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In this paper we study about the properties of locating number of a graph. In [1] the locating number of a complete
graph, a path graph and bound of locating number of a graph is carried out. Based on this we established the
locating number of a tree, cycle and some of its properties.
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1. Introduction

Consider a certain facility consists of 4 rooms R, R>,R3,R4
as shown in Fig 1.
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R R

Figure 1. A facility consisting of 4 rooms

The distance between rooms R and Rj3 is 2 and the dis-
tance between all other pairs of distinct rooms is 1.The dis-
tance between a room and itself is zero.

Now if we place a certain (red) sensor in one of the rooms.
Then the sensor is able to detect the distance from the room
with the red sensor to the room containing the fire when the
fire took place.

For example, if the sensor is placed in R when fire occurs
in R3, then the sensor alerts us that a fire has occurred in a
room at distance two from Rj . ie, it informs us that the fire is
in R3 since Rj3 is the only room at distance 2 from R;. If the
fire is in R; then the sensor indicates that the fire has occurred
in room at distance zero from R;. ie, the fire is in R;. If the
fire is in any of the other 2 rooms, then the sensor tells us that
there is a fire in a room at distances one from R;. But this
information is not enough to determine the precise room in
which the fire has occurred. Since there is no room in which
the (red) sensor can be placed to identify the exact location of
a fire in every instance, we forced to use another (blue) sensor.

ie, if we place the red sensor in R and a blue sensor in R,
and a fire occurs in Ry, say, then the red sensor in R; tells us
that there is a fire in a room at distance one from R, while the
blue sensor tells us that the fire is in a room at distance one
from R;; ie, the ordered pair (1, 1) is produced for R4. Since
these ordered pairs are distinct for all rooms, the minimum
number of sensors required to detect the exact location of any
fire is two. We must take care that where the 2 sensors to be
placed.

For example, we can’t place sensors in R and R3, since
in this case the ordered pairs of R and R4 are all (1,1) and so
we can’t determine the precise of the fire.



This facility can be modeled by a graph G, whose vertices
are the rooms and two vertices of this graph are adjacent if
the corresponding 2 rooms are adjacent.

Therefore the graph becomes G(V,E) with

V ={R1,R2,R3,R4} and E = {R1R2, RoR3,R3R4,R4R1,RoRs }.

This gives rise to a problem involving graph.

2. Locating number of a graph

Definition 2.1. [1] Let H be a connected graph. For an
ordered set X = {x,x2,.....x,} of vertices of H and a ver-
tex v of H, the locating code of v w.r.t X is the r— vector,

Cx(v) = (d(v,x1),d(v,x2),..c...d(v, X))

Definition 2.2. [1] The set X is a locating set for H if distinct
vertices have distinct codes.

A locating set containing a minimum number of vertices is a
minimum locating set for H.

The locating number is the number of vertices in a minimum
locating set for H. It is denoted as loc(H ).

Theorem 2.3. [1] A connected graph G of order n is isomor-
phic to B, if and only if G has locating number one.

Theorem 2.4. [I] A connected graph G of order n > 2 is
isomorphic to K, if and only if G has locating number n — 1.

Definition 2.5. [3] The degree of a vertex v is the number of
vertices at a distance one.

Let G be a connected graph of order n and let V(G) = {v1, vz, ....

Then the maximum degree of G is denoted as A and it is de-
fined as
A =max{deg(v),deg(v2),......,deg(v,) }.

Theorem 2.6. [1] If G be a non-trivial connected graph of
order n > 2 then [logs(A+1)] < loc(G) < n—d, where d be
the diameter of G and A be the maximum degree of G.

3. Locating Number of a Tree

Proposition 3.1. Let G be a tree withn >3 then 2 < d <
n— 1., where d be the diameter of G and n be the number of
vertices of G.

Proof. d =11sonly possibleif n =2=2 <d......... 1)
We know that a tree with maximum diameter is a path and
diameter of a path, d(P,) =n—1.
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Therefored <n—1......... 2)
Hence from (1) and (2), we get2 <d <n—1.
O

Definition 3.2. Let X be a minimum locating set of a con-
nected graph G and letv € V(G). If v € X then v is called a
locating vertex of G w.r.t X.

Theorem 3.3. Let G be a tree with n > 3 vertices and let d be
the diameter of G. If v be a vertex of G such that d(u,v) = d
foru eV (G) thenn(Py,,) <loc(G) <n—2, where P, be
the path of length d from a fixed vertex v passing through
exactly one w such that (w,u) is an arc in G with deg(w) is
maximum and n(Py, ) be the number of Py, | path .

