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Abstract
In this paper, we prove strong convergence theorems for mixed type asymptotically nonexpansive self and
nonself mappings namely S1,S2 and T1,T2 respectively on a uniformly convex Hyperbolic space (X,d,H), Using a
two step iterative scheme as follows:

xn+1 = P(H(Sn
1xn,T1(PT1)

n−1yn,αn))

yn = P(H(Sn
2xn,T2(PT2)

n−1xn,βn))

where {αn} and {βn} are real sequences in [0,1) and P is a projection on X .
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1. Introduction
For asymptotically nonexpansive self-mappings in Ba-

nach spaces[2-16], introduced by Goebel and Kirk [1] in
1972, which is an important generalization of the class of
nonexpansive self-mappings, some authors proved weak and
strong convergence theorems, which extend and improve this
result of Goebel and Kirk in several ways. Intially Goebel
and Kirk proved that if K is a nonempty closed subset of a
real uniformly convex Banach space E and T is an asymp-
totically nonexpansive self-mapping of K, then T has a fixed
point. Recently, Chidume et al.[10] introduced the concept

of asymptotically nonexpansive nonself-mappings which is a
generalization of asymptotically nonexpansive self-mapping.

The following iterative scheme was studied in 2003, by
Chidume et al.[10]: For a nonempty closed convex subset K
of a real uniformly convex Banach space E,{

x1 ∈ K
xn+1 = P

(
(1−αn)xn +αnT1(PT1)

n−1xn
) (1.1)

for each n≥ 1, P is a nonexpansive retraction of E onto K, and
{αn} a sequence in (0,1). For an asymptotically nonexpan-
sive nonself-mapping, the authors also proved some strong
and weak convergence theorems.

A generalization of (1.1) was given in 2006 by Wang [11]
as follows:

x1 ∈ K

xn+1 = P
(
(1−αn)xn +αnT1(PT1)

n−1yn
)

yn = P
(
(1−βn)xn +βnT2(PT2)

n−1xn
) (1.2)
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for each n≥ 1, {αn} and {βn} are real sequences in [0,1) and
T1,T2 : K→ E are two asymptotically nonexpansive nonself-
mappings. Wang proved some strong and weak convergence
theorems for two asymptotically nonexpansive
nonself-mappings.

For the iteration process (1.2), recently Guo and Guo[12]
proved some new weak convergence theorems.

In this paper we prove some strong convergence theorems
on uniformly convex Hyperbolic spaces, by constructing a
new iteration scheme of mixed type for each of two asymptot-
ically nonexpansive self-mappings and nonself-mappings, in
particular on uniformly convex Hyperbolic spaces.

2. Preliminaries

Definition 2.1. For any non empty subset K of a real metric
space (X ,d), any S : K→ K is said to be an asymptotically
nonexpansive self-mapping if there exists a sequence
{kn} ⊂ [1,∞) with lim

n→∞
kn = 1 such that,

d(Snx,Sny)≤ knd(x,y) (2.1)

for all x,y ∈ K and n≥ 1

Definition 2.2. Any mapping f : X → K, where K is a
mapping subset of a real metric space (X ,d) is called as an
retraction if,

f 2 = f (2.2)

Note 2.3. If f is a retraction then f y = y for all y in the range
of f and we also say that K is a retract of X .

Definition 2.4. [10] For any nonempty subset K of a real met-
ric space (X ,d), let P : X → K be a nonexpansive retraction
of X onto K. Then, T : K→ X is said to be an asymptotically
nonexpansive nonself-mapping if there exists a sequence
{kn} ⊂ [1,∞) with kn→ 1 as n→ ∞ such that

d
(
T (PT )n−1x,T (PT )n−1y

)
≤ knd(x,y) (2.3)

Definition 2.5. A triplet (X ,d,H) is said te be a Hyperbolic
metric space if (X ,d) is a metric space and H : X × X ×
[0,1]→ X is a function such that, for all u,v,w,z ∈ X and
β ,γ ∈ [0,1], the following hold:

1.d(u,H(u,v,β ))≤ (1−β )d(z,u)+βd(z,v) (2.4)

2.d(H(u,v,β )),H(u,v,γ) = |β − γ|d(u,v)

3.H(u,v,β ) = H(v,u,1−β )

4.d(H(u,z,β ),H(v,w,β ))≤ (1−β )d(u,v)+βd(z,w)

Definition 2.6. A Hyperbolic space (X ,d,H) is said to be
uniformly convex if for any r > 0 and ε ∈ (0,2], there exists a
δ ∈ (0,1] such that for all u,x,y ∈ X,

d
(
H(x,y,

1
2
),u
)
≤ (1−δ )r (2.5)

provided d(x,u)≤ r,d(y,u)≤ r and d(x,y)≥ εr

Let (X ,d,H) be a uniformly convex Hyperbolic space, K
be a nonempty closed subset of X and P : X → K be a nonex-
pansive retraction of X onto K.

