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1. Introduction and preliminaries

Sostak [7] introduced the fuzzy topology as an extension of
Chang’s fuzzy topology [1]. J. H. Park and B. Y. Lee [5]
introduced fuzzy semi preopen and fuzzy semi preclosed sets
in fuzzy topology.

In this paper, Y. C. Kim [4] introduced r-fuzzy semi pre-
open (r-fuzzy semi preclosed) sets in Sostak’s fuzzy topologi-
cal space. Moreover, we establish some properties of fuzzy
semi pre-continuous, fuzzy semi preopen (semi preclosed)
maps and fuzzy semi pre-irresolute maps. Also, we investi-
gate the relation between fuzzy semi pre-continuous maps and
fuzzy semi pre irresolute maps. As a natural follow-up of the
study of r-fuzzy semi preopen sets, we introduce and study
r-fuzzy semi pre-connectedness of a fuzzy set.

Throughout this paper, let X be a nonempty set, I = [0, 1]
and Iy = (0, 1]. For ot € I, @(x) = o for all x € X. The
family of all fuzzy sets on X denoted by I*. For A,u € IX, 4

is called quasi-coincident with pt, denoted by Agu, if there
exists x € X such that A (x) + p(x) > 1. Otherwise we denote

AqU.

Definition 1.1. [7] A function 7 : IX — I is called a fuzzy
topology on X if it satisfies the following conditions:

(01)7(0)=1(1) =1,

(02) (Vier Hi) > Nier T(ki), for any {u}ier C I¥.

(03) (1 A o) > (1) A T(pa), for any wy, pp € I*.
The pair (X, 7) is called a fuzzy topological space (for short,
fts).

Remark 1.2. [4] Let (X, 7) be a fuzzy topological space.
Then, foreach r € I, 7, = {p € IX : t(u) > r} is a Change’s
fuzzy topology on X.

Theorem 1.3. [2], [3] Let (X, 7) be a fts. Then for each
rely, A € IX we define an operator C; : IX x Iy — IX as
follows

C:(A, )= ANperX:A<u, t(1—p)>r}
For A, pu € IX and r,s € Iy, the operator C; satisfies the fol-
lowing conditions:

(1) C(0,r)=0.
(2) )‘ SCT<A’7 r)
3) Ce(A, )V Ce(, 1) =Ce(AV 1, 7).

4) C(A, r) <Cy(A, s5)ifr<s.
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(5) C(C(A, 1), 1) =Cr(A, 7).

Theorem 1.4. [3] Let (X, 7) be a fts. Then for each r €
Iy, A € IX we define an operator I : IX x Iy — I* as follows

LA, r)=\V{pelX:A>p, t(u) >r}.
For A, u € I and r,s € Iy, the operator I; satisfies the follow-
ing conditions:

(D) L(I-A,r)=1-C(4, r).

Q) I(1,r)=1.

() A>1I(A, r)

@) LA, )AL (i, 1) = L(A AW, 7).

(S) L(A, r) > Ix(A, s) if r <s.

(©) I(Ix(A, r), r) =I(4, r).

(7) If I (Cz(A, r), r) = A, then Co(I;(1—A,r),r) =1—A.
Definition 1.5. [6] Let (X, 7) be a fts. For A € I and r € Iy.

(1) A is called r-fuzzy preopen (r-fpo, for short) iff A <
I (Cz (A, 1),r).

(2) A is called r-fuzzy preclosed (r-fpc, for short) iff 1 — A
is r-fuzzy preopen set of X.

(3) The r-fuzzy pre-interiror of A, denoted by PI;(A,r), is
defined by PI:(A,r) = \/{v el :v<A,visrfpo }

(4) The r-fuzzy pre-closure of A, denoted by PC;(A,r), is
defined by PC;(A,r) = N{v e X :v> A, vis rfpc }.

Definition 1.6. [4] Let (X, ) be a fts. For A € IX and r € I,

(1) A is called r-fuzzy semi preopen (for short, r-fspo) if
A < Ci(I(Ce(A, 1), 1), 1);

(2) A is called r-fuzzy semi preclosed (for short r-fspc) if
I‘E(CT(IT(AW r)7 r)7 r) <A

Theorem 1.7.
r, s, ri € Iy.

