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Abstract

In this paper, a new generalization of intuitionistic fuzzy bi-ideals (IFBI) of a semigroup is considered. We
combine the notion of intuitionistic fuzzy point (IFP) and intuitionistic fuzzy sets (IFS) to define different types
of intuitionistic fuzzy bi-ideals of a semigroups. We investigate different properties of these notions and their
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1. Introduction

The fundamental concept of a fuzzy set, introduced by
Zadeh [17], provides a natural frame-work for generalizing
several basic notions of algebra. A new type of fuzzy sub-
group, that is, the (¢, §)-fuzzy subgroup, was introduced in
an earlier paper of Bhakat and Das [3] by using the com-
bined notions of “belongingness” and “quasicoincidence” of
a fuzzy point and a fuzzy set. In particular, the concept of an
(g,€V q)-fuzzy subgroup is a useful generalization of Rosen-
feld’s fuzzy subgroup [13]. Davvaz and Khan [5] discussed
some characterizations of regular ordered semigroups in terms
of (a, B)-fuzzy generalized bi-ideals of ordered semigroups,
where a, Be{e,q,eV g, Nq} and a # € A q. Also Khan in-
troduced the concept of an (a, )-fuzzy interior ideals and
gave some basic properties of ordered semigroups in terms of
this notion (see [11]). In [14], regular semigroups are char-

acterized by the properties of (€, €V ¢)-fuzzy ideals. Jun [8],
introduced the concept of (€, €V gy )-fuzzy subalgebras of a
BCK/BClI-algebra and gave some basic properties of BCK-
algebras. In [14], Shabir gave the concept of more generalized
forms of (o, B)-fuzzy ideals and defined (g, €V gy )-fuzzy ide-
als of semigroups, by generalizing the concept of [x;7]gF and
defined [x;7]gyF, as F(x)+t+k > 1, where k € [0,1) (also
see [9, 10]).

In 1986, Atanassov [2] premised the concept of an intuition-
istic fuzzy set (IFS). An Atanassov intuitionistic fuzzy set is
deliberated as a generalization of fuzzy set [17] and has been
found to be useful to deal with vagueness. In the sense of
Atanassov an IFS is characterized by a pair of functions valued
in [0,1]; the membership and the non-membership function.
The evaluation degrees of membership and non-membership
are independent. Thus, an Atanassov intuitionistic fuzzy set
is more material and concise to describe the essence of fuzzi-
ness, and Atanassov intuitionistics fuzzy set theory may be
more suitable that fuzzy set theory for dealing with imperfect
knowledge in many problems.The concept has been applied to
various algebraic structures. Biswas [5] introduced the notion
of intuitionistic fuzzy subgroup of a group by using the no-
tion of intuitionistic fuzzy sets. In [10], Kim and Jun defined
intuitionistic fuzzy ideals of semigroups. Kim and Lee [11]
studied intuitionistic fuzzy bi-ideals of semigroups. Jun [8] in-
troduced the notion of (P, ¥)-intuitionistic fuzzy subgroups,
where @,V are any two of {€,q,€V q,€ Ag} with ® £ e Ag,
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and related properties are investigated. Our aim in this paper is
to introduce a new sort of fuzzy bi-ideals and fuzzy left (resp.
right)-ideals in semigroup, called (&, €V g;)-fuzzy bi-ideals
and characterize semigroups in terms of (&, €V gy )-fuzzy bi-
ideals. We define the lower/upper parts of (g,€ V g;)-fuzzy
bi-ideals. Then some results are given in terms of (€,€V gy)-
fuzzy bi-ideals in semigroups.

2. Preliminaries

Definition 2.1. A fuzzy subset f of S is called a fuzzy sub-
semigroup of S if for all x,y € S
J(xy) = min{f(x), f(y)}-

Definition 2.2. A Fuzzy subset f of S is called a fuzzy left (
resp, right) ideal of S if for all x,y € S

) = f(), (resp, f(xy) = f(x)).

A fuzzy subset f of S is called a fuzzy ideal of S if it is both
fuzzy left and a fuzzy right ideal of S.

Definition 2.3. Let X be a non-empty fixed set. An intuitionis-
tic fuzzy ( briefly, IFS ) A is object having the form
A={(x,a(x),7a(x)):xeX}.

