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Matroids from fuzzy graphs
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Abstract
This paper aims to construct a new class of matroids from fuzzy graphs. Also, basis and circuits for this group
of matroids are defined and some of their properties are discussed. The conditions for the existence of weak
isomorphism and isomorphism between two matroids from fuzzy graphs are described.
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1. Introduction

1.1 Graph theory
A graph G [2] is an ordered pair (V (G),E(G)) consisting

of a set V (G) of vertices and a set E(G), disjoint from V (G),
of edges, together with an incidence function ΨG that asso-
ciates with each edge of G an ordered pair of (not necessarily
distinct) vertices of G. If e is an edge and u and v are vertices
such that ΨG(e) = {u,v}, then e is said to join u and v, and
the vertices u and v are called the ends of e. We denote the
numbers of vertices and edges in G by v(G) and e(G); these
two basic parameters are called the order and size of G, re-
spectively.

An edge with identical ends is called a loop, and an edge
with distinct ends a link. Two or more links with the same
pair of ends are said to be parallel edges. A graph is simple if
it has no loops or parallel edges.

A cycle on three or more vertices is a simple graph whose
vertices can be arraged in a cyclic sequence in such a way
that two vertices are adjacent if they are consecutive in the
sequence, and are non-adjacent otherwise; a cycle on one
vertex consists of a single vertex with a loop, and a cycle
on two vertices consists of two vertices joined by a pair of
parallel edges. The length of a cycle is the number of its edges.

An acyclic graph is one that contains no cycles. A con-
nected acyclic graph is called a tree. Acyclic graphs are
usually called forests.

Theorem 1.1.1. If T is a tree, then |E(T )|= |V (T )|−1

1.2 Matroid theory
Matroid theory is an analysis of abstract theory of depen-

dence. In 1935, Whitney coined the word “matroid” in his
founding paper entitled “On the abstract properties of linear
dependence”. Three fundamental properties which are com-
mon to linear and algebraic dependence are determined by
Van der Waerden in his paper “Morderne Algebra”(1937).
Birkhoff(1935) and MacLane(1936, 1938) were also done
pioneering works in this area.
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A Matroid[3] M is an ordered pair (E,I ) consisting of a
finite set E and a collection I of subsets of E satisfying the
following three conditions:

I1. φ ∈I

I2. If I ∈I and I
′ ⊆ I, then I

′ ∈I

I3. If I1 and I2 are in I and |I1| < |I2|, then there is an
element e of I2− I1 such that I1∪ e ∈I

The members of I are the independent sets of M, the
subsets of E which are not members of I are the dependent
sets of M and E is the ground set of M.

A maximal independent set in M is called a basis or a base
of M, and we denote the collection of bases of M by B.
A minimal dependent set in an arbitrary matroid M is called
a circuit of M, and we denote a set of circuits of M by C or
C (M).

The matroid derived from a graph G is called the cycle
matroid or polygon matroid of G, denoted by M(G). Clearly
a set X of edges is independent in M(G) if and only if X does
not contain the edge set of a cycle. A matroid that is isomor-
phic to the cycle matroid of a graph is called graphic matroid.

Example 1.2.1. Consider the graph G with 4 vertices and 7
edges as shown in Fig 1. Let E be the edge set of H, that is,
{1,2,3,4,5,6,7}, and let I be the collection of subsets of
E that do not contain all of the edges of any simple closed
path or cycle of H. The cycles of H have edge sets {7}, {5,6},
{1,2,4}, {2,3,5}, {2,3,6}, {1,3,4,5} and {1,3,4,6}.

For this cyclic matroid, the collection of bases,

B ={{1,2,3},{1,2,5},{1,2,6},{1,3,4},{1,3,5},
{1,3,6},{1,4,5},{1,4,6},{2,3,4},{2,4,5},
{2,4,6},{3,4,5},{3,4,6}}.

Lemma 1.2.1. If B1 and B2 are bases of a matroid M, then
|B1|= |B2|.

1.3 Fuzzy graph theory
Foundation for fuzzy graph theory was laid by Rosenfeld

in his paper “Fuzzy Graphs”, and Yeh and Bang in their paper
“Fuzzy graphs, fuzzy relations, and their applications to clus-
ter analysis” in 1975. The first definition of fuzzy graph was
given by Kaufman in his paper “Introduction to the Theory
of Fuzzy Sets”(1973). Fuzzy analogs of several basic graph-
theoretic concepts were introduced by Rosenfeld.

A fuzzy graph [4] G = (V,σ ,µ) is a triple consisting of a
nonempty set V together with a pair of functions σ : V −→
[0,1] and µ : E −→ [0,1] such that for all x,y ∈ V,µ(xy) ≤
σ(x)

∧
σ(y).

