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Strong connectivity index of weighted graphs
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Abstract

In a weighted graph model, the reduction of flow value between some pairs of nodes is more relevant and more
frequent than the total disruption of the flow or the disconnection of the entire network. So it is necessary to
analyze connectivity in terms of connectivity parameters. Strong connectivity index is the sum of minimum flow
of each pair of nodes in a network. A characterization of partial trees using strong connectivity index is obtained.
Using node strength sequence the strong connectivity index of precisely weighted graphs and path graphs are

explained.
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1. Introduction

A weighted graph G is a graph in which every arc e is
assigned a non-negative number w(e), called the weight of e.
An unweighted graph can be regarded as a weighted graph in
which every arc e is assigned weight w(e) = 1. If we have a
weighted graph representing some cities and roads connecting
them, then the weights may be taken as the populations func-
tion and the daily exchange of population between the cities.
In such a model, connectivity plays a crucial role. Similar
problems arise in all types of networks like communication,
computer, biological, etc.

Depending on the strength of a vertex (population, size,
capacity), we can have different categories of vertices( A
Class city, Big dam, etc). Also depending on the rate of flow
(data flow, transport,etc.) between two nodes, we can have

different categories of arcs (Broad band, national highway,
etc.).

In this article we introduce some new connectivity con-
cepts in weighted graphs. In a weighted graph model, for
example, in an information network or electric circuit, the
reduction of flow between pairs of nodes is more relevant and
may frequently occur than the total disruption of the flow or
the disconnection of the entire network. This concept is our
motivation. As weighted graphs are generalized structures of
graphs, the concepts introduced in this article also generalizes
the classic connectivity concepts.

2. Preliminaries

In this section, we recall some definitions and basic re-
sults of weighted graphs and connectivity of weighted graphs
which will be used throughout the paper. As in graph theory,
connectivity plays an important role in weighted graph theory
also. For a path P, the weight of a weakest arc is defined as
its strength. Some of the basic definitions in [11] are given
below

Definition 2.1. A rotally weighted graph is described in [8],
is a graph G : (86,®) where 8 : V — R" and @ : E — R"
such that @(x,y) < 8(x) A S(y), for any pair of vertices x,y
of G. Let G be a weighted graph, then the strength of a path
P of n edges e;, for 1 <i<n, denoted by s(P) is equal to
s(P) = mini<i<n{w(ei)}.



Definition 2.2. [11] Let G(V,E) be a weighted graph. The
strength of connectedness between two nodes u and v is de-
noted by CONNg(u,v), is defined as the maximum of the
strengths of all paths between u and v. If u and v are in
different components of G, then CONNg(u,v) = 0.

Example (Figure 1) Consider the following graph G(V,E)

a 2 b
6 3
d 35 ¢

Figure 1: Strength of connectedness

In the above example, CONNg(a,b) =3, CONNg(a,c) =
5, CONNg(a,d) = 6, CONNg(b,c) = 3, CONNg(b,d) = 3
and CONNg(c,d) = 5.

Proposition [10] Let G be a weighted graph and H be a
weighted subgraph of G. Then for any pair of nodes u,v €
V(G), CONNg (u,v) < CONNg(u,v).

Definition 2.3. [10] A u—v path in a weighted graph G
is called a strongest u — v path if stength of the path u — v is
equal to the strength of connectivity between u and v.

Definition 2.4. [10] Let G be a weighted graph. A node w is
called a partial cutnode (p-cutnode)of G if there exist a pair of
nodes u,v in V(G) such that u # v #w and CONNg_,,(u,v) <
CONNg(u,v). A connected weighted graph having no p-
cutnodes is called a partial block (p-block).

Definition 2.5. [10] Let G be a weighted graph. An
arc e = (u,v) is called a partial bridge (p-bridge)of G if
CONNG—_¢(u,v) < CONNg(u,v).
Example (Figure 2) Consider the following graph G(V,E),

a 8 b

d 5 ¢

Figure 2: Weighted graph with p-cutnodes and p-bridges

Here node b is a p-cutnode and all the arcs except (c,d) are
p-bridges.