Where the functions s : X — [0,1] and y4 : X — [0,1] denote
the degree of membership (namely 14 (x) ) and the degree of
non-membership (namely Y4 (x)) ) of each element x € X to
the set A, respectively, and pia (x) + 74 (x) < 1 forall x € S for
the sake of simplicity, we use the symbol A = (s, A4) for the
IFS A ={(x,us (x), 72 (x)) :x € X}.

Definition 2.4. An IFS A = (ua,A4) in S is called an intu-
itionistic fuzzy subsemigroup of S if the following conditions
hold

(IF 1) pa (xy) >
(IF2 ) 1 (xy) <
forallx,y € S.

pa (X) A pa ()5
Ya() V),

Definition 2.5. An IFS A = (ua,A4) in S is called an intu-
itionistic fuzzy right ideal of S if it satisfy pa (xy) > Ua (x) and
Ya (xy) < 74 (x) forall x,y € S.

Definition 2.6. An IFS A = (Uua,As) in S is called an intu-
itionistic fuzzy left ideal of S if it satisfy ua (xy) > Ua (y) and
1 (xy) <14 () forall x,y € S.

Definition 2.7. An IFS A = (Ua,Aa) in a semigroup S is said
to be an (€, € Vqy) — intuitionistic fuzzy subsemigroup of a
semigroup S if the following conditions holds:

(IFS1)(Vx,y € S) (V11,12 € (0,1] and Vs1,s2 € [0,1))x (t1,51) €
Aandy(t,52) €A== (xy) (m{t1,n} , M{s1,52}) € VgiA.

3. (a,B) -IFBI

Definition 3.1. An IFS A = (U, Aa) in a semigroup S is said
to be an (o, ) — IFBI of a semigroup S, where a, are
any two of {€,qx, € Vqi, € Nqi } with o € Aqy, if for all
x,%,z€ S,t1,1 € (0,1] 51,82 € [0,1), the following conditions

are hold:

(IFB 1) x(t1,s1) 0lA

and y (ty,52) 0A = (xy) (m{t1,t2} ,M {s1,52}) BA,
(IFB 2) x(t1,51) 0lA

and 7 (tp,52) A = (xyz) (m{t1,02} ,M {s1,s2}) BA.

Definition 3.2. An IFS A = (Uua,Aa) in a semigroup S is said
to be an (a.,B)— IF ( 1,2) ideal of a semigroup S if for all
x,y,z,a €8,11,tp € (0,1] and 51,52 € [0,1), the following con-
ditions hold.

(IFS 1) x(11,51) @A

and y(12,52) €A = (xy) (m{t1,12} , M {s1,52}) BA,
(IFS2)x(t1,s1) @A

and 7(tr,57) 0A => (xa (yz)) (m{t1,0} ,M {s1,s2}) BA.

Theorem 3.3. Let A = (s, As) be a non-zero

(a,B) - IFSG of S.Then, the set

Ay ={x€S: pa(x) >0and M(x) < l}isa
subsemigroup of S.

Proof: Let x,y € A 1)- Then, pa (x) >0 and A4 (x) <1,
and Ua (y) > 0 and A4 (y) < 1. Let us suppose that

Ua (xy) =0and Ay (xy) = 1. If ¢ € {€,€ Vg } then

* (14 (), A (x)) A and y (14 (3) 2 (7)) @A

but - pia (xy) =0 <m{pa (x),pa ()}

and As (xy) =1>M{As (x),24 ()} .

50, (xy) (m{pa (x), tia (v)},M {24 (x) , 24 (y) }) BA

for B € {€,qx,€ Var, € Nqr},

which is a contradiction, Now,let x(1,0) gA and y (0,1) ;A
but (xy) (1,0) BA for B € {€,qx, € Vgx, € Aqr} , which is con-
tradiction.

Hence s (xy) > 0 and Aa (xy) < 1, that is xy € Ao 1)- Thus,
Ao,1) is a subsemigroup of S.

Theorem 3.4. Let A = (Ua,As) be a non- zero (o, )-IFBI
of S. Then, the set
A1) ={x €S pa(x) > 0and Aa(x) < 1} is a bi-ideal of S.

