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Transitively tracked graphs
Jalsiya M P'* and Raji Pilakkat?

Abstract

Let G(V,E) be a graph with vertex set V and edge set E. For v € V(G), the cycle trace of v is defined as the set of
all vertices u € V such that « and v belong to same cycle and is denoted by T (v) . For u,v € V, v is said to be
cycle traced by u if v € Tg(u). A set S of vertices in a graph G(V,E) is called a cycle tracking set if for every vertex
v € V\S, there exists a vertex u € S such that v € T;(u). For every pair of vertices u,v € V, we say that u is related
tov (u~v)ifue Ts(v). A graph G(V,E) is said to be transitively tracked graph if the relation ~ is transitive.

This paper characterizes cycle tracking transitively tracked graphs and determine cycle tracking sets for such

graphs.
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The concept of cycle tracking set was introduced
by Jalsiya and Raji Pilakkat [3]. For notation and graph the-
ory terminology we in general follow [1, 8]. Let G(V,E) be
a graph. For v € V(G), the cycle trace (simply trace) of v
is defined as the set of all vertices u € V such that u and v
belong to same cycle of G and is denoted by Tg(v) . For
u,v €V, vis said to be cycle traced (or simply traced) by u
if ve Tg(u). A setS of vertices in a graph G(V,E) is called
a cycle tracking set if for every vertex v € V' \ S, there exists
a vertex u € S such that v € Ti(u). A cycle tracking set is a
minimal cycle tracking set if no proper subset S’ C S is a cy-
cle tracking set. The cycle tracking number t(G) of a graph
G is the minimum cardinality of a minimal cycle tracking set
of G. The upper cycle tracking number T(G) of a graph G
is the maximum cardinality of minimal cycle tracking set of
G. A cycle tracking set with minimum cardinality is called a
T —set of G.

In [4] Jalsiya and Raji pilakkat introduced the concept of
independent cycle tracking set. Two vertices u,v of a graph
G are said to be trace independent if u ¢ T(v). A set S of
vertices in a graph G(V, E) is called a trace independent set

if any two vertices of S are trace independent in G. If a cycle
tracking set S is trace independent then S is called independent
cycle tracking set. The minimum cardinality of an indepen-
dent cycle tracking set of G is the independent cycle tracking
number and is denoted by 7;(G). The maximum cardinality
of independent cycle tracking set of G is called the upper
independent cycle tracking number and is denoted by T;(G).

A graph G(V,E) is said to be track connected if for every
pair of vertices u,v € V(G) there exists two internally disjoint
paths connecting u and v. An induced subgraph of a graph
G is said to be maximal track connected if it is not a proper
subgraph of any track connected subgraph of G. A vertex
is said to be trace free vertex if it belongs to no cycle. In
this paper we characterizes transitively tracked graphs and
determine cycle tracking set for such graphs. Through out this
paper we consider simple finite and undirected graphs.

1. Transitive tracking Graph
In [3] Jalsiya and Raji pilakkat obtained the following
result for track connected graph.

Theorem 1.1. [3] If graph G is track connected then ©(G) =
1.

A generalization of the above theorem is possible for a
particular type of graphs. Such graphs are introduced by



introducing a relation ~ on the vertex set V of a graph G as
follows: For every pair of vertices u,v € V, we say that u is
related to v (u ~ v) if u € Tg(v). Then ~ is a reflexive and
symmetric relation
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Transitively tracked graphs can be characterized as fol-
lows.

Theorem 1.4. Let G be a graph. A necessary and sufficient
condition for G to be a transitively tracked graph is that

Definition 1.2. A graph G(V,E) is said to be transitively tracked for any two vertices u and v of G , v € Tg(u) if and only if

graph if the relation ~ is transitive. ie; for every triple of ver-
tices u,v,w €V, w € Tg(u) and u € Tg(v) implies w € Tg(v).

Every track connected graph is transitively tracked.

H
Figure 1. G is a transitively tracked graph but H is not.

Theorem 1.3. A graph G(V,E) is a transitively tracked graph
if only if V(G) can be partitioned into V,Va, ..., Vi such that
the graph (V;) induced by each V; is a maximal track con-
nected subgraph of G.

Proof. Let G(V,E) be a transitively tracked graph. Then the re-
lation ~ defined on the vertex set V of G by u ~ vif v € T (u)
is an equivalence relation. Hence there exists a partition of
V(G) into equivalence classes. We denote the equivalence
class containing v by [v]

Letv € V. Suppose u € [v]. Then u ~ v and hence v € Ti(u)
ie; u and v belong to same cycle. That is there exist two inter-
nally disjoint paths from u to v. Therefore the graph induced
by [v] is track connected.