A path[4] P in a fuzzy graph G = (V,σ ,µ) is a sequence
of distinct vertices x0,x1, . . .xn ( except possibly x0 and xn)
such that µ(xi−1xi)> 0, i = 1, . . . ,n.
Here n is called the length of the path.
We call P a cycle if x0 = xn and n≥ 3.

A fuzzy graph G = (σ ,µ) is called a cycle if
(supp(σ),supp(µ)) is a cycle, and G is called a fuzzy cycle
if (supp(σ),supp(µ)) is a cycle and @ unique xy ∈ supp(µ)
such that µ(xy) = ∧{µ(uv)|uv ∈ supp(µ)}.

2. Matroids from fuzzy graphs

2.1 Matroids from fuzzy graphs
Theorem 2.1.1. Let G = (V,σ ,µ) be a fuzzy graph with cor-
respoding graph G = (V,E) and let

ℑ ={ν ⊆ µ : ν does not f orm any f uzzy cycle}.

Then (µ,ℑ) form a matroid.

Proof. As an empty set does not contain any fuzzy cycle,
(µ,ℑ) trivially satisfies axiom I1 .

Let ξ ∈ℑ. That is, ξ does not form any fuzzy cycle. Then,
clearly ξ

′
also does not form any fuzzy cycle, ∀ξ ′ ⊆ ξ . Thus

I2 is also satisfied by (µ,ℑ).

For I3 , assume that ξ1∪{e} /∈ ℑ,∀e ∈ ξ2−ξ1. We will
show that |ξ1| ≥ |ξ2|.
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Let e be an edge in ξ2−ξ1 which connects the vertices v
and w.
If ξ1∪{e} /∈ ℑ, then the vertices v,w must belong to the same
connected component of ξ1.
⇒V (ξ1) =V (ξ2), where V (ξ1) and V (ξ2) are the vertex sets
of ξ1 and ξ2 respectively, and each connected component of
ξ2 is a subgraph of a connected component of ξ1.
Which means that

kξ2
≥ kξ1

(2.1)

where kξ1
and kξ2

are the number of connected components
in ξ1 and ξ2 respectively.

We have, by Theorem 1.1.1,
|ξ1|= |V (ξ1)|− kξ1

and |ξ2|= |V (ξ2)|− kξ2
,

thus combining with (2.1), we have |ξ1| ≥ |ξ2|, which is a
contradiction.

Example 2.1.1. Cosider the fuzzy graph G=(V,σ ,µ) ; where
V = {p,q,r,s} . Let X = {pq,qr,rs,sp}. Let σ(x) = 1,∀x∈V
and let µ be the fuzzy subset of X defined by µ(pq) = µ(sr) =
0.3, and µ(qr) = µ(sp) = 0.2.

Here {pq,qr,rs,sp} is the only fuzzy cycle, so let
ℑ = {ν ⊆ µ : |ν | ≤ 3} . Then (µ,ℑ) matroid on the given
fuzzy graph G .

If we redefine the above fuzzy graph G = (V,σ ,µ) by
µ(qr) = 0.1

Here any of subsets of µ does not contain a fuzzy cycle.
Thus ℑ = {ν : ν ⊆ µ}= 2µ , and (µ,ℑ) form a matroid on G.

Remark 2.1.1. A subset of a fuzzy edge set corresponding
to a dependent set in the matroid of crisp graph need not be
dependent in the corresponding matroid from the fuzzy graph.

2.2 Basis and circuits for matroid from a fuzzy graph
Definition 2.2.1. Let M = (µ,ℑ) be a matroid from a fuzzy
graph G = (V,σ ,µ). The maximal independent subsets of µ

is referred as basis of M.
The collection of bases, denoted by B(E), is given by

B(E) = {ν ⊆ µ : ν ∈ ℑ,ν ∪{e} /∈ ℑ,∀e ∈ µ−ν}

Lemma 2.2.1. If B and B
′

are bases of a matroid M from a
fuzzy graph G = (V,σ ,µ), then |B|= |B′ |.

Proof. Let M = (µ,ℑ) be a matroid from a fuzzy graph G =

(V,σ ,µ), and let B,B
′ ∈B(E). Suppose that |B|> |B′ |. Then,

as both B and B
′

are in ℑ, by I(3) , there is an element e ∈
B−B

′
such that B

′ ∪{e} ∈ ℑ. This is a contradiction to the
maximal independence of B

′
. Thus |B| ≤ |B′ |. Similarly, we

can show |B′ | ≤ |B|. Hence |B|= |B′ |.

Definition 2.2.2. Let M = (µ,ℑ) be a matroid from a fuzzy
graph G = (V,σ ,µ). The minimal dependent subset of µ will
be called circuit of M.
The collection of circuits , denoted by C (µ), is given by

C (µ) = {ϕ ⊆ µ : ϕ /∈ ℑ,ϕ−{x} ∈ ℑ,∀x ∈ ϕ}

Theorem 2.2.1. Let C (µ) be the collection of circuits of a
matroid M = (µ,ℑ) from a fuzzy graph G = (V,σ ,µ). Then
the following are satisfied:

(i) φ /∈ C (µ)

(ii) If ϕ,ϕ
′ ∈ C (µ) , and ϕ ⊆ ϕ

′
, then ϕ = ϕ

′
.

