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The notation G;00G; is the Cartesian product of two graphs . The vertex set of G;[1G; is Vi x V5, ,where V; x
V» is the Cartesian product of the sets V; and V, and any two distinct vertices (u;,v1) and (u,v2) of GG, are
adjacent, if u; = up and viv, € (Gy) or ujup € E(G) and v; = v,. In this paper we obtain some results related to
connected domination number of Cartesian product graphs of Euler Totient Cayley graphs with Arithmetic V,
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1. Introduction

Domination in Graphs is a prospering region of research
at present. Domination sets assume a significant job in down
to earth applications. for example, co-ordinations and systems
structure, portable processing, asset designation and media
transmission and so forth. Cayleygraphs are great models for
interconnection systems, explored regarding equal handling
and circulated calculation.

Nathanson [1] was the pioneer in presenting the ideas of
Number Theory, especially, the "Hypothesis of Congruences’
in Graph Theory, hence made ready for the development of
another class ofgraphs, in particular ”Arithmetic Graphs”.

Cayley Graphs are another class of graphs related with com-
ponents of a group. In this group is related with some Arith-
metic functions, at that point the Cayley graph turns into an
Arithmetic graph. The Cayley graph related with Euler totient
function is known as an Euler totient Cayley graph.

The Cartesian product of graphs is a straight forward and
common development. As per Imrich and Klavzar [2], Carte-
sian results of graph were characterized in 1912 by Whitehead
and Russell [3]. These products were repeatedly rediscovering
later, outstandingly by [4] in 1960.

2. Euler Totient Cayley Graph

The Euler totient Cayley graph G(Z,, ¢) is a graph whose
vertex set V is given by Z,={0,1,2,3,...,n— 1} and the edge
setis E={(x,y) \x—y € ory—x € S} , where S denotes the
set of all positive integers less than n and relatively prime to
n.ThatisS={r\1<r<n and GCD(r,n)=1}. Then
|S|=¢ (n). Some properties of Euler totient Cayley graphs and
enumeration of Hamilton cycles and triangles can be found
in Madhavi [5]. The Euler totient Cayley graph is a complete
graph if n is a prime and it is ¢ (n)- regular. The domination
parameters of these graphs are studied by the authors [6] and
we require the following results and we present them without
proofs.

Lemma 2.1. [6] If n is a prime, then the domination number
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of G(Z,,9) is 1.

Lemma 2.2. [6] If n is power of a prime, then the domination
number of G(Z,,9) is 2.

Lemma 2.3. [6] The domination number of G(Z,,9) is 2, if
n = 2p where p is an odd prime.

Lemma 2.4. [6] Suppose n is neither a prime nor 2p. Let
n= pgal)pg‘m (@) \here D1, D2, .- Pk are primes
and 01,00, . ...0 are integers > 1. Then the domination
number of G(Z,,9) is given by Y(G(Z,,9)) = L+ 1, where
A is the length of the longest stretch of consecutive integers in

V, each of which shares a prime factor with n.

3. Arithmetic V, graph
Letn > 1, such that n = pgal) pg‘m ........ p,(ca"). Then the
Arithmetic V,, graph is characterized as the graph whose ver-
tex set comprises of the divisors of n and two vertices u, v are
adjacent in V,, graph if and only if GCD(u,v)= p;, for some
prime divisor p; of n.

In this graph vertex *1” becomes an isolated vertex. Hence
we ignore Arithmetic V,, graph with isolated vertex, as the
contribution of vertex ’1’is nothing, in the study of some dom-
ination parameters and properties of these graphs.

For every prime n, V, contains an isolated vertex so V,, is
connected. Otherwise, by the adjacency of V,, graph, there are
edges between prime number vertices and their prime power
vertices and also to their prime product vertices. So, V,, is
connected for every n.

The domination parameters of these graphs are obtained by
the author and the proof of the following theorem can be found
in [7].