Proof: Let A = (ua, Ay) be a non-zero (o, ) -IFBI of S.
Then, by Theorem 3.1, A(q 1) is a subsemigroup of S. Now ,let
x,2 €A,y andy € S. Then, lip (x) >0 and A4 (x) < 1, and
Ha (2) > 024 (2) < 1.

Suppose that [y (xyz) =0and Ay (xyz) = 1. Ifa € {€,€ Vqi },
then

x(Ha (x),24 (x)) A and z (Ua (z) , A (2)) OA but

ta (xyz) =0 <m{pa (x), pa (2)}

and Ay (xyz) =1 > M {4 (x), A4 (2)}

which implies that (xy)(m{pa(x), pa(z)} ,

M{2(x), Aa(2)})BA

for B € {€,qx,€ Var, € N},

which is a contradiction, Now,let x(1,0) qxA and z(1,0) q;A
but (xyz) (1,0) BA for B € {€,qx, € Vi, € Aqr}, which is
contradiction.

Hence s (xyz) > 0 and A4 (xyz) < 1, that is xyz € Aq 1. Thus
, Ao,1) Is a bi - ideal of S.

Theorem 3.5. Let A = (s, A4) be a non-zero (o, B)-IF (1,2)
ideal of S. Then, the set A1) = {x € S: pa(x) > 0 and
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A (x) < 1}isa (1,2) ideal of S.

Proof. Straightforward. U

Theorem 3.6. Let L be a left (resp ,right ) ideal of S and let
A = (Uua,As) be an IFS such that

(a) Vxe S\L)(ua (x )—OandlA( )=1}.

(b) (Vx € L) (ua (x) > andlA (x) < Hk}
Then, A = (Ua, M) is an (Oc, € Vqi)-IFLI ( resp, RI ) of S.

Proof. 1) (Fora = g), letx,y € Sandr € (0,1] and s € [0,1)
such that y(z,s)grA. Then, pa(y) +t > 1 —kand 24(y) +s <
14+ k. So, y € L. Therefore, xy € L Thus , if t < l—gk and
s > L5 Then pia(xy) > 155 > 1 and A4 (xy) < 1% <sand
so (x )(t s) €A Ift > LE and s < LA then/.LA(xy)+t>
TkJer = lfkandlA(xy)+s< HkJr Lk — 1 +kand
o) (x y)(t,s) € qrA. Therefore, (x,y) (t s) E VqrA. Hence,
= (4, M4) is an (g, € Vgy) - IFLI of S.
(ii) (Fora =€), letx,y € Sand ¢ € (0,1] and s € [0, 1) such
that y(¢,s) € A. Then, s (y) >t and A4 (y) <s. So, y €
L. Therefore , xy € L Thus , if t < l_k and s > 1+k , then
Ua (xy) > Lh>tand A4 (y) < 1% <sand s0 (x; y)(t,s) €A.
Ifr > 154 ands< Tk then/.LA(xy)+t> DhyLh—1-k
and A4 (y) +5 < l+k+1+k 1 +k and so (xy)(t,s) giA.
Therefore, (xy) (t,s) € \/qkA Hence, A = (4, A4) is an
(€,€ V) -IFLI of S.
iil) (Foroe =€ Vgy), follows from (i) and (ii). This completes
the proof. U

Theorem 3.7. Let B be a subsemigroup of S and let
A = (Ua,As) be an IFS such that

a) (Vx € s|B) (1a (x) =0andAs (x) = 1),

b) (Vx € B) (ua (x) > IT’"andlA (x) < L%y,
Then, A = (4, ) is an (a, € Vgy) - IFSG of S.

Proof. Straightforward. O

Theorem 3.8. Let B be a bi-ideal of S and let A = (U, Aa)

be an IFS of S such that
a) (Vx € s\ B)(Ua(x) =0 and Ay (x) =

1),
b) (Vx € B)(pa(x) > Frandas(x) < 55).
IFB

Then, A = (s, As) is an (o, € Vqy) - IFBI of S.