If the graph induced by [v] is not a maximal track connected
subgraph. Then there exists a vertex w ¢ [v] such that w and v
belong to same cycle. Therefore w € T;(v). Hence w ~ v, a
contradiction. Therefore the graph induced by [v] is a maxi-
mal track connected subgraph.

Conversely suppose that V (G) can be partitioned into Vy, V2, ..., Vi by T (v)

such that the graph induced by each V; is a maximal track con-
nected subgraph of G . Let u,v,w € V(G) such that u € T;(v)
and w € Tg(u) . Then u,v € V; for some i and u,w € V; for
some j. Since V; and V; are disjoint if i # j, we conclude that
i = j. Thatis u,v,w belong to the same V; and hence w € Tg(v).
Therefore G is a transitively tracked graph.

O
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To(v) = To(u).

Proof. Suppose G is a transitively tracked graph and u,v €
V(G) such that v € Tg(u). Let w € Tg(v). Then w € T (u),
since v € T (u) and G is a transitively tracked graph. There-
fore Tg(v) C T (u).

On other hand, let x € Tg(u) . Since v € Tg(u), we have
u € Tg(v). Therefore x € T(v) . Therefore Tg(u) C Tg(v).
Thus Tg(v) = Tg(u).

Conversely suppose that v € T (u) if and only if Tg(v) =
To(u) for all u,v € G. Let u,v,w € G(V) such that u € T5(v)
and w € Tg(u). Then Tg(v) = Tg(u) = Tg(w). Hence w €
Tc(v). Therefore G is a transitively tracked graph O

Corollary 1.5. Let S be a t-set of a transitively tracked graph.
Then Yyes |To(u)| = V.

Lemma 1.6. If the graph induced by Tg(v) is track connected
then it is maximal track connected.

Proof. Suppose the graph induced by 75 (v) is track con-
nected. If possible assume that 7;(v) is not maximal track
connected. Then there exists a track connected subgraph H of
G such that T(v) C V(H). Letu € V(H) \ Tg(v). Since H is
track connected there exist two internally disjoint paths form
utov. Thatis u € Tg(v), a contradiction. O

Theorem 1.7. Let G be a transitively tracked graph. Then for
every vertex v in G, the graph induced by T (v) is a maximal
track connected subgraph of G.

Proof. Let G be a transitively tracked graph. Let v € V(G).
If possible assume that 7i;(v) not track connected. Then there
exist two vertices u,w € T (v) such that u ¢ Tg(w). Since G
is transitively tracked, u € Tg(v) and v € Tg(w) implies that
u € Tg(w), a contradiction. Hence Tg(v) is track connected.
By Lemma 1.6 the graph induced by T (v) is a maximal track
connected subgraph of G. O

Corollary 1.8. Let G be a transitively tracked graph and let
H be a maximal track connected subgraph of G. Then for
everyveV(H), To(v) =V (H).

Proof. Let G be a transitively tracked graph. Let H be a
maximal track connected subgraph of G. Let v € V(H). Since
H is track connected, H is a subgraph of the graph induced
. Since G is transitively tracked the graph induced
by T (v) is a track connected subgraph of G. By maximality
of H, V(H) = Tg(v). Since v is arbitrary Tg(v) = V(H) for
every vertex in V (H). O

Corollary 1.9. Let G be a transitively tracked graph. Then for
every vertex v in G there exist a cycle tracking set containing
V.



Proof. Let G be a transitively tracked graph and let S be any
cycle tracking set of G. Let v be a vertex of G. Then there
exists a vertex u in S such that v € T (u). Then by theorem
1.4 T5(v) =Tg(u). Letw e V.

case()w € Tg(u)

. Then w € T (v).

case(il) w ¢ T (u)

Then there exist a vertex x € S\ {u} such that w €

TG ()C) .
So S\ {u} U{v} forms a cycle tracking set for G containing
V. O

Theorem 1.10. For a transitively tracked graph G, 1(G) =
number of maximal track connected subgraph of G.

