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In this paper, we define fuzzy almost quasi-ideals in semigroups and give some relationship between almost
quasi-ideals and fuzzy almost quasi-ideals of semigroups.
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1. Introduction

In 1965, the definition of fuzzy subsets was introduced
by Zadeh. This theory rapidly growing and having high im-
pact on all the areas of science. It occupied a very important
place in algebraic theory too. Various kinds of fuzzy ide-
als in semigroups were studied and characterized by Kuroki
et.al,[8]. In 1952 R.A. Good and D.R.Hunghes[3] addressed
the associated group for semigroup and studied bi-ideals in
semigroup. Grosek and Satko [4—6] contributed several con-
cepts smallest A-ideal and minimal A-ideal in semigroup. In
1981, Bogdanovic[2] introduced the notion of almost bi-ideal
and K.Wattanatripop et.al,[10] extended this to fuzzy concept
. The notion of quasi-ideal was first introduced for semigroup
by Steinfeld[9]. J.Ahsan et.al,[1]extended it to fuzzy theory.
Kuroki [7] ushered semi prime concept in quasi-ideal theory.

In this paper, we first give the notion of almost quasi-ideals
in semigroups and some properties are developed.

2. Preliminaries

We recall some basic definitions and results related to this
study.

The notion of quasi-ideals was introduced by O.Steinfeld
[9] as follows:

Definition 2.1. Let S be a semigroup and Q be a subsemi-
group of S. If QSN SQ C Q, then Q is called a quasi-ideal of
S.

Example 2.2. Ler Zs = {0,1,2,3}. Then Z4 is a semigroup
under the multiplication. Let Q = {0,2}. Then Q is a subsemi-
group of Z4 and QZ4NZ.Q = Q. Hence Q is a quasi-ideal of
S.

Fuzzy sets: In 1965, Zadeh [11] introduced the concept
of a fuzzy subset of a set. Let X be any set. A function f from
X to the unit interval [0,1] is called a fuzzy subset of X.

Let f and g be any two fuzzy subset of X. The fuzzy subsets
fNg,fUg, of X and f C g are defined as follows

(fNg)(x) = f(x) Nglx),

(fUE)) = F() V g(),
f S8 if £x) <)
for all x € X. Let f be a fuzzy subset of X. The support of f
is defined by suppf := {x € X| f(x) # 0}.
Let A be a non-empty subset of X. The characteristic
mapping of A is a fuzzy subset of X defined by



[ 1 ifxeA,
CA(X)_{O ifx¢A

Let s be any element in X. The characteristic mapping of
s in a fuzzy subset of X defined by

1 if x€s,

Cf(x):{ 0 ifxés

Next, we recall the definitions and propositions of fuzzy
ideals in semigroups from [11].

Definition 2.3. Let f be a fuzzy subset of a semigroup S.

1. f is called a fuzzy subsemigroup of S if and only if
fxy) = fx) ng(x).

2. fis called a fuzzy left ideal of S if and only if f(xy) >
fo).

3. fiscalled a fuzzy right ideal of S if and only if f(xy) >
f(x).

4. f is called a fuzzy two-sided ideal of S if and only if
fly) = f(x) V£ ().

Let f and g be two fuzzy subsets of a semigroup S. A product
fogisdenoted by

Vs f) A &(2)}, if 3xzES,
(fog)(x)= such that x = yz,
0, otherwise

Proposition 2.4. Let f be a fuzzy subset of a semigroup S.
Then the following properties hold:

1. fis a fuzzy subsemigroup of S if and only if fo f C f.
2. fis afuzzy left ideal of S if and only if So f C f.
3. fis afuzzy right ideal of S if and only if foS C f.

4. fis afuzzy two-sided ideal of S if and only if So f C f
and foSC f.

Definition 2.5. A fuzzy subset f of a semigroup S is called a
fuzzy bi-ideal of S if

flwz) = f(x) A f(z)
forall x,y,z € S.
Proposition 2.6. Let f be any fuzzy subsemigroup of a semi-

group S. Then f is a fuzzy quasi-ideal of S if and only if
foSNSofCf
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3. Almost quasi-ideals in semigroups

Definition 3.1. A non-empty subset Q of a semigroup S is
called an almost quasi-ideal of S if (QSNSQ)NQ # ¢ for all
ses.

Example 3.2. Consider the semigroup 74 under the usual
addition. Let Q = {0,2,3}.