Definition 2.6. [11] A connected weighted graph is called
a partial tree if G has a spanning subgraph F (V E) which is
a tree, where for all arcs (u,v) of E(G) which are not in F, we
have CONNp (u,v) > w(u,v). Figure 2, is a partial tree since
there exist a spanning subgraph F such that CONNp(c,d) >
w(e,d).
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Definition 2.7. [11] Let G be a weighted graph. Then an

arc e = (u,v) is called a-strong if CONNg_.(u,v) < w(e),B-

strong if CONNgG_.(u,v) =w(e) and a §-arc if CONNg_.(u,v)
> w(e). A 8-arc e is called a 6*-arc if e is not a weakest arc

of G. In figure 2, all the other arcs except the arc (c,d) are

o-strong arcs. The arc (c,d) is a & arc.

Definition 2.8. For any two vertices u and v of G, the 0-
evaluation of u and v is defined as 0 (u,v) = {a; a € R} where
Q is the strength of a strong cycle passing through both u
and v [10]. Max {a; 00 € 0(u,v);u,v € 0*} is defined as the
cycleconnectivity between u and v in G and is denoted by
cg..

Definition 2.9. Cycle connectivity of a graph G is defined as
CC(G) = max{CMGJ,;u,v € o™}

Definition 2.10. A node w in a weighted graph G is called a
cyclic cutvertex if CC(G —w) < CC(G). An edge (u,v) of a
weighted graph G is called a cyclic bridge if CC(G — (u,v)) <
cC(G).

Definition 2.11. [8] weighted graph G is said to be cyclically
balanced if G has no cyclic cut vertex and cyclic bridges.

Definition 2.12. A precisely weighted graph (PWG)G : (3, ®)
is described in [11], is a totally weighted graph G(V,E),
where 8§ : V — Rt and ® : E — R" Such that o(x,y) =
8(x) AN O(y), for any pair of vertices x,y of G.

Note that if G is a PWG, then it is complete. [11] Let
G(V,E) be a weighted graph. The strong degree of a vertex
v € V is defined as the sum of weights of all strong arcs inci-
dent at v and is denoted by d;(v). Also if Ny(v) denote the set

of all strong neighbors of v, thends(v) = Y @(u,v).
u€N;(v)

Definition 2.13. The minimum strong degree of G is 6;(G) =
Nds(v;v € 8} and the maximum strong degree of G is As(G) =
V{ds(v);v € 86*}.

[11] We are denoting K, (G), K, (G) as the weighted ver-
tex connectivity and weighted edge connectivity of the graph
G respectively.

The distance d(u,v) between two vertices u,veV (G) is
the minimum number of edges in a path between u and v in
G. For each u € V, the eccentricity of u, denoted by e(u), is
defined by e(u) = max{d(u,v);v € V,v # u}. The radius of
G, is denoted by r(G), is defined by r(G) = min{e(u);u € v}.
The diameter of G, is denoted by d(G), is defined by d(G) =
max{e(u);u € V}.

Wiener index of a graph G is described in [7], is the sum of
distances between all pairs of vertices of G. Then the Wiener
index of graph G is given by W(G) = ¥ d(u,v).

u,veV(G)



3. Strong connectivity in totally weighted
graphs

As in the case of Wiener index of totally weighted graphs
there is another parameter called the strong connectivity index
of a totally weighted graph. For we use the definition of
Wiener index in [8].

Definition 3.1. Let G : (0, ®) be a totally weighted graph.
Then the strong connectivity index of G is denoted by CI(G)
and is

CI(G)= Y w(u)w(v)CONNg(u,v).

u,veV(G)

Also the average connectivity index is,

ACI(G)=1/n¢c, Y, w(u)w(v)CONNg(u,v)
u,veV(G)

Example (Figure 3) Let G : be a weighted graph with V =

{a,b,c,d} such that w(a) =2, w(b) =2, w(c) =3, w(d) =4,

w(a,b)=1,w(b,c) =2,w(a,c)=2and w(a,d) =2, w(b,d) =
2 and w(c,d) = 3. Then strong connectivity index of G is

CI(G) =96.

o
[\

4°d

Figure 3: Weighted graph with a connectivity index

Next is a proposition.