Proof. Let G be a transitively tracked graph. Then V(G)
can be partitioned into Vi, Va, ...,V such that the graph (V;)
induced by each V; is a maximal track connected subgraph
of G. Let S be any 7-set of G. Let v; € V;. Then there exist a
u; € S such that u; € Tg(v;). Since G is transitively tracked
Te(u;) = Te(vi) = Vi. So for every i,1 <i < k there exist
u; € S such that T (u;) = V. So |S| > k. But since §* = {v; :
v; € V; 1 <i<k}isacycle tracking set of G and S being a
7— set we have |S| < k. Hence |S| = k. Thatis ©(G) =k. O

Theorem 1.11. Let G is transitively traced and let V(G) is
partitioned into Vy,Va, ..., Vi such that the graph (V;) induced
by each V; is maximal track connected subgraph of G. If
Vi,Vo,...,Vi have my,mo, ..., my vertices respectively, then G
has mymy...my, different T-set..

Proof. Let G is transitively traced and let V(G) is partitioned
into V1, Vs, ..., Vi such that the graph (V;) induced by each V; is
maximal track connected subgraph of G. Let V;,V;, ..., V} have
my,my,...,my vertices respectively. Then a set S of vertices
which contains exactly one element from each V; is form a 7-
set and it can be chosen in mmy...m; ways. O

Theorem 1.12. Let G(V,E) be a transitively tracked graph,
S* be a cycle tracking set and v € S*. Then pt[v,S*] = {v} for
a cycle tracking set S* if and only if v belongs to every cycle
tracking set S and pt[v,S] = {v}

Proof. Let G(V,E) be a transitively tracked graph and v € V.
Let S* be a cycle tracking set containing v with pt[v,S*] = {v}.
Let S be any cycle tracking set. Then there exists a vertex
u € S such that v € Tg(u). Since S* is a cycle tracing set
there exists a vertex w € S* such that u € Tg(w). Since G is
transitively tracked v € Tg(w). This is possible if and only if
w=u=v. Hence v € S and pt[v,S] = {v}. O

If G is not transitively tracked then the above theorem may
not hold. In figure 2, S = {v4,vs,v9,v14} is a cycle tracking
setof G and pt[vs,S] = vs. But $* = {va,v4,v9,v14} is another
cycle tracking sets of G not containing vs.

Theorem 1.13. [3] Let G(V,E) be any graph. Then the fol-
lowing statements are equivalent.
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Figure 2. G

(i) A vertex v is in every cycle tracking sets.
(ii) v € S for all cycle tracking set S and pt[v,S] = {v}.
(iif) v is a trace free vertex.
By Theorem 1.13 and Theorem1.12 we have the Corollary

Corollary 1.14. In a transitively tracked graph G(V,E),
pt[v, S| = {v} for any cycle tracking set S if and only if v is a
trace free vertex.

Theorem 1.15. Let G(V.E) be a graph. If t =T then G is
transitively tracked.

Proof. Let G(V,E) be a graph. Suppose t =T. Let v; €
Te(v2). We have |Tg(v1)| = |Tg(v2)| =¢t. We claim that
To(vi) = Tg(va). If not, v is a cut vertex. Therefore there
exists a vertex v3 € Tg(v2) such that v3 ¢ T (vy). But since
|T6(v2)| = |Te(v3)| and T (v2) # T (v3) there exist a vertex
V4 € TG(V3) such that vy ¢ TG(VQ). Then vy ¢ TG(Vl) (Oth-
erwise there exist two internally disjoint paths from v; to
v4. Since there is a path from v; to v4 containing both v;
and v3, and since v, and v3 are cut vertices it is not possi-
ble.). Continuing in this manner we get a sequence of ver-
tices vi,va,...,Vn, ... such that v, € Tg(vy—_1), vu & T (v;) for
1 <i<n—2.Butitis not possible as G is a finite graph. So
Tg(vi) = Tg(v2).

O

Theorem 1.16. Let G(V,E) be a graph. Thent =T = n if and
only if G is track connected.

Proof. Let G(V,E) be a graph. Suppose t =T = n. Then
Tg(v) =V for all v € V. That is for every u,v € G, u and v
belong to same cycle and hence there exist two distinct paths
from u to v. So G is track connected.

Conversely suppose that G is track connected. Then there
exist two distinct paths from any two vertices u to v. That is u
and v belong to a common cycle and hence T (v) =V for all
veV.Thust =T =n. O

Definition 1.17. A graph G is well tracked if T(G) = T (G)



Theorem 1.18. Let G(V,E) be a graph. If V can be parti-
tioned in to maximal track connected subset of G, then G is
well tracked.