Proof. Let C (µ) be the collection of circuits of a matroid
M = (µ,ℑ) from a fuzzy graph G = (V,σ ,µ).
By I(1) , we have φ ∈ ℑ, which follows φ /∈ C (µ).
For (ii), suppose ϕ 6= ϕ

′
. Then ϕ

′
is not minimally dependent,

contradicts the fact ϕ
′ ∈ C (µ). Thus ϕ = ϕ

′
.

2.3 Isomorphism of matroids from fuzzy graphs
Definition 2.3.1. Let M1 = (µ1,ℑ1) and M2 = (µ2,ℑ2) be
two matroids from the fuzzy graphs G1 = (V1,σ1,µ1) and
G2 = (V2,σ2,µ2) respectively. M1 and M2 are said to be
weak isomorphic if the following conditions are satisfied:

i. There is a bijection ψ from µ1 to µ2 such that for all
ν ⊆ µ1 , ν ∈ ℑ1 if and only if ψ(ν) ∈ ℑ2

ii. There is a bijection φ :V1−→V2 such that for all x∈V1,
σ1(x) = σ2(φ(x)) , and µ1(x,y)≤ µ2(φ(x), φ(y)),
∀x,y ∈V1.

Remark 2.3.1. A weak isomorphism preserves the structure
of the matroid and the weights of the vertices but not neces-
sarily the weights of the edges.
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Example 2.3.1. Let M1 = (µ1,ℑ1) and M2 = (µ2,ℑ2) be two
matroids from the fuzzy graphs G and G

′
with underlying sets

V and V
′

respectively with V = {a,b,c} and V
′
= {a′ ,b′ ,c′}

as in Fig. 4.
Here ℑ = 2E and ℑ

′
= 2E .

Here

ℑ1 ={φ ,{ab},{bc},{cd},{ab,bc},{ab,cd},{bc,cd},
{ab,bc,cd}}

and

ℑ2 ={φ ,{a
′
b
′},{b′c′},{c′d ′},{a′b′ ,b′c′},{a′b′ ,c′d ′},

{b′c′ ,c′d ′}{a′b′ ,b′c′ ,c′d ′}}

Then clearly, we can form a bijection from ℑ1 −→ ℑ2.
Now defining and φ : V −→V

′
as follows:

φ(a) = a
′
,φ(b) = b

′
,φ(c) = c

′
; this φ is a bijective map

satisfying
σ(v) = σ

′
(φ(v)),∀v ∈V and µ(u,v)≤ µ

′
(φ(u), φ(v)),

∀u,v ∈V .
Thus M1 is weak isomorphic to M2.

Definition 2.3.2. Let M1 = (µ1,ℑ1) and M2 = (µ2,ℑ2) be
two matroids from the fuzzy graphs G1 = (V1,σ1,µ1) and
G2 = (V2,σ2,µ2) respectively. M1 and M2 are said to be
isomorphic, denoted by M1 ∼= M2, if the following conditions
are satisfied:

i. There is a bijection ψ from µ1 to µ2 such that for all
ν ⊆ µ1 , ν ∈ ℑ1 if and only if ψ(ν) ∈ ℑ2

ii. There is a bijection φ :V1−→V2 such that for all x∈V1,
σ1(x) = σ2(φ(x)), and µ1(x,y) = µ2(φ(x), φ(y)),
∀x,y ∈V1.

Remark 2.3.2. An isomorphism preserves the structure of
the matroid, the weights of the vertices and the weights of the
edges.

Example 2.3.2. Consider the matroids M1 = (µ1,ℑ1) and
M2 = (µ2,ℑ2) derived from the two fuzzy graphs given in
Fig.5 with underlying sets V and V

′
respectively as V =

{a,b,c,d} and V
′
= {a′ ,b′ ,c′ ,d ′}.

Here, the structure, weights of vertices and weights of edges
of M1 and M2 are same.
That is, M1 ∼= M2.

3. Conclusion
In this paper, We have constructed a new class of ma-

troids from fuzzy graphs. Let G be a fuzzy graph, then the
maximal independent subset and minimal dependent subset
of the edge set of underlying graph of G form a basis and
circuit respectively, for the matroid from the fuzzy graph G.
If there is a weak isomorphism between two matroids of this
kind, then there will preserve the structure of the matroid and
weights of vertices, but the weights of edges need not be pre-
served. While, if they are isomorphic, then they will preserve
structure, weights of vertices as well as weights of edges.
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