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Abstract
In this paper, we extend and generalize the classical Banach’s contraction principle on a generalized fuzzy metric
spaces endowed with a binary relation. We also prove some fixed point theorem in generalized fuzzy metric
spaces.
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1. Introduction
The best known result from the fixed point theory is Ba-

nach’s contraction Principle, which is one of the most impor-
tant results of analysis and considered as the beginning and
main source of metric fixed point theory. Banach contrac-
tion principle has been extended in many different directions.
The concept of fuzzy set was initiated by Zadeh [12]. There-
after, it was developed extensively by many authors which
also include interesting applications of this theory in diverse
areas. To use this concept, several researchers have defined
fuzzy metric space in several ways. George and Veeramani
[3] modified the concept of fuzzy metric space introduced by
Kramosil and Michalek [5]. Very recently Alam and Imdad
[1] presented a new variant of classical Banach contraction
principle in a complete metric space endowed with a binary
relation which, under a universal relation reduces to Banach
contraction principle. Many authors proved fixed point theo-
rems in fuzzy metric space including the aim of this paper is
to extend and generalize the, Banach contraction principle to
a complete fuzzy metric space.

2. Preliminaries
In this section, we recall some definitions and basic re-

sults of generalized fuzzy metric space which will be used
throughout the paper.

Definition 2.1. A 3-tuple (X ,M ,∗) is called M -fuzzy met-
ric space if X is an arbitrary non empty set, ∗ is a continuous
t-norm and M is a fuzzy set on X3× (0,∞), satisfying the
following conditions:
(M 1)M (x,y,z, t)> 0, for each x,y,z,a ∈ X and t,s > 0.
(M 2)M (x,y,z, t) = 1 if and only if x = y = z,
(M 3)M (x,y,z, t) = M (p{x,y,z}, t), when p is the permuta-
tion function
(M 4)M (x,y,a, t)∗M (a,z,z,s)≤M (x,y,z, t + s),
(M 5)M (x,y,z, .) : (0,∞)→ [0,1] is continuous,
(M 6) limt→∞ M (x,y,z, t) = 1 for all x,y,z ∈ X.

Definition 2.2. Let (X ,M ,∗) be a M -fuzzy metric space.
The M –fuzzy metric is said to be strong (non-Archimedean)
if it satisfies

(M 4′) : M (x,y,z, t)≥M (x,y,a, t)∗M (a,z,z, t)

for each x,y,z ∈ X and each t > 0. Throughout the paper
ϕ(x,y,z, t) is denote

(
1

M (x,y,z,t) −1
)

.

Definition 2.3. Let (X ,M ,∗) be a M -fuzzy metric space
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1. A sequence {xn} in X is said to be convergent to a point
x ∈ X if

lim
n→∞

M (xn,x,x, t) = 1 for all t > 0.

2. A sequence {xn} in X is called a Cauchy sequence if,
for each 0 < ε < 1 and t > 0, there exits n0 ∈N such
that M (xn,xm,xm, t)> 1− ε for each n,m≥ n0.

3. A generalized fuzzy metric space in which every Cauchy
sequence is convergent is said to be complete.

4. A generalized fuzzy metric space in which every se-
quence has a convergent subsequence is said to be
compact.

Definition 2.4. Let (X ,M ,∗) be a generalized fuzzy metric
space. We will say the mapping T : X → X is fuzzy con-
tractive if there exist k ∈ (0,1) such that ϕ(T x,Ty,T z, t) ≤
kϕ(x,y,z, t)for each x,y ∈ X and t > 0. (k is called the con-
stant of T ).

Definition 2.5. A function ψ : [0,∞)→ [0,∞) is an altering
distance function if
i. ψ is monotone increasing and continuous.
ii. ψ(t) = 0 if and only if t = 0.

Definition 2.6. A function φ : [0,∞)→ [0,∞) is an altering
function if
(A1). ϕ is strictly decreasing and left continuous
(A2). ϕ(λ ) = 0 if and only if λ = 1.
Obviously we obtain that limλ→1 ϕ(λ ) = ϕ(1) = 0

3. Main Results
Theorem 3.1. Let (X ,M ,∗) be a complete generalized fuzzy
metric space and T : X → X be a self mapping satisfying the
inequality

ψ((T x,T 2x,Ty, t))≤ k{ψ(ϕ(x,T x,y, t))−φ(ϕ(x,T x,y, t))}

(3.1.1)
where x,y ∈ X and for some 0 < k < 1 and ψ,ϕ : [0,∞)→
[0,∞) are both continuous and monotone non-decreasing func-
tions with ψ(t) = φ(t) = 0 ,if and only if t = 0. Then T has a
unique fixed point.