Proof. LetV|,Va, ...,V be a partition of V into maximal track
connected sets. Let v; € V;, i=1,2,....k. Since V; is the only
maximal track connected set containing v;, v; can track all ele-
ments of V; and no element of V; for i # j. So {vi,v2,...,v}
forms a minimal cycle tracking set. In fact any such minimal
cycle tracking set is obtained like this. Hence 7(G) = T(G)
and G is well tracked. O

Corollary 1.19. If G is transitively tracked then G is well
tracked.

The converse of Corollary 1.19 need not be true as C5 o K
is well tracked but not transitively tracked. A graph G is said
to be trace excellent if every vertex belong to some T— set.

Definition 1.20. Tivo vertices u,v of a graph G are said to be
trace independent if u ¢ Tg(v).

ie; two vertices u,v of a graph G are said to be trace
independent if u and v are not vertices of same cycles of G.

Definition 1.21. A ser S of vertices in a graph G(V,E) is
called a trace independent set if any two vertices of S are
trace independent in G.

Theorem 1.22. [3] For any graph G, ©(G) < 1;(G) < T;(G) <
T(G).

The Theorem 1.23 follows from Theorem 1.22 and by
Corollary 1.19

Theorem 1.23. For a transitively tracked graph G ©(G) =
%(G) =T;(G) =T(G).

Definition 1.24. Let G(V,E) be a graph, a set X subset of V
is said to be track closed if for every pair of vertices u,v € X
u e Tg(v).

Definition 1.25. A track closed set is maximal track closed
set if no proper super set S' O S is a track closed set.

1. Every subset of a track closed set is track closed set.

2. Vertex set of a track connected subgraph of a graph is
track closed.

Theorem 1.26. Let G be a transitively tracked graph. X C V
is track closed if and only if the graph induced by X is a
subgraph of a maximal track connected subgraph of G.

Proof. Let G be a transitively tracked graph. Suppose X C
V is track closed. Then for every pair of vertices u,v € X
u € Tg(v). By Theorem 1.4 for every pair of vertices u,v € X
Tg(u) = Tg(v). Hence X C Tg(v) and by Theorem 1.6 the
graph induced by T;(v) is maximal track connected. Hence
the graph induced by X is a subgraph of a maximal track
connected subgraph of G.
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Conversely suppose that the graph induced by X is a subgraph
of a maximal track connected subgraph H of G. Then V(H)
is track closed. Hence its subset X is also track closed.

O

Corollary 1.27. Let G be a transitively tracked graph. Then
the maximal track closed sets of G are precisely the maximal
track connected subgraph of G.

Corollary 1.28. A graph G(V,E) is a transitively tracked
graph if only if V(G) can be partitioned into Vi,Va,...,Vj
each V; is a maximal track closed subset of V (G).

Definition 1.29. We call a vertex that is contained in some
T— set of a graph G is a trace good vertex, otherwise it is a
trace bad vertex. Let gt(G) (respectively, bt(G)) denote the
number of trace good (respectively,trace bad) vertices in a
graph G.

Definition 1.30. A graph G is t-excellent if each of its vertex
belongs to some T-set of G.

i.e if G is 7- excellent then g(G) = n.

Theorem 1.31. If a graph G is transitively traced then G is
trace excellent.

Proof. Let G be a transitively tracked graph. Let S be a 7—
set of G. let v € V. Then there exists a u € S such that u €
Tc(v). Since G is transitively tracked Tg(u) = Ti(v). Hence
S\ {u}U{v} is a T—set containing v. Since v is arbitrary G is
trace excellent. O

The converse may not be true. Cs o K5 is trace excellent
but not transitively tracked.

Definition 1.32. Let G(V,E) be any graph. A cycle tracking
set S C V(G) is said to be efficient cycle tracking set if | Tg(v) N
S| = 1jforeveryv € V(G).

Theorem 1.33. Let G be a transitively tracked graph. Then
every minimal cycle tracking set is efficient cycle tracking set
of G.

Proof. Let G be a transitively tracked graph. Let S be a
minimal cycle tracking set of G. Let v € V(G). Then there
exist a vertex u € S such that v € T (u). Hence |Tg(v)NS| > 1.
If possible assume that there are two vertices wi,w; € Tg(v) N
S. Then by Theorem 1.4 Tg(wi) = Tg(wa) = Tg(v). Then
S\ w; form a cycle tracking set of G,a contradiction to the
minimality of S. So |Tg(v) N S| = 1. O
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