Consider,

(0+0N0+Q0)NQO=1{0,2,3}n{0,2,3} ={0,2,3} £ ¢
(Q+202+Q)QQ:{27071}0{07273} = {072} 7é¢
(Q+3N3+0)NQ0=1{3,1,2}n{0,2,3} ={2,3} # ¢

Then Q is an almost quasi-ideal of Z4.

Example 3.3. Consider the semigroup S = {a,b,c,d} with
the multiplication table.

U T

ISEESEESRES R
ISEESEESEESEEN
SIS RO
SR

Let Q ={a,b}. Then

(QaﬁaQ)ﬁQ: [{a,b}ﬂ{a,a}]ﬁ{a,b} = {a} ks
(QbﬂbQ)ﬂQ = [{a,a}ﬁ{b,a}] ﬁ{a,b} = {Cl} #9.
(QCOCQ)QQ: [{b,b}ﬂ{a,b}]ﬁ{a,b} = {b} #9.
(QdNdQ)NQ = [{b,b}N{a,a}|N{a,b} ={b} # ¢

Q is an almost quasi-ideal of S.

Theorem 3.4. Every quasi-ideal of a semigroup S is an al-
most quasi-ideal of S.

Proof. Assume Q is a quasi-ideal of a semigroup S. Then
OsNsQ # ¢ and OsNsQ C OSNSQ C Q for all s € S. Hence
(OSNSQ)NQ = OsNsQ # ¢. Therefore Q is an almost quasi-
ideal of S. O

Theorem 3.5. Let Q be an almost quasi-ideal of a semigroup
S. Let Q' be a non-empty subset of S such that Q C Q' C S.
Then Q' is an almost quasi-ideal of S.

Proof. Let Q be an almost quasi-ideal of a semigroup S. Let
Q' C Ssuchthat Q C Q' C S. Then (@sNsQ)NO C (Q'SN
SQ"YNQ' C S forall s € S. Therefore (Q'SNSQ')NQ’ # ¢.
Then Q' is an almost quasi-ideal of S. O

Theorem 3.6. The union of two almost quasi-ideals of a
semigroup S is an almost quasi-ideal of S.

Proof. Let Q1 and Q» are almost quasi-ideals of a semigroup
S. Then (Q1SNSQ1)NQO; # ¢ and (2SN SQ2) N Oy # ¢

As ¢ £ (Q1SNSO1) N0 C ((Q1UQ02)SNS(Q1U2))N
(Q1UQ2). Then ((Q1UQ2)SNS(Q1UQ2)) N (Q1UQ2) # ¢.
Hence Q1 U Q> is an almost quasi-ideal of S. O
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Example 3.7. Consider a semigroup (Zs,+). We have Q| =
{1,3,4} and 0, = {0, 1,4} are almost quasi-ideals but Q =
01N Qs = {1,4} is not an almost quasi-ideal of Zs. Because
(Q+1N1+0)NQ ={2,0}. So, in general the intersection
of two almost quasi-ideals need not be an almost quasi-ideal.

4. Fuzzy almost quasi-ideals

Definition 4.1. Let f be a fuzzy subset of a semigroup S such
that f # 0. f is called a fuzzy almost quasi-ideal of S if for all
€S, (foCNCyo f)Nf#0.

Theorem 4.2. Let f be a fuzzy almost quasi-ideal of a semi-
group S and g be a fuzzy subset of S such that f C g, then g is
a fuzzy almost quasi-ideal of S.

Proof. Assume f is a fuzzy almost quasi-ideal of a semigroup
S and g is a fuzzy subset of S such that f C g. Then for
all s € S, (foCsNCso f)Nf C (goCsNCyog)Ng. Since
(foCsNCso NS #£0, (goC;NCyog)Ng#O0foralls € S.
Therefore g is a fuzzy almost quasi-ideal of S. U

Theorem 4.3. Let f and g be a fuzzy almost quasi-ideal of a
semigroup S. Then fU g is a fuzzy almost quasi-ideal of S.

Proof. Let f and g be a fuzzy almost quasi-ideal of S.(f o
C;NCso f)Nf#0and (goCsNCsog)Ng # 0. Since f C
fUg.(foCiNCso f) C((fUg)oCNCyo(fUg))and (fo
CsNCso f)N f # 0. This implies ((fUg)oCsN(fUg))N
(fUg) #0 for all s € S. Therefore fUg is a fuzzy almost
quasi-ideal of S. O

Example 4.4. Consider the Semigroup Zs under the usual
addition. Let f : Zs — [0, 1] be defined by f(0) =0, (1) =
0.5,f(2)=0,f(3)=0.1,f(4) =05 and g : Zs — [0,1] be
defined by g(0) =0.2,g(1) =0.1,g(2) = 0,g(3) =0,g(4) =
0.2. We have f and g are fuzzy almost quasi-ideal of Zs. But
(fNg) is not a fuzzy almost quasi-ideal of Zs.