Proof. Let G be a tree with n < 3 vertices. Let v be a vertex
of G such that d(u,v) = d for u € V(G). ie,take u and v as
eccentric nodes of G. And let d be the diameter of G. Since
2 <d<n—1(by(3.1)), it follows that u;,uy,.....u,_» be the
maximum possible end points of the tree except v. Then there
exist paths from v to each u;;1 <i<n—2.

Next let uy,uy, ...... ur; 1 <r <n—2 are the only vertices
of G at a distance d from v to each u; passing through exactly
one w such that (w,u) is an arc in G with deg(w) is maximum
(ie, each u;’s are eccentric nodes w.r.t v). Now fix v. Then
there exists r vertices in N(w) at a distance d from v where
there is an arc (w,u) in G with deg(w) is maximum.

= VU1, VU2, ...... vu, are paths with d 4 1 vertices passing
through exactly one w with maximum deg(w) .
ie, n(Py, ) = r....(1)

And also we have loc(P,) = 1 (by (2.3)). By assumption
»Xud-have w is an adjacent vertex of u; and let wj;0 < j <
(n—3) be the vertices between v and u;(i < i < r) other than
w in each path vi;(0 < j < n—3). Let X; be a minimum
locating set for G.

Now if we let v € X; then we can distinguish v and at
least one wj(o < j <n—3) and if let u; € X; then we can
distinguish at least w and u; (w, since 2 < d). Now if there
exist w; in G and if we let both v and u; are in X; then we can
distinguish all w;; 1 < j <n—3 with v,w and u;. And if we
let u; is also in X then we can distinguish v, w,u;,u; and all
wj(0 < j<n-3).

Similarly if we let v,uy,us,...... uy—1 € X1 then we can dis-
tinguish
V,w,uy,uz,.....ur and all wj(o < j <n—3). Since r <n-—2,
if we take r =n—2then X; = {v,uj,uy,...... u,—3}. ie, we can

distinguish all vertices with this r vertices belongs to X.
Also if r = 1 then we can distinguish v,w,u; and all w;(o <
j<n-3)and X; = {v} or {u; }. ie, we can distinguish all



vertices with 1 vertex.

And in all other cases X; may contains more than r ver-
tices w.r.t their intersections with different paths. For, if
r =n—4 and if one of w; has 2 more adjacent vertices
uri1 and u,1o then X| becomes {v,uy,uz,.....up_1,Upi1} OF
{vyuy,uz,....4p_1,uri2}. Therefore in this case loc(G) =
r+ 1 and hence r < loc(G).

Therefore as number of new vertices increases loc(G) is
either equal to r or greater than r.
= r <loc(G).
From (1) we get, n(P; ) = r < loc(G)......(2)

Also we have loc(G) < n—d for any connected graph G
(by (2.6)) and for n > 3 we have 2 < d < n— 1(by (3.1)).
=1<n—-d<n-2.
= loc(G) <n—2forn>3....(3)

Therefore from (2) and (3) we get n(P,, ;) <loc(G) <n—2
forn > 3.
O

Corollary 3.4. Let G be a tree of order n > 3. And let P, 4
be the path of length d from a fixed vertex v passing through
exactly one w such that (w,u) is an arc in G with deg(w) is
maximum. Then every path P} 11 0f G has at least one locat-
ing vertex w.r.t any minimum locating set X, where d be the
diameter of G.

This is also true in the case of P,,C, and K, (it is clear from
(2.3), (2.4),(3.3) and (3.9).

Proposition 3.5. Let G be a tree with n vertices and let d be
the diameter of G, thend =2 < loc(G) =n—2.

Proof. 1If d =2 then n(P;) = n—2.... We have n(P;
loc(G) < n—d (from (3.3)).

= n(P}) <loc(G) <n—2.

=n—2<loc(G) <n-—2.

= loc(G)=n-2.

1) <

Conversely, let loc(G) =n—2. Since 2 <d <n-—1
(by(3.1)), it follows that ] <n—d <n—2........ €))
From (3.3) we have n(P; ;) < loc(G) <n—d..... (2)
Therefore from (1) and (2), we getn —2 <n—d <n—1.
=1<d<2.
And we have d = 1 & n =2 and loc(G) = 1.
Therefore d = 1 is not possible. Hence the only possibility is
d=2.

O

Proposition 3.6. Let G be a tree with n vertices and let d be
the diameter of G, thend =n—1 < loc(G) = 1.

Proof. Letd =n—1 and we have loc(G) < n—d (by(3.3)).
= loc(G) <n—(n—1).
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= loc(G) < 1.
We know that /oc(G) = 0 is not possible. Therefore loc(G) =
1.