Proof. 1) (Fora = qy),letx,y € Sand 1,1, € (0,1) and 51,57 €
[0,1) be such that x(¢1,s;) € A and

y(t1,s1) € A. Then , x,y € B. Since B is subsemigroup. So,
xy € B. If m(t1,12) (s1,82) < L%,

then pis (xy) +m(t1,12) > 1 —k and Ag(xy) +M(s1,82) < 1+

So, (xy) (m (1, i12), M (s1,52)) giA.
Ifm(l‘l,l‘z)_ (Sl,SQ)Z%,
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then (xy) (m(t1,t2) ,M (s1,52)) € A. Hence , A = (s, A4) is a
(gr, € Vi) — IFSG of S. Let x,y,z € S and 11,1, € (0,1] and
51,82 € [0,1) be such that x (¢1,s1) € A and z (t2,52) € A. Then
x,z € B. Since B is a bi-ideal . So, xyz € B. If m(t;,12) > %
and M (s1,52) < l+k , then piy (xyz) +m(t1,0) > 1—k

and A4 (xyz) +M(s1,sz) <14k

So, (xyz) (m(t1,t2) ,M (s1,52)) qiA.

Ifm(ll,lz) < lgk andM(S1,Sz) > lzik,

then (xyz) (m (t1,82) ,M (s1,52)) € A.

Therefore , (xyz) (m (t1,12) ,M (s1,52)) V € qxA. Hence, A =
(Ua,a) is a (qx, € Vqi) — IFBL of S.

iii) (Fora =€ and € Vgy,) , straightforward. O

Theorem 3.9. Let B be a (1,2) ideal of a semigroup S and
let A = (Ua,Aa) be an IFS of S such that

a) (Vx € s\B)(ua(x) =0and A4 (x) = 1),

b) (Vx € B)(ua(x) > 15 and A4 (x) < ).

Then, A= (la, M) is an (a, € Vqy) - IF (1,2) ideal of S.

Proof. Proof follow from theorem 3.6 O

4. IFBI of type (c,e Vqy)

Definition 4.1. An IFS A = (s, Ay) in semigroup S is said to
be an (€, € Vqy) —IFBI of semigroup S if Vx,y,a € S,11,t2 €
(0,1] and s1,s2 € [0,1), the following conditions hold.
(IFB3) x(11,51) €A

andy(t2,52) € A = (xy) (m{t1,t2} ,M{s1,52}) € VqiA.
(IFB4) x(t1,s1) €A

and y(1r,52) € A = (xay) (m{t, 12} ,M{s1,52}) € VqiA.

Definition 4.2. An IFS A = (U, A4) in a semigroup S is said
to be an (€,€ Vqy) — IF (1,2) ideal of a semigroup S if for
all x,y,z,a € S,t1,t; € (0,1] and 51,52 € [0,1), the following
conditions hold:

(IFB3) x(11,51) €A

and y (ty,s2) € A= (xy) (m{t1,12} , M {s1,52}) € VqiA.
(IFB4) x(t1,s1) €A

andy(t2,52) €A = (xa(yz)) (m{n,02},M{s1,52}) € VqiA.

Proposition 4.3. An IFS A = (U4, As) of a semigroup S is an
IF subsemigroup if and only if it satisfy for all x,y € S and
t1,t € (0,1],x(t1,51) €A and y(t2,52) €A

= (xy) (m{n,12},M{s1,52}) € A.

Proof. Let us suppose that A = (s, A4) is an IFSG of S. Let
x,y € 8,11, € (0,1] and 51,52 € [0,1) let x(z1,s1) € A and
y(t2,52) €A. Then, s (x) >t and A4 (x) <7 and 4 (y) > 12
and A4 (y) < 2. Since by given condition

pa (xy) > min{us (x),Ha (v)} and

2 (x9) < max {2 (x) 24 ()}

pa (xy) > m{t;, 2} and A4 (xy) < {s1,82}.

So, (xy) (m{t1,t2} ,M {s1,s2}) € A.Thus, A =
an (€,€) — IFSG of S.

