fuzzy semi pre-irresolute closed.
From Theorem 3.6(2), for each λ ∈ IX and r ∈ I0.

f (SPCτ(λ ,r))≥ SPCη( f (λ ),r).

For all µ ∈ IY , r ∈ I0. Put λ = f−1(µ) from (2) since f is
onto, f ( f−1(µ)) = µ . Thus,

f (SPCτ( f−1(µ),r))≥ SPCη( f ( f−1(µ)),r).
= SPCη(µ,r).

It implies

SPCτ( f−1(µ),r)) = f−1( f (SPCτ( f−1(µ),r)))
≥ f−1(SPCη(µ,r)).

(⇐) Put µ = f (λ ). Since f is injective,

f−1(SPCη( f (λ ),r))≤ SPCτ( f−1( f (λ )),r)
= SPCτ(λ , r).

Since f is onto,

SPCη( f (λ ),r)≤ f (SPCτ(λ , r)).

(2) It is easily proved from:

f−1(SPCη(µ, r)≤ SPCτ( f−1(µ),r)
⇔ f−1(1−SPIη(1−µ,r))≤ 1−SPIτ(1−

f−1(µ),r)
⇔ f−1(SPIη(1− µ,r)) ≥

SPIτ( f−1(1−µ),r).

From the above Theorems we obtain the following theorem.

Theorem 3.8. Let f : (X , τ)→ (Y, η) be a bijective mapping
from a fts (X , τ) into a fts (Y, η). For each λ ∈ IX , µ ∈ IY

and r ∈ I0. The following statements are equivalent:

(1) f is a fuzzy semi pre-irresolute homeomorphism.

(2) f is a fuzzy semi pre-irresolute and fuzzy semi pre-
irresolute open.

(3) f is a fuzzy semi pre-irresolute and fuzzy semi pre-
irresolute closed.

(4) f (SPIτ(λ ,r)) = SPIη( f (λ ),r).

(5) f (SPCτ(λ ,r)) = SPCη( f (λ ),r).

(6) SPIτ( f−1(µ),r) = f−1(SPIη(µ,r)).

(7) SPCτ( f−1(µ),r) = f−1(SPCη(µ,r)).

Remark 3.9. For the mapping f : X → Y , the following
statements are valid:

(1) f is a fuzzy semi pre-irresolute ⇒ f is a fuzzy semi
pre-continuous.

(2) f is a fuzzy continuous⇒ f is a fuzzy semi pre-continuous.

The converses of Remark 3.9(1,2) need not be true from the
following example.

Example 3.10. Let λ1, λ2, λ3 and λ4 be fuzzy subsets of
X = {a,b,c} defined as follows:

λ1(a) = 0.2, λ1(b) = 0.4, λ1(c) = 0.5,
λ2(a) = 0.2, λ2(b) = 0.2, λ2(c) = 0.2,
λ3(a) = 0.5, λ3(b) = 0.5, λ3(c) = 0.5,
λ4(a) = 0.6, λ4(b) = 0.6, λ4(c) = 0.6.

Then τ, η : IX → I defined as

τ(λ )=


1, if λ = 0,1
1
2 , if λ = λ1, λ2, λ3

0, otherwise,
η(λ )=


1, if λ = 0,1
1
2 , if λ = λ1

0, otherwise
are fuzzy topologies on X . Then, the identity mapping idX :
(X ,τ)→ (X ,η) is fuzzy continuous and fuzzy semi pre con-
tinuous but not fuzzy semi pre irresolute, because λ4 is 1

2 -fspo
but f−1(λ4) is not 1

2 -fspo from
λ4 ≤Cτ(Iτ(Cτ(λ5,

1
2 ),

1
2 ),

1
2 )

λ5 ≤ 1
λ4 ≤Cτ(Iτ(Cτ(λ4,

1
2 ),

1
2 ),

1
2 )

=Cτ(Iτ(λ
c
2 ,

1
2 ),

1
2 )

= Iτ(λ3,
1
2 )

6≤ λ3.

4. Fuzzy semi pre-connectedness

Definition 4.1. Let (X ,τ) be a fts and λ , µ ∈ IX , r ∈ I0.
The two fuzzy sets λ and µ are said to be r-fuzzy semi pre-
separated iff λqSPCτ(µ,r) and µqSPCτ(λ ,r).
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Definition 4.2. A fuzzy set which cannot be expressed as
the union of two r-fuzzy semi pre-separated sets is said to be
r-fuzzy semi pre-connected set.

Theorem 4.3. Let (X ,τ) be a fts and λ ,µ ∈ IX , r ∈ I0.

(i) If λ , µ are r-fuzzy semi-pre-separated and ν , η are
non-null fuzzy sets such that ν ≤ λ , η ≤ µ , then ν , η

are also r-fuzzy semi pre separated.