[4] Let (X, 1) be a fts. For A € IX and

(1) A is r-fspo iff 1 — A is r-fspc.

(2) Any union of r-fspo sets is r-fspo.

(3) Any intersection of r-fspc sets is r-fspc.
(4) If A is r-fpo, then A is r-fspo.

Definition 1.8. [3], [7] Let (X, 7) and (¥, 1) be a fts’s. Let
f:X —Y be a mapping.

(1) fis called fuzzy continuous iff n(u) < t(f~'(u)) for

eachucr’.

(2) f is called fuzzy open iff 7(1) < n(f(A)) for each
A e X

(3) fis called fuzzy closed iff 7(1—A) < n(1— f(A)) for
each A € I¥.
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2. r-fuzzy semi preopen and r-fuzzy semi
preclosed sets

Theorem 2.1. Let (X, 7) be a fts. For each r € Iy, A € 1%,

we define an operator SPCy : IX x Iy — IX as follows:
SPCL(A, r) = N{uerX: 1 <pu, pisrfspc }.

For A, u € I and r € Iy, it holds the following properties.

(1) SPC(0,r) =0.

) A < SPC(A, ).

(3) SPCy(A, r)VSPCr(U, r) <SPCL(AV U, r).

(4) SPC(SPC(A, r), r)=SPC(A, r).

(5) SPCc(A, r) = A iff A is r-fspc.

(6) Cr(SPCL(A, r), r) =SPCt(C(A, 1), r) = Cc(A,r).
(7) A is r-fspc iff SPCr(A, r) = A.

Proof. (1), (2), (5), (7) are easily proved from the definition
of SPC;.
(3) Since A, u < AV u, we have

SPC(A, r)VSPC (i, r) <SPC(AV U, r).

(4) From (2), we only show SPC(A, r) > SPC(PC(A, r),7).
Suppose

SPC:(A, r) # SPC(SPC:(A, r),r).
There exist x € X and 7 € (0, 1) such that

SPCr(A, r)(x) <t < SPC{(SPC(A, r),r)(x).
(A)

Since SPC(A, r)(x) < t, by the Definition of SPCy, there
exists r-fspc set A; with A < A such that

SPCL(A, r)(x) < Ai(x) <t.

Since A < A4, we have SPC(A, r) < A;. Again, by the Defi-
nition of SPCz,

SPCL(SPC(A, r),r) < Ay.

Hence SPC:(SPCr(A, r),r)(x) < Aj(x) < ¢. It is a contradic-
tion for (A). Thus,

SPC(A, r) > SPC(SPC(A, 1),r).

(6) From (2) and C¢(A, r) is r-fspc we have, SPC(C(A, r),7)

Cr(A, r). We only show that

Cr(SPC(A, r),r) =C(A, r).
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Since A < SPC:(A, r),

Cr(SPC(A, r),r) > C(A, r).
Suppose that

Co(SPC:(A r) & Cz(A

There exist x € X and r € Iy such that

Cr(SPCL(A, r),r)(x) > C(A, r)(x).

By the definition of Cy, there exists p € IX with A < p and
7(1 —p) > r such that

C:(SPC(A, r),r)(x) > p(x) > Cr(A, r)(x).

On the other hand, since p = C;(p, r), A < p implies

SPCy(A,
= p.

r) <SPC:(p, r) =SPC(C:(p, r),r) =

Cf(p7 I")
Thus,

Cr(SPC(A, r),r) <p.

It is a contradiction. Hence C;(SPC(A, r),r) < C¢(A, r).

Theorem 2.2. Let (X, 7) be a fts. Define an operator SPI; :
X x Iy — IX as follows:
SPI:(A, r)=\V{u € I*| u <A, is r-fspo }.
Then:
(1) SPI:(1—2,r) r).

(2) I:(A,r) < PI;(A,r) <SPI(A,r)
PC(A, r) <Ci(A, r).

(3) Ais r-fspoiff SPI;(A,r) =

SASSPC(A, r) <

A.