<.uA7A’A> is
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Conversely, suppose that A = (u4,A4) is satisfy the given
condition. We show that s (xy) > min{ua (x), s ()} and
A (xy) <max{As (x,), 4
exist x,y € § such that uu (xy) < min{ua (x),pa ()} and
A (xy) > max{2s (x,),24 (y)}. Letr € (0,1] and s € [0,1)
be such that py (xy) <t < min{ua (x), s ()} and A4 (xy) >
s > max{Aa (x,),A4 (¥)}. Then, x(z,5s) € A and y(z,s) € A
but (xy) (¢,s) €A, which contradicts our hypothesis. Hence,
Ha (xy) = min{pa (x), Ha (v)}

and A4 (xy) < max{A4 (x,),24 (¥)}. O
Proposition 4.4. An IFS A = (Ua,Aa) of a semigroup S is
an IFBI of S if and only if it satisfy for all x,y,z € S and
t1,t € (0,1] and 51,52 € [0,1),

(a) x(t1,81) €A

and y(12,52) € A = (xy) (m{t1,2} M {s1,52}) €A
(b)x(tl,sl) €A

andz(tz,sz) €EA— (xyz) (m{l‘l,l‘z} ,M{S17S2}) €A

Proof. Proof follows from proposition 4.1 O

Theorem 4.5. Let A = (U4, Ay) be IFS in semigroup S. Then,
A = (U, Aa) is an (€,€ Vqy) IFBI of semigroup S if and only
if the following

condition are hold;

(a) pa (xy) = min { g (x) , pa (v), 4

~

}

2
andly (xy) < max {AA (%), (v), ITH‘} )
(b)a (xay) > min { fta (x) ,uA ), 45}
andAa (xay) < max {4 (x),24 (¥), l+k}

Proof. Suppose that A = (s, A4) is an
(€, € Vqy)- IFBI of semigroup S.

(a) Let x,y € S. We consider the following cases:
Lmin {pa (x), a (v)} < 3£

and max {24 (x), 24 (v)} > 1tk

2 min (g (x) 1 ()} > 155

and max {24 (x), 44 ()} < < %

case(1)

Assume that 1 (xy) < min {4 (x), ta

andAs (xy) > max {24 (x), 24 (v), 5%, £
Then,pia (xy) < min{pa (x),ka (v)}

and A4 (xy) > max{As (x), A4 (y)}.

chooser € (0,1] and s € [0,1)

such that i (xy) <t <min{pia (x),pa (v), 5

and A4 (xy) > s > max{As (x), A4 (), }.
Then x(z,s) € A and y (¢,5) € A, but (xy) (¢,5) € V¢A,
a contadiction,

case(2)

Assume that (1 (xy) < 15 and 24 (xy) > 3.
Then, x (L 2" Y ea andy(l & R e A,
but (xy) (15£ 1%) € VgA, a contradiction.
Therefore, ,uA( ) > min{pa (x), s (v), 55}
and A4 (xy) < max {2 (x), 24 (v), 551}

(b) Now,let x,y,a € S. We cons1der the following cases

(y)} . On contrary assume that there

305

L min {40 () ua ()} < 5%

and max {24 (x), A4 (y)} > L5£

2. min{pa (x), pa ()} > 5%

and max {24 (x), A4 (v)} < 1%

Case(1) Assume that

ta (xay) < min { pta (x), pa (), 155}
and Ay (xay) > max {Aa (x), As (y) kY

pa (xay) < min{a (x), MA(

pa (xay) <t <min{ia (x), tta
and A4 (xay) > s > max{Aa (x), A4 (¥
Then x(t,s) € Aandy € (t,5) € A,

but (xay) (t,s) € VgA, which is a contradiction.

1-k

Case(2) Assume that 4 (xay) <

and ’

Aa (xay) > £ Then, x (155, 35) e Aand y (15, 1HE) € 4,
but (xay) (1 E ,HE) e vaa, Wthh is a contradiction.
Therefore, s (xay) > min{ua (x),pa (v), 5%

and A4 (xay) < max{As (x), A4 (v), 5}

Conversely, assume that A = <,L1A,7LA> satisfy (a) and (b). Let
for any x,y € S and 11,1, € (0,1] and 51,5, € [0,1), such
that x(¢1,s1) € A and y(f2,52) € A. Then, U4 (x) > 1, and
Aa (x) <s1,and ps (y) >t and A4 (y) < sp. Now we have
ta (xy) = min { pa (x), pa (v ) Lt k

and A4 (xy )<max{AA ok

Ua (xy) > min {tl,tz, = } and ?LA (xy) < max{sl,sz, IT‘L]‘}
Then, we have the following case’s

Lmin{t;, 1} < 5% and max {s;,s,} > F*

2.min{t),t} > 1 - k and max{sl,S2} < Hk

Case (1) If min{r1,12} < LK and max {sl,sz} > % Then,
Ua (xy) > min{t;,r} and XA (xy) < max{s1,s},

which implies that (xy) (m{f;,5} ,M {s1,52}) € A.

