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Abstract

The injective chromatic number of a graph G, denoted by x;(G) is the minimum number of colors needed to
color the vertices of G such that two vertices with a common neighbor are assigned distinct colors. In this paper
xi(G[H]) are determined, where G[H] is the composition (or lexicographic product) of G (P,, C, and K,) with any

arbitrary graph H.
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1. Introduction

The basic definitions of graph theory are taken from [2].
The concepts of injective coloring and injective chromatic
number J;(G) of a graph G are introduced by G.Hahn et.al
[1]. The authors established some upper and lower bounds
for injective chromatic number J;(G) and are obtained the
injective chromatic number of the hypercubes also. In [5]
B.Luzar et.al obtained some results on injective coloring of
planar graphs with large girth and few colors. Seog-Jin kim
et.al [3] proved that injective chromatic number of G is at
least half of the chromatic number of G2, the square of G. The
injective chromatic sum Y;(G) and injective strength s;(G)
are introduced by A. Kishore and M.S. Sunitha [4]. The au-
thors obtained the injective chromatic sum of some classes
of graphs, suggested bounds for injective chromatic sum and
established injective chromatic sum of graph complements,
join, union, product and corona. The concept of injective
chromatic polynomial is also introduced in this paper. J. Song
and J. Yue. [6] obtained some sharp bounds (or exact values)

of injective chromatic number of Cartesian product, direct
product, lexicographic product, union, join, and disjunction
of graphs.

In this paper x;(G[H]) are determined, where G[H] is the
composition (or lexicographic product) of G (P,, C, and K},)
with any arbitrary graph H.

2. Preliminaries

The concepts of injective coloring and injective chromatic
number are introduced in 2002 by G. Hahn et.al and it is
defined as follows:

Definition 2.1. [1] An injective coloring of a graph G =
(V,E) is a coloring of the vertices of G that assigns different
colors to any pair of vertices that have a common neighbor.

Definition 2.2. [1] The injective chromatic number x;(G) of a
graph G = (V,E) is the minimum number of colors needed to
color the vertices of G such that two vertices with a common
neighbor are assigned distinct colors.

Definition 2.3. [2] The composition (or lexicographic prod-
uct) G = G1[G,] of two graphs G, = (V,E}) and G, = (Va, E»)
has V. =V| X V as its vertex set, and u = (u,up) is adjacent

with v = (v1,v2) whenever uy adjacent vy or u; = vy and up

adjacent v;.
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3. Main Results

In this section the injective chromatic number of lexico-
graphic products are obtained. For any two arbitrary graphs
G and H, the injective chromatic number of G[H] is bounded,
it is established in [6].

Remark 3.1. [6] Let G and H be graphs. Then
xi(G[H]) < (A+1)x:(H) and the bound is sharp.

The following theorem shows that the injective chromatic
number of K, [G] is the total number of vertices of K,,[G].

Theorem 3.2. For any connected graph G with at least 2
vertices,

Xi(Ka[G]) = n|V(G)[, n>2.

Proof. Letvy,va,...,v, be the vertices of K, and uy,us, ..., u,
be the vertices of G. The vertex set of K,[G] is

V= {(Vlvul)v (V17M2)» 3] (Vlaum)} U {(V27 ”1)7 (V27u2)7 sy
(o um)} U.ooU {(vayu1)y Wy u2)y ooy (Viytt) } = Vi U VL U
...UV,. Note that any vertex (v;,ux), 1 <k < mis acommon
neighbor of any two vertices in V;, 1 <i,j <n, i # j and
thus m distinct colors are needed to color the vertices in V;.
Since G is a connected graph, N(uy) # ¢, 1 <k < m and
let u; € N(uy). Then there is a path (vi,ug)(vi,u;)(vj,us),
1 <s <m of length 2. Thus the vertices in any two sets V; and
V;, 1 <i,j <n,i# jcannot have vertices with same colors.
Thus each set V;, 1 <i < n need distinct m colors and hence
2(KalG)) = nm = |V (G). O

The injective chromatic number of lexicographic product
of P, with any arbitrary connected graph G is obtained as
follows.

Theorem 3.3. For any connected graph G with at least 2
vertices,
2|lV(G)| for n=2

3|V(G)| otherwise.