Proof. (1) For each A € [X and r € Iy, we have
SPI(T—A,r) =V{u e X[ u <1—A, wis r-fspo }
=1-N1-peX[T-pu>A1-puis
r-fspc }
=1-SPC:(A,r).
(2) and (3) are easily proved.

3. Fuzzy semi pre-irresolute mappings

Definition 3.1. Let (X, 7) and (Y, 1) be afts’s. Let f: X —
Y be a mapping.

(1) f is fuzzy semi pre-irresolute (resp. fuzzy semi pre-
continuous [4]) iff f~!(u) is r-fspo set of X for each
r-fspo set u € IV (resp. n(u) > r).

(2) f is fuzzy semi pre-irresolute open (resp. fuzzy semi
pre-open [4]) iff f(u) is r-fspo set of ¥ for each r-fspo
set i € IX (resp. T(u) > r).
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(3) fis fuzzy semi pre-irresolute closed (resp. fuzzy semi
pre-closed [4]) iff f(u) is r-fspc set of ¥ for each r-fspc
set i € IX (resp. (1 —p) >r).

(4) f is fuzzy semi pre-irresolute homeomorphism iff f is
bijective and both of f and f~! are semi pre-irresolute.

Theorem 3.2. Let (X, 71) and (Y, 7o) beafts’s. Let f: X —
Y be a mapping. The following statements are equivalent.

(1) A map f is fuzzy semi pre-irresolute.
(2) For each r-fspc u € 1Y, f~1(u) is r-fspc.

(3) f(SPCy (A,r)) < SPCy,(f(A),r), foreach A € IX and
rely.

(4) SPCy, (f~'(u),r) < f~Y(SPCy,(u,r)), foreach u € I¥
and r € I.

(5) fN(SPI,(1,r)) < SPI, (f~'(u),r), for each pu € I
and r € I.

Proof. (1) < (2
f -y =T—f!

(2) =

(2) It is easily proved from Theorem 1.7, and

(K-

(3) Suppose there exist A € I* and r € I such that
f(SPCy (A,r)) £ SPCy, (f(4),7).

There exist y € Y and ¢ € Iy such that

J(SPCr (A,1))(y) > 1 > SPCq, (f(2),r)()-

Iff ")
Y({y}) # ¢, there exists x € £~

F(SPCqy (A, 1)) (y) 2 SPCy, (A,7)(x) > 1> SPCq, (f(A),r)(f (x)).
(A)

= ¢, itis a contradiction because f(SPCz, (A,r))(y)

If r ({y}) such that

Since SPCr, (f(1),r)(f(x)) < t, there exists r-fspc p € I'
with f(A) < u such that

SPCo, (f(A),r)(f(x)) < u(f(x) <t.

Moreover, f(A) < u implies A < f~!
is r-fspc. Thus, SPCy, (A,r)(x) < f~!
It is a contradiction for (A).

(3)= (4)Forallu €', r €Iy, put A = f~
we have

(). From (2), ()
(1)(x) = u(flx) <t.

'(u). From (3),

f(SPCT'l (fil(nu)’r)) SSPCTz(f(fil(nu')))r) SSPCTZ(AU'?r)‘

It implies

SPCo, (f~'(1),r)) < f~H(F(SPCy (f
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(4) = (5) It is easily proved from Theorem 3(1)

(5) = (1) Let u be r-fspo set of Y. From Theorem 3(3),
H = SPIy, (1, 7). By (5),

'), ).
On the other hand, by Theorem 3(2),
(1),r)

Y(u),r), thatis, f!

FN(w) <SPI, (f~

SN (u) = SPL (F7

Thus, ' (1) = SPI;, (f~ (u) is r-fspo.

The following theorem is similarly proved as Theorem 3.2

Theorem 3.3. Let (X, 71) and (Y, 72) be a fts’s. Let f: X —
Y be a mapping. The following statements are equivalent.

(1) A map f is fuzzy semi pre-continuous.

(2) f(SPCy (A,r)) <Cqy(f(A),r),foreachA € IX and r €
Iy.

(3) SPCr (f~'(u),r) < f'(Cx,(1,r)), for each p € 1"

and r € I.

@) £ Iy (1,r)) < SPI (f~
r e ly.