Case (2) If min{t;,} > 5%
Then, ps (xy) > 5% and
Aa (xy) < L, Wthh implies that pu (xy) + min{t;,tr} >
Lk Dk =1 —kand A4 (xy) +max {s1,50} < S5+ £ =
1 + k. Therefore, (xy) (m{t;,r2},M {s1,52}) € qiA.
Hence,(xy) (m{t1,t2} ,M{s1,52}) € VqiA.
Let x,y,a € S and 11,t; € (0,1] and s1,s5 € [0,1) such that
x(t1,51) € Aand y(t2,52) € A. Then, pa (x) > 11 and A4 (x) <
s1,and g (y) > and AA ( ) < s7. Now we have
ta (xay) > min { s (x) 551
and A4 (xay) < max {AA lA ), %}
ta (xay) > min{t;,, 155}
and A4 (xay) < max{sl,sz, zk}
Then, we have the following case’s
3min{t,tr} < 155 and max {s1,5,} > %
4.min{t;, 1} > 5* and max{sl,sz} < 1+k
Case (3) If min{t;,,} < 15* and max{sl,sz} > Lk Then,
Ua (xay) > min{t,t,} and AA (xay) < max {sl,sz}

kand max {s,s:} < .
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which implies that (xay) (m{r1,t2},M {s1,52}) € A.

Case (4) If min{t;,t,} > % and max {s1,s} < # Then,
ta (xay) > 155 and A4 (xay) < £,

which 1mphes that ps (xay) +min{t, 1} > S+ 5k =1k
and Mg (xay) +max{sy,s,} < % % =14 k. Therefore,
(xay) (m{t1,15} ,M {s1,82}) € qkA

Hence, (xay) (m{t1,12} ,M {s1,52}) € VgiA.

This completes the Proof. O

Remark 4.6. Every IFBI is an (€,€ Vq;) — IFBI of semi-
group S. But the converse need not be true, see example.

Example 4.7. Let S = {1,2,3,4} be a semigroup defined by
the following Cayley table.

1234
11111 1]1
211|141
3|1 |1]|1]1
4111|111
Let A = (up,As) be an IFS in a semigroup S defined by
Ha (1) =0.3,14(2) =0.8, 14 (3) = s (4) =0.6,k = 0.6 and
(1) =071 (2) =02
( ) =Aa(4) =0.5. Then,
= (Ua,Aa) is an (€,€ Vqy) — IFBI of S but not (€,€ Vq) —
IFBI.

Remark 4.8. From above Remark 4.1 and Example 4.1,we
can say that (€,€ Vqy) — IFBI of S is a generalization of an

IFBI of S.
Theorem 4.9. Let A = (s, As) be an IFS in a semigroup
S. Then,A = (Ua,As) is an (€,€ Vqy) — IF (1,2) ideal of a

semigroup S if and only if the following
conditions hold;

1) pia (xy) > min { pa (x) (y),T

and Ay (xy) < max {AA M (y), HE

2) pa (m(yz))>mm{ﬂA ba (), M4 (2), 5% } and
Aa (xa(yz)) < max{2a (x), A4 (), 24 (), 155}

Proof: Straightforward.

Proposition 4.10. Every (€,€ Vqi)— IF

left(right) ideal of S is an (€,€ Vqi) — IFBI of S.

Proof: Let A = (U, Ay) be an (€,€ Vqi) —
group S.Then for any x,y € S.
1—k
2

IFLI of a semi-

4 (xy) > min {uA o),

1—k
) )

and

\ /\

2 {0
{M }
st
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Now let x,y,z€ S

pa (xyz) = pa ((xy)z)

and
Aa (0y2) = Aa ((xy) 2)
< max{?LA (z), 1—;](}
< max{)»A (x), 24 (2), li_k}
Therefore A = (s, Aa) be an (€,€ Vqyi) — IFBI of S.