Conversely suppose that loc(G) = 1. We have loc(G) =
1 & G = P, (by(2.3)) and diameter of P, is n — 1, so that
d=n—1.
Hence the proof.
O

Proposition 3.7. Let G be a tree with n vertices and let d be
the diameter of G. If d = n—2 then loc(G) = 2.

Proof. Letd =n—2 and we have loc(G) < n—d (by(3.3)).
=loc(G) <n—(n-2).
= loc(G) < 2.
= loc(G) =1 orloc(G) =2.
If loc(G) = 1 then d = n— 1 (by(3.6)), which is a contradic-
tion to our assumption d = n — 2. Therefore loc(G) = 2 is the
only possibility.
Hence d =n—2 = loc(G) =2.

O

Proposition 3.8. Let G be a tree with n vertices and n < 6
then loc(G) = n—d, where d be the diameter of G.

Proof. If n=2thend =1 is possible.
=G=~.
Therefore loc(G) =1=n—d.

If n =3 then d = 2 is only possible.
= loc(G) =n—2 (by(3.5)) =n—d.

If n=4thend =3,2.
Soifd=3=n—1,<1loc(G) =1 (by(3.6)) =n—d.
Andifd=2=n—-2=1loc(G) =2 (by3.7)=n—(n—2) =
n—d.

Ifn=>5thend =4,3,2.
Soifd=4=n—1<1loc(G)=1(by(3.6)=n—(n—1) =
n—d.

Andifd=3=n—-2=1loc(G) =2 (by(3.7) =n—(n—2) =
n—d.
Also if d =2 then loc(G) =n—2 (by(3.5)) =n—d.
Hence the proof.
O

Theorem 3.9. For every C, with n > 3 has locating number 2.

Proof. Letvy,vy,........ ,vn be the consecutive vertices of C,,.
If we take X; = {v;} then the locating codes for the vertices
of C, w.r.t X are

0,1,2,....,n/2,(n/2) —1,.....2, 1 respectively if n is even and
if nis odd



0,1,2,.....,(n—=1)/2,(n=1)/2,(n—1)/2—1,.....2, 1 respec-
tively.

Therefore it is not a locating set (since distinct vertices have
same locating code).

Now consider X, = {v;,v,} where v; and v, are adjacent
vertices then the locating codes for the vertices of C, w.r.t X
becomes
0,1),(1,2),....(n/2 — 1,n/2),(n/2,n/2 — 1),.....(2,1),(1,0)
ifnisevenand (0,1),(1,2),....((n—1)/2—1,(n—1)/2),((n—
1)/2,(n—1)/2),(n—1)/2,(n—1)/2—1),.....(2,1),(1,0) if
n is odd respectively. Since distinct vertices have distinct lo-
cating code, X, becomes a locating set and it follows that X,
is a minimum locating set.

Therefore loc(C,) = 2 for every n > 3.
O

Corollary 3.10. Every adjacent vertices of Cy(n > 3) are lo-
cating vertices of C, w.r.t some minimum locating set.

Theorem 3.11. [2] Let G be a connected graph of order
n>3. Ifloc(G) =2, then 3 < n < 6, where n =|V(G)|.

Remark 3.12. But the above theorem fails in the case of trees
and cycles. Counter example for this;

1) Consider the graph with
14 = {V17V27V37V47V57V67V7} and
E = {viv2,v2v3,V3V4,v4Vs,V5V6,vav7 }.  This is a tree with
loc(G) =2.

G(V,E)

2)Next  consider —a  graph with
14 = {v1,v2,v3,v4,v5,v6,v7} and
E = {v1v2,v2v3,V3V4,V4Vs5,VsV6, V67, v7v1 }. This is a cycle,
C7 with loc(G) = 2.

G(V,E)

Therefore if G be a connected graph of order n > 3 and
loc(G) =2 then 3 < n < 6 is not true.

Proposition 3.13. Let G be a tree or K, or Cy, and ifn =d +2
then loc(G) = 2, where n be the vertices of G and d be the
diameter of G.

Proof. In case of a tree we have, if d = n — 2 then loc(G) =
2by(3.7)).
= If n = d +2 then loc(G) = 2.

In case of K,,, K3 is the one and only complete graph
which satisfies n = d +2. And we know that loc(K,) =
n— 1(by(2.4)).

Therefore loc(K3) =3 —1=2.

In case of C,, C3 and Cy are the only two cycles which
satisfies n = d + 2. And since loc(C,) = 2 Vn > 3(by(3.9)),
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loc(C3) =loc(Cq) = 2.
Hence the proof.
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