Y(u),r), for each u € I' and

Theorem 3.4. Let (X, 7) and (Y, n) be a fts’s. Let f:
X — Y be a bijective mapping. The following statements are
equivalent.

(1) A map f is fuzzy semi pre-irresolute.

(2) SPIy(f(A),r) < f(SPI:(A,r)), for each A € IX and
rely.

Proof. (1) = (2): Let f be fuzzy semi pre-irresolute mapping
and A € I, r € Iy. Then f~1(SPI;(f(A),r)) is r-fspo set in
X. By Theorem 3.2 and the fact that f is one-to-one we have

Y SPL (f(R),r)) < SPL(f~1(f(A),7r))

=SPI(A,r).
Again since f is onto we have

SPIy(f(A),r)) = ff 1 (SPIy(f(2),r))
< f(SPL(A,r)).

(2) = (1): Let u be r-fspo set of Y. Then by Theorem 3(3),

p = SPIy(u,r). By (2)
F(SPL(f~"(1),r)) > SPIy (" (1), r)

= SPIy(u,r))

.

It implies
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Hw),r) = £ F(SPL(f~! (w).7)

> N (w).

SPIL(f~

Hence, f~!(u)
set of X.

Y(u) is r-fspo

= SPI(f~'(u),r), that is, f~

Theorem 3.5. Let (X,7) and (Y,n) be fts’s. Let f : X — Y
be a mapping. The following statements are equivalent:

(1) fis called fuzzy semi-pre-irresolute open.

(2) f(SPI;(A,r)) < SPIy(f(A),r), for each A € IX and
rel.

(3) SPI(f~'(u),r) < f~1(SPIy(u,r)), for each p € I¥
and r € I.

(4) For any p € I' and any r-fpsc A € IX with f~!(u) <
A, there exits a r-fspc p € I' with u < p such that
fHp) <A

Proof. (1)= (2): For each A € IX, since SPI;(A,r) < A
from Theorem (2), we have f(SPI(A,r)) < f(A). From (1),
f(SPI;(A,r))is r-fspo. Hence f(SPI:(A,r)) < SPIy(f(A),r).

(2)= (3): Forall y € I¥, r € Iy, put A = £~ (1) from (2).

Then FOSPL(f (), r) < SPIy (£(F~ (), 7) <
SPLy(u,r).
Itimplies SPLz(f ' (), r) < f~'(SPIy (1, 7)).
(3) = (4) : Let A be r-fspc set of X such that f~!(u) < A.
Since 1 —A < f~'(1—p)and SPI,(1—A4, r) =1—A4,
SPL(1—A, r)=1-A < SPL(f ' (1—p), r).
From(3),
T=A <SPL(f ' (T—p), r) < f1(SPIy (1~
1, r)).
It implies
A>T—fH(SPIy(1—p, r))
=f (I =SPIy(T—p, r))
= fHSPCy(u, ).

Hence there exists a r-fspc SPCy (i, r) € 1 Y with u < SPCy(u, r)

such that £~ (SPCy(u, r)) < rA.

(4) = ( ) : Let ® be r-fspo set X. Put u =1 — f(w) and
A =1— o such that A is r-fspc. We obtain

_ S =10 f(e)=T-1"(f(w)) <
l-w=A7.

From(4), there exists r-fspc set p with g < p such that f~1(p) <
A=1-0. It1mp11es(u< T—fYp)=f""(1-p). Thus,

flo) <f(fF1(1-
n<p,

p)) < 1—p. On the other hand, since
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fl@)=T-p=T-p.

Hence f(®) = 1—p, thatis, f(®) is r-fspo.
The following theorem is similarly proved from Theorem
35

Theorem 3.6. Let (X, 7)and (Y, n)beafts’s. Let f: X —Y
be a mapping. The following statements are equivalent:

(1) f is called fuzzy semi pre-irresolute closed.

(2) f(SPC(A,r)) < SPCy(f(A),r), for each A € IX and
rel.

Theorem 3.7. Let (X, 7)and (Y, n)beafts’s. Let f: X —»Y
be a bijective mapping.

