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In this article we establish a unique fixed point of a well known contraction mapping known as Kannan and
Chatterjea mapping having a closed graph in a complete metric space. For such mappings, we consider an
increasing sequence of subsets of a complete metric space into itself, so that a contraction condition is satisfied.
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1. Introduction

A mapping T : (M,d) — (M,d) from a metric space (M, d)
into itself is said to have a closed graph if whenever x,, — xq
and Tx, — yo for some sequence (x,) in M and some xp, yo
in M, we have yp = Txg. C.Ganesa Moorthy and P.Xavier Raj
[1] presented results for contraction mappings with variations
in Domain. In this paper, we extend the Kannan and Chatter-
jea techniques to some contraction mapping of a closed graph
to establish some fixed point theorems.

Definition 1.1. Zamfirescu [4] introduced the Banach fixed
point theorem by combining Banach, Kannan and Chatter-
jea. i.e., For a mapping T : E — E, there exist real numbers

1
o, B, vsatising0 <o <1, 0< B, y< 3 such that for

each x, y € E at least one of the following is true
1. d(Tx, Ty) < od (x, y)
2..d(Tx, Ty) < Bld (x, Tx)+d (y, Ty)]

3. d(Tx, Ty) <yl[d(x, Ty)+d (y, Tx)]

Theorem 1.2 ([1], Theorem 2.1). Let (M, d) be a complete
metric space. T : M — M have a closed graph. Let M| C M, C
M3 C -+ be subsets of M such that T (M;) C My, Vi, M =
Uiz M; and d (Tx, Ty) < kid (x, y) Vx, y € M; where k; €
(0,1) are constants such that ¥, kika...ky < co. Then T
has a unique fixed point in M.

Theorem 1.3 ([1], Theorem 2.6). Let T : M — M be a map-
ping on a complete metric space (M, d) with a closed graph.
Let k; € (0,1) Vi such that nkik, ...k, — 0 as n — oo and k"
does not converge to 1 as n — oo. Suppose My C M, C Mz C
... be subsets of M such that for every i, T (M;) C M+, and
d(Tx, Ty) < kid (x, y)Vx € M;, Yy € M. Let x; € U7 M.
Then the sequence (T"x1) converges to a fixed point of T in
M. If M =71 Mj, then T has a unique fixed point in M.

2. Main Results

Theorem 2.1. Let (M, d) be a complete metric space. T :
M — M have a closed graph. Let M C M, C M3 C ... be
subsets of M such that T (M;) C M1, Vi, M = U7=1 M; and
d(Tx, Ty) <ki[d(x, Tx)+d(y, Ty)] Vx, y € M; where k; €

1 N k,
0,2 such that )| kit 1-k
has a unique fixed point in M.

< oo, ThenT

Proof. Fixx; € M. Define x,11 =Tx,=T"x;Vn=1, 2, ...
Then d (x2, x1) =d (Txy, x1)
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Now,
d(x3, x2) =d(Txa, Txy)
<k [d (XZ, sz) +d (xl , Txq )]
=ki[d (x1, x2) +d (x2, x3)]
k
d(szl, Txl) < ﬁ d(x1, Txp)
— ki
Similarly,
d(T3x1 T2x1) < i ki d(x; Txl)
’ T 11—k 1—k ’
Ingeneral we get,
d (Tn+1xl T"xl) < kn knfl
’ 1=k, 1—kyq
k1
.. d T
- (x1, Txy)
Forn > m > 1, we have
d(mel, T"xl)
S d(me17 Tm+]xl)
+d (T"’+1x1, Tm+2x1) “+...
+d(Tn71X], TnX])
< km kmfl
T 1—kpl—kp_1
ki
d T
1 _kl (xla X])
knfl kn72
T T Tk
ki d(xy, Txy)
S 1, 1x1
n—1
ki k ki
< d T
_,-:Zm a1k Togd e T

. (T"xy),_, is a Cauchy sequence in M. Let it converges to
x*in M. Then (T”“xl):;l is also Cauchy and it converges
to x*in M. Since T has a closed graph in M. We should have
Tx* = x* then x* is a fixed point of T. If y* is a fixed point of
T. Then x*, y* € M}, so that,

0<d(x", y")=d(Tx", Ty")
<kild(x*, Tx*)+d (y*, Ty")] =0
0<d(x",y)<0

Which implies that x* = y*. This proves the uniqueness of

the fixed point. O
1

Example 2.2. Let k, = 3 n=1,2,3,.... Then

k k k
e, CH

1—ki1—k 1—k,
1 1 1

Let M = {3, 37 337} and d be the usual metric on

284

1 1 1 1
M. Let us define M, = {3, EPRIEERRLEE 32Hl}for each

n=1,2,3,.... DefineT : M — M by

0,
T (x)= 1
3n+2’

For n > m, we have

()7 ()

1 1
T |3mt2 T 3er2
1 1 1 1
= 3m+2 3+l + 3+l 3n+t2
1 1 1 1 1
SR E T I ETE T
1 2 1 1
g 3n+1+?_3n+1
11 1 11
BEA G R T
1 1 1 1 1
<3\ | T3 e

This verifies the conditions of the theorem 2.1 and the fixed
point is 0.