Proof. For any x0 ∈ X . We construct the sequence by
xn+1 = T xn,n = 1,2. . . . Setting x = xn−1,y = xn
ψ(ϕ(T xn−1,T 2xn−1,T xn, t))
≤ k{ψ(ϕ(xn−1,T xn−1,xn, t))−φ(ϕ(xn−1,T xn−1,xn, t))}
ψ(ϕ(xn,xn+1,xn+1, t))
≤ k{ψ(ϕ(xn−1,xn,xn, t))−φ(ϕ(xn−1,xn,xn, t))} (3.1.2)
Which implies, (using monotone property of ψ-function.)

ϕ(xn,xn+1,xn+1, t)≤ ϕ(xn−1,xn,xn, t)

(3.1.3)
It follows that the sequence {ϕ(xn,xn+1,xn+1, t)} is monotone
decreasing and consequently there exists r ≥ 0 such that

ϕ(xn,xn+1,xn+1, t)→ r asn→ ∞

(3.1.4)
Letting n→ ∞ in (3.1.2) we obtain

ψ(r)≤ k{ψ(r)−φ(r)}

(3.1.5)
which is a contradiction unless r = 0.
Hence

ϕ(xn,xn+1,xn+1, t)→ 0asn→ ∞ (3.1.6)

We next prove that {xn} is a Cauchy sequence. If possible,
let {xn} be not a Cauchy sequence.Then there exists ε > 0
for which we can find subsequences {xmk} and {xnk} of {xn}
with nk > mk > k,

ϕ(xmk ,T xmk ,xnk , t)≥ ε (3.1.7)

Further corresponding to mk, we can choose nk in such a way
that it is the smallest Integer with nk > mk and satisfying
(3.1.7). Then

ϕ(xmk ,T xmk ,xnk−1, t)< ε (3.1.8)

Then we have
ε ≤ ϕ(xmk ,T xmk ,xnk , t)

= ϕ(xnk ,xmk ,T xmk , t)
≤ ϕ(xmk ,T xmk ,xnk−1, t)+ϕ(xnk−1,xnk−1,xnk , t)
< ε +ϕ(xnk−1,xnk−1,xnk , t) (3.1.9)

Letting k→ ∞ and using (3.1.6),

lim
k→∞

ϕ(xmk ,T xmk ,xnk , t) = ε (3.1.10)

Again
ϕ(xmk ,T xmk ,xnk , t)≤ ϕ(xnk ,xnk−1,xnk−1, t)

+ϕ(xnk−1,xmk−1,T xmk , t)+ϕ(xmk ,xmk−1,xmk−1, t)
ϕ(xnk ,xmk−1,T xmk , t)≤ ϕ(xnk−1,xnk ,xnk , t)

+ϕ(xmk−1,xmk ,xmk , t)+ϕ(xmk ,T xmk ,xnk , t)
Let k→ ∞ in the above two inequalities and using (3.1.6),
(3.1.10) ,we get

lim
k→∞

ϕ(xnk−1,xmk−1,T xmk , t) = ε (3.1.11)

Setting x = xmk−1 and y = umk−1 in (3.1.1) and using (3.1.7)
we obtain
ψ(ε)≤ ψ(ϕ(xmk ,T xmk ,xnk , t))
≤ k{ψ(ϕ(xmk−1,T xmk−1,xnk−1, t))
−φ(ϕ(xmk−1,T xmk−1,xnk−1, t))} (3.1.12)

Letting k→ ∞ utilizing (3.1.10) and (3.1.11) we obtain

ψ(ε)≤ {ψ(ε)−φ(ε)} (3.1.13)
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which is a contradiction if ε > 0. This shows that {xn} is a
Cauchy sequence and hence is convergent in the complete
generalized fuzzy metric space X .

Let xn→ z(say)asn→ ∞ (3.1.14)

Substitution x = xn and y = z in (3.1.1) we obtain
ϕ(xn+1,xn+2,T z, t) = ψ(ϕ(T xn,T 2xn,T z, t))
≤ k{ψ(ϕ(xn,T xn,z, t))−φ(ϕ(xn,T xn,z, t))} (3.1.15)
≤ k{ψ(ϕ(xn,xn+1,z, t))−φ(ϕ(xn,xn+1,z, t))}

Letting n→ ∞, using (3.1.14) and continuity of ψ and φ

ψ(ϕ(z,z,T z, t))≤ k{ψ(0)−φ(0)}

Which implies ψ(ϕ(z,z,T z, t)) = 0.
That is ϕ(z,z,T z, t) = 0⇒ T z = z.
Let us suppose that z1 and z2 are two fixed points of T .
Putting x = z1 and y = z2 in (3.1.1)
ψ(ϕ(T z1,T 2z1,T z2, t))
≤ k{ψ(ϕ(z1,T z1,z2, t))−φ(ϕ(z1,T z1,z2, t))}

ψ(ϕ(z1,z1,z2, t))
≤ k{ψ(ϕ(z1,z1,z2, t))−φ(ϕ(z1,z1,z2, t))}

ψ(ϕ(z1,z1,z2, t))≤ 0
ϕ(z1,z1,z2, t) = 0. That is z1 = z2.
Hence T has a unique fixed point
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