Remark 4.11. IfA = (ua,Aa) is an (€,€ Vi) —

IFBI of S, then A = (U, Aa) need not to be an (€,€ Vqy) —
IF- left (right) ideal of S. It is illustrated in the following
example.

Example 4.12. Let S ={1,2,3,4,5} be a semigroup with the
following Cayley table.

1213145
1111 |1|1]1
21111 |1|1
3111|3315
4111|1345
S|11 11335
Let A = (Ua,A4a) be an IFS defined as pis (1) = 0.3,
ta(2)=0.2,14 (3) =0.6,u4 (4) =0.6,us (5) =0.2,k=0.2
and }LA (1) = 0.7,&4 (3) = 0.7,),14 (2) = O.S,lA (4) = 0.7,
A (5)=0.7.

Then,clearly A = (Ua, ) is an (€,€ Vqi) — IFBI of S but
not (€,€ Vqy) — IFLI of S because

Ha (23) 2 min{pa (3),0.4}.

Proposition 4.13. 1. Every (€,Vqi, € Vqi)— IFBI of S is
(€,€ Vqy) — IFBI

2. Every (€,€)— IFBI of §

(€,€ Vgy) — IFBI.

proof: Straightforward.

Example 4.1 shows that the converse of proposition 4.4,is not
true in general.

Theorem 4.14. If {A},_, is a family of

(€,€ Vqy) —IFBI of S, then \jcpA; is an

(€,€ Vai) —IFBI of S. Where (N;cp Ai = (Nicala;s Vieada,) -
Proof: Let x,y € S. Then, we have
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xy) =
> Aien (min {uA,. () 114, )

(Nieatta;) ( Nien (Ha; (xy))

1—k

)
T

=min {/\ie/\NA,- (xX) s Niealta; (v), ——
1—-k

2

2
1+k

)
T

2
1+k

2

|

(Nientia,) (xy) = min { (Nientta)) (), (Aientta)) ).
(Vienka,) (x3) =

< Vien (max {M

Vien (Aa; (xy

Aa; (),
{\/leA/IA NVienda; () s

(Vienda,) () < max{w,-em,-)<x>,<vieAxA,-><y>,

|

Now let x,y,a € S. Then, we have

(Nienlta;) (xay) = Niea (Ha; (xay))

. 1—k
> Aen <mm {u ()14, ()

)
T

2
-k

2
1+k

)
T

2
1+k

(vie/\zfA,') (x) ’ (viE/\)vAi) (y) ) T

= min {/\ie/\.uA,- (%), Nieaa; (y) s

(Nienlta;) (xay) > min { (Nienta;) (x), (Nieata;) (v) 5
(Vienda,) (xay) = Vien (A, (xay))

< Vien <max {;LAi (X) aA‘A,‘ (y) )

o]
{

\/iE/\A‘A[ (X) ) \/iE/\AA,‘ (y) 5
(Vieads;) (xay) < max

Hence NicpAi = (Nieala;, Viens,) is an
(€,€ Vqr) — IFBI of S.

Remark 4.15. If {A},_, is a family of

(€,€ Vqr) — IFBI of S, then J;c\ A is not an (€,€ Vqi) —
IFBI of S.

Where U;cpAi = (VienMa; Nienda;) - 1t is illustrated by an
example.

Example 4.16. Ler S = {1,2,3,4} be a semigroup with the
following Cayley table.

BRSNS
~ o~~~ ~
~ N~~~ N
~| O~ R~ W
~ N~~~ N

|

|
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Let A = {ua,As) and B = (g, Ag) be IFS’s of semigroup S
defined by pa(1) = 0.4, 14 (2) = 0.4,14(3) = 0, pa(4) =0
and pip(1) = 0.4, tp(2) = 0, up(3) = 0.4, u(4) = 0 and

k= 0.2 and 24(1) = 0.5,24(2) = 0.5,44(3) = 0.8, A4 (4) =
0.8 and Ap(1) = 0.5,A5(2) = 0.7,

A5(3) = 0.5, Ap(4) = 0.7.