Theorem 2.3. Let (M, d) be a complete metric space. T :
M — M have a closed graph. Let M\ C My, C M3 C ... be
subsets of M such that T (M;) C My, Vi, M = Uiz M, and
d(Tx, Ty) <ki[d(x, Ty)+d(y, Tx)] Vx, y € M; where k; €

1 - ky k> ky
(O, 2) such that " ik 1k
has a unique fixed point in M.

< oo, ThenT

Proof. Fixx; € M. Definex,11 =Tx,=T"x;Vn=1, 2, ...
Then d (x2, x1) = d (Txy, x1) Now,

d(x3, x2) =d (Txp, Txy)
<k [d (%2, Txl) +d (x1, T)Cz)]
=ki[d (x2, x2) +d (x1, x3)]
<kild(x1, x2)+d (x2, x3)]

k
d(szl, Txl) < ! d(xy, Txl)
1—k
Similarly,

d(T3x1, Tx) < ke__h

d(xi, T
S Thi—k 400 Tx)

In general we get,

ki Ky ki
d@“‘,r’)< . o
) S T T =k
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Forn >m > 1, we have

d(mel, T"xl)

+~.»+d(Tn_1xl7 Tnxl)
Kin ki1 ki
Nk l—kyy 1—k (x1, Txp)
+ o+ kn71 kn72
1_kn_1 l_kn_2
ul d(x1, Txp)
“1*/{1 1, 1
n—1
ky ko k;
_i:Zml_kl 1_k2 1_ki (xl’ xl)

. (T"x1),_, is a Cauchy sequence in M.
Let it converges to x*in M. Then (T""'x;)™"
and it converges to x*in M.

Since T has a closed graph in M. We should have 7'x* = x*
then x* is a fixed point of T.

If y* is a fixed point of T. Then x*, y* € M,, so that,

0<d(x",y ) d(Tx*, Ty")

<kild(x", Ty") +d (", Tx)]

=kild (x", y) +d (", x7)]

= 2k; d( YY)
(1-2k)d(x*, y*) <0

This implies d (x*, y*) = 0 as 1 —2k; > 0. Hence x* is a
unique fixed point of 7. O

Theorem 2.4. Let T : M — M be a mapping on a complete
1
metric space (M, d) with a closed graph. Let k; € (O, 2)

ki k
1=k 1—ky

n

l_kn—>0asn—>ooand

Vi such that n
ky,

1—k,

M, C ... be subsets of M such that for every i, T (M;) C M;1;

n
) does not converge to 1 as n — o. Suppose M| C

and d(Tx, Ty) < k;[d (x, Tx)+d (y, Ty)] Vx € M;, Vy € M.

Let x1 € U7_| M. Then the sequence (T"x;) converges to a
fixed point of T in M. If M =J7_ Mj, then T has a unique
fixed point in M.

Proof. Let x; € M. Let us write x,..1 = Tx, =T"x; Vn =
1,2, ...
ki ) ky,
Then d (T"x;, T"x;) < d(T
end (T, T'n) < g =g g pd (T, )
for each n.

Hence d (Xm41, Xm) — 0 as m — co.

is also Cauchy

Forn>m>1,

d (X, Xm)

< d(x,,, xn+1)+d(xn+17 me)er(xm,me)

=d (T"flxl7 T"xl) +d(T"x,T"x1)
+d(T™ "xy, T™xy)

ki ko kn—1
< d(T
S TRk Tk dTx )
ko ki ko
d
g, ) T
km—l
——d(T
- (Txy, x1)
ki k kn—1
d(T
_ml—kll—]Q 1 —k,—1 ( x“m)
+ Fin md(x Xm)
l—km nyvm
ki ko km—1
d(T
e T Tk, AT )
So,
dxmxm
ky kn 1
1= kll—kz”
+ kl
mT= 1—k2 k ( )’"
k1
1= lsz" kml
+ kl
" 1— 1—k2 km1 ( >m
ky
zm(l k11*k2 ' 1* i 1)

d(Txy, x1)
ko 1 1

11—k

()

Therefore, d (x,,%,) — 0 as m,n — oo. Hence (x,) is Cauchy.
Thus, if x,, — x* as n — oo, Tx* = x* because T has a closed
graph. The same argument is applicable for the general case
X1 € M,. O

Theorem 2.5. Let T : M — M be a mapping on a complete
1
metric space (M, d) with a closed graph. Let k; € (0, 2)

k1 ko
11—k 1—ky

n

17kn—>0asn—>ooand

Vi such that n
kn
( 1~ ks
M, C ... be subsets of M such that for every i, T (M;) C M;4,
and d(Tx, Ty) < k;[d (x, Ty)+d(y, Tx)] Vx, y € M;, ¥y €
M. Let x; € U7_| M;. Then the sequence (T"x;) converges to

a fixed point of T in M. If M = U;O:I M;, then T has a unique
fixed point in M.

n
) does not converge to 1 as n — o. Suppose M| C

285
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Proof. The proof follows from the above theorems. O
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