(ii) If λqµ and either both are r-fspo or both r-fspc, then λ

and µ are r-fuzzy semi pre separated.

(iii) If λ , µ are either both r-fspo or both r-fspc, then λ ∧
(1−µ) and µ ∧ (1−λ ) are r-fuzzy semi pre-separated.

Proof. (1) and (2) are obvious.
(3) Let λ and µ be both r-fspo. Since λ ∧ (1− µ) ≤

1− µ , SPCτ(λ ∧ (1− µ),r) ≤ 1− µ and hence SPCτ(λ ∧
(1−µ),r)qµ . Then

SPCτ(λ ∧ (1−µ),r)q(µ ∧ (1−λ )).

Again, since µ ∧ (1− λ ) ≤ 1− λ , SPCτ(µ ∧ (1− λ ),r) ≤
1−λ and hence SPCτ(µ ∧ (1−λ ),r)qλ . Then

SPCτ(µ ∧ (1−λ ),r)q(λ ∧ (1−µ)).

Thus λ ∧(1−µ) and µ∧(1−λ ) are r-fuzzy semi-pre-separated.
Similarly we can prove when λ and µ are r-fspc.

Theorem 4.4. Let (X ,τ) be a fts and r ∈ I0. The two non-null
fuzzy sets λ and µ are r-fuzzy semi pre-separated iff there
exists two r-fspo sets ν , ω such that λ ≤ ν , µ ≤ ω , λqω and
µqν .

Proof. For two r-fuzzy semi pre-separated sets λ and µ ,
µ ≤ 1− SPCτ(λ ,r) = ω (say) and λ ≤ 1− SPCτ(µ,r) = ν

(say), where ω and ν are clearly r-fspo, then ωqSPCτ(λ ,r)
and νqSPCτ(µ,r). Thus, λqω and µqν .

(Conversely) Let ν and ω be r-fspo sets such that λ ≤ ν ,
µ ≤ ω , λqω and µqν . Then λ ≤ 1−ω , µ ≤ 1−ν . Hence
SPCτ(λ ,r)≤ 1−ω , SPCτ(µ,r)≤ 1−ν , which in turn imply
that SPCτ(λ ,r)qµ and SPCτ(µ,r)qλ . Thus λ and µ are r
fuzzy semi-pre-separated.

Theorem 4.5. Let (X ,τ) be a fts, r ∈ I0 and λ be a non-null
r-fuzzy semi pre-connected set. If λ ≤ µ ≤ SPCτ(λ ,r) then
µ is also r-fuzzy semi pre-connected.

Proof. Suppose that µ is not r-fuzzy semi pre-connected.
Then there exists r-fuzzy semi pre-separated sets ω1 and ω2
in X such that µ = ω1∨ω2. Let ν = λ ∧ω1 and ω = λ ∧ω2.
Then λ = ν ∨ω . Since ν ≤ ω1 and ω ≤ ω2, by Theorem
4.3(1), ν and ω are r-fuzzy semi pre-separated, contradicting
the r-fuzzy semi pre-connectedness of λ . Thus µ is r-fuzzy
semi pre-connected.

Theorem 4.6. Let f : X → Y be a fuzzy semi pre-irresolute
mapping, λ ∈ IX and r∈ I0. If λ is r-fuzzy semi pre-connected
set in X , then so is f (λ ) in Y .

Proof. Suppose that f (λ ) is not r-fuzzy semi pre-connected
in Y . Then there exists r-fuzzy semi pre-separated sets µ and
ν in Y such that f (λ ) = µ ∨ ν . Since µ and ν are r-fuzzy
semi pre-separated, by Theorem 4.4 there exists two r-fspo
sets ω1 and ω2 such that µ ≤ ω1, ν ≤ ω2, µqω2 and νqω1.
Now, f being semi pre-irresolute, f−1(ω1) and f−1(ω2) are
r-fspo sets in X and

λ ≤ f−1 f (λ ) = f−1(µ ∨ν) = f−1(µ)∨ f−1(ν).

For µqω2 and νqω1, we have µ ≤ 1−ω2 and ν ≤ 1−ω1
i.e., f−1(µ) ≤ 1− f (ω2) and f−1(ν) ≤ 1− f (ω1). Hence
f−1(µ)q f−1(ω2) and f−1(ν)q f−1(ω1). By Theorem 4.4,
f−1(µ) and f−1(ν) are r-fuzzy semi pre-separated in X . Since
λ = (λ ∧ f−1(µ))∨ (λ ∧ f−1(ν)) and λ ∧ f−1(µ) and λ ∧
f−1(ν) are r-fuzzy semi pre-separated in X from Theorem
4.3 (1), λ is not r-fuzzy semi pre-connected set. It is a contra-
diction.

Corollary 4.7. Let f : X → Y be a fuzzy semi pre-irresolute
mapping and r ∈ I0. If X is r-fuzzy semi pre-connected, then
so is f (X).
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