Theorem 4.5. Let Q be a non-empty subset of a semigroup
S. Then Q is an almost quasi-ideal of S if and only if Cp is a
Sfuzzy almost quasi-ideal of S.

Proof. Assume Q is an almost quasi-ideal of semigroup S.
Then QsNsQ)NQ # ¢ for all s € S. Thus dx € Qs NsQ and
x€ Q. S0, (CogoCsNCy0Cq)(x) =1 and Cp(x) = 1. Hence
(CooCsNCs0Co)NCy # 0 for all s € S. Therefore Cg is a
fuzzy almost quasi-ideal of S.

Conversely, assume that Cyp is a fuzzy almost quasi-ideal
of S. Lets € S, then (CgoC;NCs0Co)NCo #0. Then 3x € S,
such that [(CgoC;NCs0Cp) NCpl(x) # 0. Hence x € (QsN
sQ)NQ. So (OsNsQ)NQ # ¢ for all s € S. Consequently, O
is an almost quasi-ideal of S. O

Theorem 4.6. Let f be a fuzzy subset of a semigroup S. Then
f is a fuzzy almost quasi-ideal of S if and only if supp f is an
almost quasi-ideal of S.
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Proof. Assume that f is a fuzzy almost quasi-ideal of a semi-
group S. Let s € S, then (foCsNCso f)N f #0.3x € S such
that [(foCsNCyo f)N f](x) # 0.3y1,y2 € S such that x =
yiy2, f(x) #0, and f(y1) # 0 and f(y2) # 0. (i.e..) x,y1,y2 €
supp f . Thus (Csupp f ©CsNCs0Cypp ¢ )(x) # 0 and

Coupp f (x) #0.

Therefore (Cyypp r ©CsNCy0Cyypp £ ) NCoupp ¢ # 0. Hence
Caupp r 18 a fuzzy almost quasi-ideal of S. By Theorem 4.5,
supp f is an almost quasi-ideal of S.

Conversely, assume that supp f is an almost quasi-ideal
of S. By Theorem 4.5, Cyypp, ¢ is a fuzzy almost quasi-ideal
of S. Then (Cupp  ©CsNCsCoupp ¢ ) N Coupp 7 0 for all
s € 8. Then there exists x € S such that [(Cy,pp f 0CsNCs0
Csupp £ ) NCoupp 5 ](x) # 0. Hence
(Csupp f oCNCyoCapp )()C) #0and Csupp f (X) # 0. Then
there exist yi,y, € S such that x = y,y,, f(x) #0,f(y1) #0
and f(y2) # 0. This means (foC;NCyo f) N f # 0. Therefore
f is a fuzzy almost quasi-ideal of S. 0

5. Minimal fuzzy almost quasi-ideal

Definition 5.1. A fuzzy almost quasi-ideal f is called minimal
if for each fuzzy almost quasi-ideal g of S such that g C f, we
have supp g = supp f .

Theorem 5.2. Let Q be a non-empty subset of a semigroup
S. Then Q is minimal almost quasi-ideal of S if and only if Cg
is a minimal fuzzy almost quasi-ideal of S.

Proof. Assume Q be a minimal almost quasi-ideal of S.Cp is
fuzzy almost quasi-ideal of S. Let g be a fuzzy almost quasi-
ideal of S such that g C Cgp. Then supp g C suppCp = Q.
Since g C Cyypp g - We have (§0CopNCpog)N C (Coupp g ©
CoNCgoCyupp ¢ NCsupp g - Thus Cyypp ¢ is a fuzzy almost
quasi-ideal of S. By theorem 4.5, supp g is an almost quasi-
ideal of S. Since Q is minimal, supp g = Q = suppCgp. There-
fore Cg is minimal.

Conversely, assume that Cp is minimal fuzzy almost quasi-
ideal of S. Let Q' be almost quasi-ideal of S such that Q' C Q.
Then Cy is a fuzzy almost quasi-ideal of S such that Cy € Cop.
Hence Q' = suppCy = suppCp = Q. Therefore Q is mini-
mal. O

6. Conclusion

In this paper we have presented the notion of fuzzy almost
quasi-ideals and minimal almost quasi-ideals in semigroups
and derived some properties of these ideals.
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