Proposition. Let G be a totally weighted graph and H be a
totally weighted subgraph of G. Then CI(H)) < CI(G).

Proof. Using the result CONNy (u,v) < CONNg(u,v)

(by proposition 2. in [10])

Y CONNg(u,v) <
u,veV(G)

Y CONNg(u,v)
u,veV(G)

~.CI(H)) < CI(G). O

The next theorem shows how the deletion of a vertex or an
edge will affect the strong connectivity index of the graph.

Theorem 3.2. Let G be a totally weighted graph with the
vertex set {uy,uz,---un}. Then

1) CI(G —u) < CI(G), for allu € V(G).
2) CI(G — (u,v)) < CI(G), for all (u,v) € E(G).
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Proof. Let G be a totally weighted graph and {uy,uz, - u, }
be the set of vertices in G. Where u = u;. Then

CI(G) = w(u)w(v)CONNG(uj,u;)
1<i, j<n; i#j
CI(G—u)= w(u)w(v)CONNG (uj,u;)
1<i, j<n; i#j; i,j#k
< Z w(u)w(v)CONNgG (u;,u;)
1<i, j<n; i#]

=CI(G).

Similarly, consider the edge e = (u;,u;). Then
CI(G—e)= w(u)w(v)CONNg (u;,u;)
1<i, j<n; i#land j#k
-.CI(G—e) <CI(G). O

Corollary Let G be a totally weighted graph with strong
connectivity index CI(G). Then

1) ACI(G — u) < ACI(G), for all u € V(G).
2) ACI(G — (u,v)) < ACI(G), for all (u,v) € V(G).

Next theorem is a characterization of partial trees using strong
connectivity index.

Theorem 3.3. Let G be a totally weighted graph, then G is a
partial tree if and only if CI(G) = CI(F) for every maximal
spanning tree F of G.

Proof. Suppose G be a partial tree,and F is the maximal span-
ning tree of G. Then edges in F' are partial bridges of G from
(Theorem 9, in [10]). Also if G is a partial tree and if e = (u,v)
is a partial bridge of G, then, CONNg(u,v) = w(e). Therefore
CONNg(u,v) = CONNEg (u,v) for every u,v € V(G). Then we
have

CONNg(u,vy)=CONNF (u,v)
Y w(u)w(v)CONNgG(uyv)= ¥
uveV(G) uyveV(G)

Thus

w(u)w(v)CONNE (u,v)

CI(G) = CI(F).

Conversely, If CI(G) = CI(F) for every maximal span-
ning tree F of G. To prove that G is a partial tree. Let
Fi(11,v1) and F>(12,v1) be two maximum spanning trees of
G. Then,

CI(G) = CI(F) = CI(P).

Since CI(Fi) =CI(F,), forevery u,v € G. CONNF, (u,v) =
CONNF, (u,v). For otherwise one of Fi or F> will not be a
maximum spanning tree.

Now define a bijection ¢ : F; — F; as ¢ = (¢, ¢,) where
¢1:7 — Tras ¢ =1 and

¢2: 0] — ras g2(e) =¢ = (u,v), where CONNg(x,y) =
CONNEg (u,v).



Then ¢; and ¢, are well defined since CI(F}) = CI(F).

Clearly ¢ = (¢1,¢») is an isomorphism. Which implies

F; ~ F,. i.e., The two maximal spanning trees are isomorphic.

Thus F is the unique maximal spanning tree of G. Therefore
G is a partial tree. O

Example

Let G be a totally weighted graph with V ={a,b,c,d,e, f}
such that w(a) =3, w(b) =3, w(c) =4, w(d) =4, w(e) =3,
w(f) =3, w(a,b) =3, w(b,c) =3, w(c,d) =4, w(d,e) =3,
w(a,c) =2, w(c,e) =2 and w(c, f) = 3. G is a partial tree
with maximum spanning tree F'. Hence the strong connectivity
index of G and strong connectivity index of F are same.