Then both A = (Ua, As) and B = (g, Ag) are

(€,€ Vqr)— IFBI of S. But AUB is not an (€,€ Vqy)— IFBI
of S.

(i.e) (HaV pp)(23) =0
and min{(ua Vv ug) (2), (4 vV up) (3),0.4} = 0.4
Hence (s V up)(23) Z min{ (s V up)(2), (1a V up)(3),0.4}.

Theorem 4.17. If {A;},,, is a family of
(€,€ Vqy) — IFBI of S such that
A,’ Q Aj or

A; CA,foralli,jcl, thenJ;cp
an (€,€ Vqy)— IFBI of S.

Ai = (Viea Mais Niep Mai) - is

Proof. : For all x,y € S, we have

(\/ I-iAi> () =V (ta; (x3))
> \/ [.UA, () A g, (v) A 1511
= \/ Ha; (x) A \/ Ha; ( k]
= <\/ .UA,) (x) A (\/ .UA,-> A 1?]
(\/ I~LA,~> (xy) > <\/ HA,-) (\/ NA) 1 k]
It is clear that
\/ie/\ [.uAi (x) A Ha; (y) A ligk]
< [(\/ieA HA;) () A(Viea :u'Ai) ) A %]
Assume that
\/ie/\ I:!'LAi (x) A Ha; (y) A ligk] -

# [(Vien Bar) (¥) A (Vien a,) (0) A

Then, there exist t such that
Vien [.uAf (x) A Ha; (y) A lTik]

<1< [(Vien Ha) () A Vien a)) 0) A 5]
Since pa; © Ha; or Ua; C pa, for all i, j € I, so there exist

s € I such that t < 1y (x) A la, (¥) A 15%. On the other hand

L, (X) A s, (v) A 155 < ¢ for all i € I, a contradiction.
Hence,

\/ie/\ [.uAi (x) A Ha; (y) A ligk]
= [(\/ieA .U—Ai) () A(Viea :u'Ai) ) A

]

2

1-k
2

]
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and and
(/\ M) xay) = J\ (s, (xay))
ieEN ieEN
1+k
(/\M) () = A (R, () >\ [M VAL DV = }
ien ien ien
Z/\[AAi(x)\//'LAi(y)\/lgk} — [ A A )V A A, O k
ieN LieN ieNn
= | A2 0V A2 )V = (/\xAl) (/\M) vtk
LieN ien L ien iEN
AR A 8 A
L \i€EA ieNn ien L \ieA ieN
</\/1Ai> (xy) < </\/1A,-> </\/1A> v LHED Hence Ujcn Ai = (Vien Bags Aien Aa,) s is an (€, € Vi) — IFBI
ien L \ieAn ien 2 of S.

It is clear that
Nien [Aa; (X)V A, () v 5E]
> [(Nien 2a;) () V (Aiep Aa) () V 155

Assume that
/\ie/\ [AA,‘ (x) v ;LAi (y) v %]
# [(Niea2ar) )V (Nien 2a;) () V 155

Then, there exist t such that
Nien [Aa; (¥)V Ag; (v) Vv 15E]

>1> [(/\ie/\ Aa;) () V (Nien Aa;) () V %}
Since A4, C QLAJ, or lAj C Ay, for all i,j € I, so there exist

s € I'such that 1 > A4, (x) V A4, (y) V IT”‘ On the other hand
Ay, () V A4, () V % <t forall i € I, a contradiction.
Hence,

/\ie/\ [A’Ai (x) \ 2’Ai (y) \ %]

= [(Niea2a)) 0V (Aien Aa) () v 5]

Let x,a,y € S, we obtain

(11

[2]

31

[41

[51

(6]

[71

[8]
(\/ Ha; ) xay) = \/ (ta;(xay))
ieN ieN
1-%
>\/{yA x) A pa, ( )Az} 191
ien
[ iy [10]
= \/ Ha, (X) A \/ Ha, ( ]
Lien ien [11]

> (x) A (\E/A B,
)i

Jout]
Jos

308

(\/ Ma;
L \ien
(\/ Ha;
L \ien

[12]

> xay)

(\E/A M,

O

5. Conclusion

In this paper we have presented the notion of (&, €V g ) — IFBI
in semigroups and derived some properties of these ideals.
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