(1) fis afuzzy semi pre-irresolute closed map iff, for each
pel¥andrely, f~1(SPCy(u, r) <SPC(f ' (1), r

(1) f is a fuzzy semi pre-irresolute closed map iff f is a
fuzzy semi pre-irresolute open map.

Proof. (1)(=
From Theorem 3.6(2), for each A € IX and r € I.

f(SPCT(A'ar)) 2 SPCn(f()’)vr)'

Forall u € I, r € Iy. Put A = f~!(u) from (2) since f is

onto, f(f~'(u)) = . Thus,
S(SPC(f 1 (), ) = SPCy(f(f " (1)), 1)
= SPCr(H,7)-
It implies
SPCe(f~' (), r) = 1 (f(SPC(f 1 (u),7)))
> f1(SPCy(u.1).
(<) Put u = f(4). Since f is injective,
FHSPCy(f(A),r)) < SPC(f~(f(2)),7)
=SPC(A, r).
Since f is onto,
SPCy(f(4),r) < f(SPC:(Z, 1)).
(2) It is easily proved from:
FHSPCy(u, r) < SPCo(f~'(1),r)
& fYO-sPL(1—p,r) <1-SPL(1—
£ w).r) _
B s fUSPL (1 —u,r) >
SPL(f~'(T—p),r).

From the above Theorems we obtain the following theorem.

).

) Let f be fuzzy semi pre-irresolute closed.
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Theorem 3.8. Let f: (X, 7) — (¥, 1) be a bijective mapping
from a fts (X, 7) into a fts (Y, n). Foreach A € IX, p e 1V
and r € Iy. The following statements are equivalent:

(1) fis afuzzy semi pre-irresolute homeomorphism.

(2) f is a fuzzy semi pre-irresolute and fuzzy semi pre-
irresolute open.

(3) f is a fuzzy semi pre-irresolute and fuzzy semi pre-
irresolute closed.

(4) f(SPI(A,r)) =SPIy(f(A),r).

(5) f(SPCz(A,r)) = SPCy(f(A),r).

(©) SPI(f~'(u),r) = f~ (SPIy(u, 7).
(T) SPC:(f~"(1),r) = f~ (SPCy(1,7))-

Remark 3.9. For the mapping f : X — Y, the following
statements are valid:

(1) fis a fuzzy semi pre-irresolute = f is a fuzzy semi
pre-continuous.

(2) fisafuzzy continuous = fis a fuzzy semi pre-continuous.

The converses of Remark 3.9(1,2) need not be true from the
following example.

Example 3.10. Let A, A;, A3 and A4 be fuzzy subsets of
X ={a,b,c} defined as follows:

Ai(a) = 0.2, 4 (b) = 0.4, A, (c) = 0.5,
lz(a) =0.2, ﬁ,z(b) =0.2, )Q (C) =0.2,
Aa(a) = 0.5, A3 (b) = 0.5, A3(c) = 0.5,
(@) = 0.6, Au(b) = 0.6, Au(c) = 0.6
Then 7, N : IX — I defined as
1, if A=0,1 1, if 2=0,1
T(l): %, if A=A41, A2, A3 n(l): %, it A=A

0, otherwise, 0, otherwise
are fuzzy topologies on X. Then, the identity mapping idy :
(X,7) — (X,n) is fuzzy continuous and fuzzy semi pre con-
tinuous but not fuzzy semi pre irresolute, because Ay is %—fspo
but £~1(A4) is not 3-fspo from
A < Celle(Ce(2s, 1), 1), 1)

),5 <1

A4 <CT(IT(CT(A4,2) )
= Ce(l:(%5,3), 3)

=1 7(2’37 %)

L A3.

4. Fuzzy semi pre-connectedness

Definition 4.1. Let (X,7) be a fts and A, u € I*, r € L.
The two fuzzy sets A and u are said to be r-fuzzy semi pre-
separated iff AgSPC(u,r) and ugSPC(A,r).
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Definition 4.2. A fuzzy set which cannot be expressed as
the union of two r-fuzzy semi pre-separated sets is said to be
r-fuzzy semi pre-connected set.

Theorem 4.3. Let (X,7)beaftsand A,u € IX, r € I.