Xi(Pn [G]) = {
Proof. Let vy,va,..,v, be the vertices of P, and uy,u,..,u,
be the vertices of G. The vertex set of P,[G] is
V={(1,u),(vi,u2), ... vi,um)} U{(v2,u1), (v2,u2), ...,
(va,um) } Ul U{ (Vnyu1)y (Vs 42) 5 ooy (i) } = Vi UVRULLU
V,. Any vertex in V; is a common neighbor for the vertices in
V1, then m distinct colors are needed to color the vertices in
V). Let i be the color of the vertices (vi,u;), | <i<m. Now
consider the vertices in V. Since G is a connected graph,
N(u;) # ¢ and let u; € N(u;), then (v2,u;)(vo,u;)(vi,ug),
1 <i,k < m form a path of length 2. Thus any color of (vi,u;)
cannot be the color of vertices in V5. Thus a new set of m col-
ors are needed to color the vertices in V5. Let m+i be the color
of (v2,u;) 1 <i < m. Now consider the vertices in V3. Here
(v3,ui) (v3,u) (vo,ux), 1 < i,k < m form a path of length 2.
Thus any color of vertices in V; cannot be the color of the ver-
tices in V3. Also (v3,u;)(v3,u;)(vi,ux), 1 <1i,j,k <mforma
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path of length 2, the vertices in V3 cannot be colored with any
of the color of the vertices in V;. Now use the colors of the
vertices in Vy, V> and V3 for the vertices in V3;41, V342 and
V3(i1) respectively. Hence a total of 3m distinct colors are
needed for an injective coloring of P,[G]. O

The lexicographic product C,[G] of a cycle and a con-
nected graph has invective chromatic number as follows.

Theorem 3.4. For any connected graph G with at least 2
vertices,

3|V(G)| for n=0(mod3)
X%i(Cu[G]) =  4|V(G)| for n= 1(mod3)
5|V(G)| for n=2(mod3).

Proof. Letvy,vy,...,v, be the vertices of C,, and uj,us, ..., uy,
be the vertices of G. The vertex set of C,[G] is

V = {(vi,u1), (vi,u2), (vi,u3), «.,(Vi,um) FU{(v2,u1),
(va,u2), (v2,u3), .o, V2, 1) YU .U { (Vs 1)y (Vi u2), (v, u3),
ey (vn,um)} =ViuWuWVzu..UV,.

Case i: n = 0(mod3)

Any vertex in V; is a common neighbor for the vertices in V;_|
and Vi1 1. Thus 2m distinct colors are needed to color the ver-
tices in V;_ and Vi 1. Since G is connected, N (u;) # ¢ and let
uj € N(uk) Then (V,', uk)(v,-,uj)(v,ur] ,u;) and (vi,uk)(vi, I/lj)
(vi—1,u;) form paths of length 2 for 1 <[ <m. Thus (v;,uy),
1 <k < m cannot be colored with the color used for (v;y1,u;)
and (vi_1,u7), 1 <1 < m. Thus a new set of m colors are
needed to color the vertices (v;,ui), 1 < k < m. Hence a total
of 3m colors are used to color the vertices of C,[G] and thus
Xi(Ch[G]) = 3m = 3|V(G)|. Thus the injective coloring of
C,[G] is given as follows, fori =3k+1and 0 <k < 1G]]

3
and 1 <j<m

e color j is given to the vertices (v;,u;)
e color m+ j is given to the vertices (vii,u;)
e color 2m+- j is given to the vertices (viy2,u;)

Case ii: n = 1(mod3) i.e. n =3k +1

Here the vertex set of C,[G] is V =V UV, U...U V3, U V3.
The vertices in Vi, V>, ..., V3; can be colored as in Case i. Now
the uncolored vertices are the vertices in V341, which cannot
be colored with any of the colors that are used for the vertices
in V,V, V3, and V3,4, since these vertices have common
neighbor with the vertices in V3, ;. Thus a new set of m
colors are needed to color these vertices. Hence a total of 4m
colors are needed for the injective coloring.

Case iii: n =2(mod3) i.e. n=3k+2

Here the vertex set of C,[G]is V =V, UVoU...UV3p 41 UVagsn.
Color the vertices in Vi, V5,...V3,11 as in case ii. Now the
uncolored vertices are the vertices in V345, which cannot be
colored with any of the colors that are used for the vertices
in Vi, Vo, Vi, and V3, 1. Since these set of vertices have
common neighbor with the vertices in Va;y,. Thus color
the vertices in V34, with a new set of m colors. Hence a

o
N
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total of Sm colors are needed for an injective coloring of
Car12[G]. O

Conclusion

In this paper x;(G[H]) are determined, where G[H] is the
composition (or lexicographic product) of two graphs G and
H. Where G is P,, C, or K,, and H is any arbitrary graph.
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