Figure 4: A partial tree Maximum spanning tree F

Using the definitions of cycle connectivity, strong acyclic
level, etc., a new result that the cycle connectivity and strong
acyclic level of a precisely weighted graph are the same.

Theorem 3.4. Let G : (8, ) be a precisely weighted graph
with |V| = n. Then the cycle connectivity and the strong
acyclic level of G are equal.

Proof. Let G : (6,w) be a precisely weighted graph with
|[V| = n and the cycle connectivity of G, CC(G) > 0. The
cyclomatic number for each ¢-cut of G, G’ is defined as y =
m' —n' + p, where m' is the number of strong edges, n' is
the number of vertices and p be the number of connected
components in G'.

G' has no strong cycles if and only if ¢t > CC(G) (by
Theorem 4.1.12 in [9].

Therefore the cyclomatic number of G’ for r > CC(G) is
zero.

The acyclic level of a precisely weighted graph is the
inf{r} for which y = 0. Therefore the acyclic level of G is,
CC(G) = s(say).

Conversely, if G : (6, ®) is a weighted graph with strong
acyclic level of G is s, then strong acyclic level of graph G is
the inf{¢} for which y = 0. Then there are no strong cycles
remaining in the r — cut. that is, ¥ is non zero if there exist at
least one strong cycle in that # — cuz. It will be the strongest
strong cycle in G, giving the cycle connectivity of G. O
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4. Strong connectivity index using vertex
strength sequence

A totally weighted graph which has no cyclic bridge or cyclic
cutnode is called cyclically balanced graph. Next theorem
gives an equivalent condition for precisely weighted graphs.

Theorem 4.1. Let G(5,®) be a precisely weighted graph
with |V| > 3. Let {uy,uy,- - ,u, } be the n vertices of G, where
S(u;))=py1, fori=1,2,...n=2, 8(u,—1) = p2 and d(u,) =
p3 with p1 < pa < p3. Then the following are equivalent.

1) G is a 0 weighted graph.

2) Cycle connectivity of G is py.

3) G is a cyclically balanced graph.
4) G has a (n—2)-cyclic vertex cut.

Proof. (1=2)LetG: (5,®) be a O weighted graph with
[V| > 3. let G be a graph with {uj,u;,--u,} as the vertex
set. Let 6(u;) = p1, for every i = 1,2,--- ,n—2 and vertex
strength sequence of G as (p1" "2, p2, p3).

The strengths of all strong cycles passing through any
pair of vertices u and v are equal, since for all edges (u,v)
except (p2, p3), strengths of all uv- paths are equal to p;. Also
we have ®(p2, p3) = p2. Removal of the edge (p2, p3) will
not effect the cycle connectivity of the cycle pjpap3p1, since
CS%(p1,p2) = C%(p1,p3) = p1. Therefore CC(G) = p; for

precisely weighted graph with |V| > 3. O
v(p2)
u(p1) x(p3)
¥(pa)

Figure 5: A precisely weighted graph with 4 vertices

Proof. (2= 3): Let G: (8,®) be a precisely weighted
graph with CC(G) = p, where p; is the weight of u,the
minimum vertex weight.

All edges except (p2, p3) have weight p;. Then the cycle con-
nectivity of any pair of vertices x,y in G will be p; (since xyuv
is a cycle). Therefore removal of any of vertex will not effect
the cycle connectivity of any other pair of vertices. Hence
there does not exist a cyclic cutnode in the weighted graph G.
Similarly if an edge of G is removed then there exist another
pair of vertices (u,v) with the same cycle connectivity as G.
Hence the cycle connectivity of the graph G will not be re-
duced after removal of any vertex or edge. So the graph has
no cyclic cut vertices and cyclic bridges. Hence the graph G
is cyclically balanced.



(3 = 4) Among {uj,us, -+ ,u,}, the set of n vertices
of G with 8(u;) = py, forevery i = 1,2,--- ,n—2. Also G
has the vertex strength sequence ( "2, pa, p3). Since G has
no cyclic cut vertices, removal of any set of r vertices where
r < n—2 will reduce the cycle connectivity of G. If the first
(n—2) vertices are removed from G then a K, is obtained,
with edge weight is minimum of p, and p3. Therefore G has
an n — 2 cyclic vertex cut.