(i) If A, p are r-fuzzy semi-pre-separated and v, 1 are
non-null fuzzy sets such that v <A, n < u,thenv, n
are also r-fuzzy semi pre separated.

(ii) If Agu and either both are r-fspo or both r-fspc, then A
and U are r-fuzzy semi pre separated.

(iii) If A, u are either both r-fspo or both r-fspc, then A A
(I—p) and p A (1 —A) are r-fuzzy semi pre-separated.

Proof. (1) and (2) are obvious.

(3) Let A and u be both r-fspo. Since A A (1 —pu) <
T—p, SPCo(AA(1—p),r) <1—p and hence SPC;(A A
(T ), r)git. Then

SPCL(A N (T —p),r)g(p A (1= 2)).
Again, since g A (1—21) <1T—A, SPCo(uA(1—2),r) <
1— A and hence SPC;(u A (1 —21),r)gA. Then

SPCo(u A (T=2),r)g(A A (T —p)).

Thus A A (1—p) and A (1—A) are r-fuzzy semi-pre-separated.

Similarly we can prove when A and u are r-fspc.

Theorem 4.4. Let (X, 7) be a fts and r € Iy. The two non-null
fuzzy sets A and u are r-fuzzy semi pre-separated iff there
exists two r-fspo sets v, @ such that A < v, u < o, Agw and
HGV.

Proof. For two r-fuzzy semi pre-separated sets A and u,
U <1-SPCi(A,r) = (say) and A < 1—SPC;(uu,r) =v
(say), where ® and Vv are clearly r-fspo, then @gSPC.(A,r)
and vgSPC;(u,r). Thus, Agw and ugv.

(Conversely) Let v and @ be r-fspo sets such that A < v,
U<, Agw and ugv. Then A <1—w, u < 1—v. Hence
SPCy(A,r) <1— @, SPC;(1,r) <1— v, which in turn imply
that SPC;(A,r)gu and SPC;(i,r)gA. Thus A and u are r
fuzzy semi-pre-separated.

Theorem 4.5. Let (X, 7) be a fts, r € Iy and A be a non-null
r-fuzzy semi pre-connected set. If A < u < SPC;(A,r) then
U is also r-fuzzy semi pre-connected.

Proof. Suppose that  is not r-fuzzy semi pre-connected.
Then there exists r-fuzzy semi pre-separated sets @; and
inX suchthat g = @ V. Let v=AA®@; and ® = A A @.
Then A = vV w. Since v < @1 and @ < @, by Theorem
4.3(1), v and o are r-fuzzy semi pre-separated, contradicting
the r-fuzzy semi pre-connectedness of A. Thus y is r-fuzzy
semi pre-connected.

Theorem 4.6. Let f: X — Y be a fuzzy semi pre-irresolute
mapping, A € IX and r € . If A is r-fuzzy semi pre-connected
setin X, thensois f(A)inY.
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Proof. Suppose that (1) is not r-fuzzy semi pre-connected
in Y. Then there exists r-fuzzy semi pre-separated sets u and
v in Y such that f(A) = u Vv v. Since y and v are r-fuzzy
semi pre-separated, by Theorem 4.4 there exists two r-fspo
sets @ and @, such that u < @y, v < oy, Ugm, and vqw;.
Now, f being semi pre-irresolute, f~!(w;) and f~!(w,) are
r-fspo sets in X and

AR = uvy) = ) v v).

For ugw, and vgw;, we have u <1 —ap and v < 1— @y
ie, f7'(n) <T—f(w) and f~'(v) <T— f(w). Hence
F Y w)gf (o) and f~'(v)gf'(w;). By Theorem 4.4,
f~Y(u) and f~1(v) are r-fuzzy semi pre-separated in X. Since
A=AAFH ) VAAFT(v)and AA (1) and A A
f~Y(v) are r-fuzzy semi pre-separated in X from Theorem
4.3 (1), A is not r-fuzzy semi pre-connected set. It is a contra-
diction.

Corollary 4.7. Let f: X — Y be a fuzzy semi pre-irresolute
mapping and r € Ip. If X is r-fuzzy semi pre-connected, then

sois f(X).
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