Theorem 3.1. [7]Ifn = p(l‘”‘)pﬁo‘” ~~~~~~~ pl(cak)'

where p1,pa,. .. pi are primes and 01,0, . . . .0 are integers
> 1, then the domination number of G(V,) is given by

k—i
GWVy))= ’
G(h) k, Otherwise.

where k is the core of n.

if a; = 1 for more than one i

4. Cartesian Product Graph of G(Z,,¢)
with G(V,)

In this paper we consider the Cartesian product graph of
Euler Totient Cayley graph with Arithmetic V,, graph. The
properties and some domination parameters of these graphs
are studied by the author in [8].

Let G| denote the Euler Totient Cayley graph G(Z,,¢) and
G, denote the Arithmetic graph G(V,). Then G; and G,
are simple graphs as they have no loops and multiple edges.
Hence by the definition of adjacency in Cartesian product,
G1UG; is also a simple graph. The Cartesian product graph
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G10Ga,is a complete graph, if n is a prime and the degree of a
vertex in GG, is given by deg(g,06,) (uivj)=deg(G,)(u) +
deg(Gy)(v))-

5. Connected Dominating Sets of
Cartesian Product Graph

In this section we find minimum connected dominating sets of
Cartesian product graph of G(Z,, ¢) graph with G(V,,) graph
and obtain its connected domination number in various cases.

Let G(V,E) be a graph and u,v € V. A subset D of V(G)
is a dominating set of G if every vertex in V — D is adjacent
to a vertex in D. The dominating set D of G is said to be a
connected dominating set if the induced subgraph ( D ) is con-
nected. The minimum cardinality of a connected dominating
set of G is called the connected domination number of G and
is denoted by 7.(G).

Theorem 5.1. Ifn is a prime, then the connected domination
number of G1UUG, is I .

Proof. n=11

- =

Figurel: G| = G(Z11,9)
L
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Figure2: G, = G(V] 1)
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Figure3: G|0G,
Connected dominating set: {(0,11)}

Suppose #n is a prime, then the graph G10G> is a com-
plete graph and every single vertex of GG, constitutes a

N %,
= 7
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dominating set. Obviously this dominating set becomes a
connected dominating set.
Hence %.(G10G,) = 1. O

Theorem 5.2. Suppose n = 2p where p is an odd prime, then
the connected domination number of G\LJG, is 8. .

Proof. n=2-3=6
O
-
5 = =
i == - 2
_
3

Figured: G| = G(Zs,¢)

6* *3

Figure5: G, = G(Vg)

Figure6: G|0G,
Connected dominating set:
{(0,2),(0,3),(0,6),(1,6),(2,6),(3,2),(3,3),(3,6)}

Suppose n = 2p, where p is an odd prime. Consider the
graph G|JG>. To find a connected dominating set of G1JG>,
we start our investigation with the dominating set D of G| G2
with minimum cardinality, which is defined in Theorem 2.3 as

Since GCD(2,2p) =2 and GCD(p,2p) = p, it follows
that the vertices (U(4,),2), (U4,),2p) are connected to the ver-

tex (Uyq,),2p)- By the same argument, vertices(u(q,),2), (4(a,), P)

are connected to the vertex (u(g,),2p).

Further [u(q,) — u(4,)|=p. implies that u(,) # u(4,) and
GCD(u(q,) — t(4y),n) # 1. Hence vertex u(q,) is not adja-
cent to vertex u(q,). From this it is clear that no vertex of
{(Ua)),2), (ua,), p), (ua,),2p)} is connected to any vertex
of {(u(4,),2), (u(4,)>P): (u(4,),2p)}. Thus D is not a con-
nected dominating set.

In order to connect these two subsets of D, we have to
include a vertex (u(4,) + 1,2p) into D. Now the included
vertex (uq,) + 1,2p) is connected to the vertex (u4,),2p) as
Ugy) + 1 —Ug)) = 1 and GCD(l,n) =1.

Further the included vertex (u(q4,) + 1,2p) in D is not
connected to any one of (u(g,),2), (U(4,),P), (U(a,),2P) be-
cause |u(q,) — u(g,)| = p , p is an odd prime, and hence
|u(q,)+1—u(g,)| = p+ 1 which is an even number and hence
GCD(M(d1> +1- u(dz),n) = GCD(M(dl) +1- u(dz),Zp) # 1.