(4= 1) Let G: (8,w) be a precisely weighted graph
with cyclic vertex cut is n — 2 vertices (The graph is K, which
has no strong cycles). That is removal of any single vertex
or edge will not reduce the cycle connectivity of the whole
graph. Removal of n — 2 vertices makes the graph a trivial
one.

Since all edges except (p2, p3) have edge weight p;. Also
for precisely weighted graphs all edges are strong. Then it
follows that cycle connectivity of any pair of verices in this
graph is the singleton set {p; }. Hence G is 0 —weighted. [

The next theorem gives a formula for finding the strong con-
nectivity index of a precisely weighted graphs as described as
in the above theorem.

Theorem 4.2. Let G : (8,®) be a precisely weighted graph
with |V| > 3. Let {uy,ua,---u, } be the n vertices of G, where
O(u;)=py, fori=1,2,...n—2, 8(u,—1) = p2 and 8(u,) =
p3 where p1 < py < p3. Then the strong connectivity index
of Gis, CI(G) = p3(14+2+ -+ (n—3))+ (n—2)p3(p2 +
p3) +p3ps.

Proof. Suppose G : (6, ®) is a precisely weighted graph with
|V =3. Let {u;,uz,u3} be the 3 vertices of G, where 6 (u;) =
P, 6(142) = pp and 5(143) = p3 with p; < p» < p3. Then the
strong connectivity index, CI(G) = p?(p2+ p3) + pap3. So
the result is true for |V| = 3.

Figure 6: Precisely weighted graph with n vertices

Assume the result is true for |V| = k. Let the strong connectiv-
ity index of G is, CI(Gy) = pi(14+2+ -+ (n—3)) + (n—
2)pi(p2+ p3) + P3ps.
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For |V| = k+ 1, suppose that the k + 1" vertex be
with 8(ux11) = p1. Since the graph is precisely weighted
the new vertex uy,1 share adjacent edges with all the other
k vertices including pyandps. Then the strong connectivity
index of the new graph is,

Cl(Gir1) = pi(14+2+4 -+ (n=3)) + (n = 2)pi(p2 +
p3)+ Pip3+ p}+ pipa+ pips
CI(Gr1)=p3(14+2+4-+(n—=3+1))+(n—2+1)p}(p2+
p3)+ Paps.
=pi(1+2+4-+(n=2))+(n—1)pi(p2+

p3)+Dp3p3
O

Theorem 4.3. Let G : (8,®) be a precisely weighted path
graph, P, with vertex set {uj,uz, - ,u,}. 6(u;) = e; for
i=1,2,...n where e; < ey--- < e,. Then the strong con-
nectivity index of path graph P, is,

CI(P,) =ef(extes+---+en)+ej(estes+--+en)+
2
€,_16n

el 62 en—l
r— g e‘ @ crrer ey *r—0
ep e 3 en1 ey

Figure 7: A precisely weighted path graph with n vertices

Proof. Let G: (6, ) be atotally weighted graph with |V| = n.
We can prove the result using induction method. If k = 2. Let
P, be a path graph from u to v of length 1 with weight e;.
Then
C[(Pz) = e%ez

Assume that the result is true for k = n. That is
CI(P)= e%(82+83 +-Fey) —|—e%(eg +es+---+ey) —&—eﬁ_len

Then for k = n+ 1, only one edge is added to the graph
Gy4. Then
CI(Pyi1) = 3(ex+es+--+e,) +er(estest+ - +ey)+

eiflen —|—e%en+1 —|—e%en+1 4ot eleny

That is,
CI(Piy1) = el(ext+es+-+en+ent1)+e3(es+eq+ -+
en +en+1) + +e%en+1

Hence the proof. 0

5. Conclusion

New connectivity parameters for totally weighted graphs
are introduced. A characterization for partial trees using
strong connectivity index is provided. Using vertex strength
sequences, strong connectivity indices of precisely weighted
graphs and path graphs are obtained. It is proved that acyclic
level and cycle connectivity of precisely weighted graphs are
equal.
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