Hence we need to include another vertex (u(g,) — 1,2p)
into D, which is connected to the vertex (u(g,),2p) as u(q,) —
(u(g,) — 1) = 1 and GCD(1,n) = 1. (Such a vertex (u(q,) —
1,2p) must exist because |u(g) — u(g,)| = p). ). Now the
newly included vertex (u(4,) — 1,2p) in D is connected to the
vertex (uq,) +1,2p) as (u(g,) — 1) — (u(q,) +1) = p—2 and
GCD(p —2,n) = 1. (Since p is odd we have p —2 is odd
). Thus the set D = {(U(dl),Z), (u(dl>,p), (u(dl),Zp), (u<d1) +
1,2])), (u(dz)’z)’ (u(dz)vp)v (”(d2)72p) (u(dl) - 1,2p)}becomes
a dominating set of (G,JG,) with minimum cardinality and
which is connected.

Hence %, (G,G,) = |D'|=8.

O

Theorem 5.3. If n is not a prime, then y, (G10G,) =A+1:|V,|
where A is the length of the longest stretch of consecutive
integers in Vi of G each of which shares a prime factor with
n.

Proof. n=2*=4
In Lemma 2.4, we proved that
D(L.]>={u(dl>,u<d2),...,u(d(,Hl))} is a dominating set of G
with minimum cardinality A+1.
Let Vo={vy,v2,...,vn } be the vertex set of G.
Consider D= D) xV2
={“(dl)’“(dz)v--~v”(d(,1+1))} X {vi,va, ..., Vm}
={<u(d1)7vl)7 (u(dl)a‘}Z)v XS (u(d1)7vm>}’
{(u(dz), V] ), (u(d2>, Vz), ceey (u(d2)7vm)a ceey
(“(d</1+1))’vl)’ (”(d(a+1))"}2)7 e (”(d(/1+1))’v’”)}
We now prove that D, is connected. Since
U(d))sU(dy)s -+ > U(d A+1)) ATE consecutive positive integers, we

D= {(U(d]),Z), (u(d]>,p), (M(d1)72p)7 (u(d2),2), (u(dz),p), (M(dz),Zk)a}e |M(d1) — U(ay) |=1. Hence each u(g;) is adjacent to u(g, 4 1)

Where |u(dl) — U(dy) ‘=p.

for 1<i< A. Since n is not a prime, the graph G, it self is
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Figure7: G| = G(Z4,9)
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Figure8: Gy = G(Va)
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Figure9: G|0G,
Connected dominating set: {(0,2),(0,4),(1,2),(1,4)}

a connected graph. It means, if v; is any vertex in vi,va,..., vy,
then v; is connected to each of the other vertices of vy, va,..., vy,
. Hence by the definition of the Cartesian product we can see
that , each U(d;)Vj is connected to the vertices (”(d,-+1)7Vj) and
(u(g,),vi) where 1<i< A and v; , vy €{vi,v2,..., v} . Thus
the dominating set D, of G{JG,. becomes a connected domi-
nating set of G{[JG,. Hence ¥, G100G, > |D.|=(A +1) - [Va].
Suppose we delete a vertex, say (u(dl.) ,v) from D for some
i, 1<i< A+1. Since each vertex in G; is of degree ¢(n),
vertex u(g, is adjacent to the vertices, say uy,uz,...,Up(y)
respectively. Then the vertices (u1,v), (u2,), .., (Ugp(n)>V)
are all not dominated by other vertices of D — {u(g,,v)}. If
so then uy,uz, ..., uy(,) are also dominated by other vertices
of uy,u,...,up(,) which implies that D is not a minimum
dominating set of Gy, a contradiction.
Therefore D is a minimal connected dominating set of G;UJG).
Hence A.(G10G>) =(A +1)|V3|.
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6. Conclusion

The objective of this work is to familiarize the reader with
the Cartesian product graph of Euler Totient Cayley graph
with Arithmetic V,, graph. The purpose of studying basic prop-
erties and various domination parameters of Cartesian prod-
uct graphs that arise from the Arithmetic graphs and Cayley
graphs is to enhance the behavioural aspects of these graphs
and gives new dimensions to the theory of Cartesian product
graphs. It is useful other Researchers for further studies of
other properties of these product graphs and their relevance in
both combinatorial problems and classical algebraic problems.
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