Let S1,S2 : K → K be two asymptotically nonexpan-
sive self-mappings and T1,T2 : K→ X be two asymptotically
nonexpansive nonself-mappings. For n≥ 1, we define

x1 ∈ K

xn+1 = P
(
H(Sn

1xn,T1(PT1)
n−1yn,αn)

)
yn = P

(
H(Sn

2xn,T2(PT2)
n−1xn,βn)

) (2.6)

{αn} and {βn} being two real sequences in [0,1)

Note 2.7. The common fixed points of S1,S2,T1 and T2 is
denoted by Fcp, where, Fcp = F(S1)∩F(S2)∩F(T1)∩F(T2)

Lemma 2.8. If the condition, an+1 ≤ (1+bn)an + cn is satis-
fied for any three nonnegative sequences {an},{bn} and {cn}
and for each n ≥ n0, where n0 is some nonnegative integer

with
∞

∑
n=n0

bn < ∞ and
∞

∑
n=n0

cn < ∞, then lim
n→∞

an exists.

Lemma 2.9. Suppose {xn} and {yn} are two sequences of a
uniformly convex Hyperbolic space (X ,d,H) such that, for
R ∈ [0,∞),
lim
n→∞

supd(xn,a)≤ R, lim
n→∞

supd(yn,a)≤ R and

lim
n→∞

d
(
H(xn,yn,αn)

)
= R where αn ∈ [a,b] with

0 < a≤ b < 1, then we have, lim
n→∞

d(xn,yn) = 0

3. Main Results

In this section, we consider a uniformly convex hyperbolic
space (X ,d,H) and prove a strong convergence theorem for
X , using the iterative scheme given in (2.6)

Lemma 3.1. Let (X ,d,H) be a real uniformly convex Hyper-
bolic space and K be a nonempty closed convex subset of X.
Let S1,S2 : K→ K be two asymptotically
nonexpansive selfmappings with {k(1)n },{k(2)n } ⊂ [1,∞) and
T1,T2 : K→ X be two asymptotically nonexpansive nonself-
mappings with {l(1)n },{l(2)n } ⊂ [1,∞) such that,

∞

∑
n=1

(k(i)n −1)< ∞ and
∞

∑
n=1

(l(i)n −1)< ∞ for i = 1,2,

respectively and Fcp = F(S1)∩F(S2)∩F(T1)∩F(T2) 6= φ .
Let {xn} be a sequence defined by (2.3) where {αn} and {βn}
are two real sequences in [0,1). Then,

lim
n→∞

d(xn,q) exists for any q ∈ Fcp;

Proof. (1) Using (2.1) and (2.3) and setting
hn = max{k(1)n ,k(2)n l(1)n , l(2)n }
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we have,

d(yn,q) = d
(
P(H(Sn

2xn,T2(PT2)
n−1xn,βn)),q

)
≤ d
(
H(Sn

2xn,T2(PT2)
n−1xn,βn),q

)
≤ (1−βn)d(q,Sn

2xn)+βnd(q,T2(PT2)
n−1xn)

≤ (1−βn)d(Sn
2q,Sn

2xn)+ (3.1)

βnd(T2(PT2)
n−1q,T2(PT2)

n−1xn)

≤ (1−βn)hnd(q,xn)+βnhnd(q,xn)

≤ hnd(q,xn) (3.2)

Also,

d(xn+1,q) = d
(
P(H(Sn

1xn,T1(PT1)
n−1yn,αn)),q

)
= d
(
P(H(Sn

1xn,T1(PT1)
n−1 (3.3)[

P(H(Sn
2xn,T2(PT2)

n−1xn,βn))
]
,αn)),q

)
≤ d
(
H(Sn

1xn,T1(PT1)
n−1 (3.4)

[H(Sn
2xn,T2(PT2)

n−1xn,βn)],αn),q
)

≤ (1−αn)d(q,Sn
1xn)+αnd

(
q,T1(PT1)

n−1

(3.5)

[H(Sn
2xn,T2(PT2)

n−1xn,βn)]
)

≤ (1−α)h2
nd(q,xn)+αnh2

nd(q,xn) (3.6)
(using(3.2))

≤ (1+h2
n−1)d(q,xn) (3.7)

By the hypothesis,
∞

∑
n=1

(ki
n− 1) < ∞ and

∞

∑
n=1

(li
n− 1) < ∞ for

i = 1,2. Therefore,
∞

∑
n−1

(h2
n−1)< ∞, for i = 1,2.

Using lemma 2.8 , lim
n→∞

d(xn,q) exists.

Lemma 3.2. Let (X,d,W) be a real uniformly convex Hyper-
bolic space and K be a nonempty closed convex subset of
X. Let S1,S2 : K → K be two asymptotically nonexpansive
selfmappings with {k(1)n ,k(2)n } ⊂ [1,∞) and T1,T2 : K → X
be two asymptotically nonexpansive nonself-mappings with

{l(1)n , l(2)n } ⊂ [1,∞) such that
∞

∑
n=1

(k(i)n −1)< ∞ and
∞

∑
n=1

(l(i)n −1)< ∞ for i = 1,2. respectively, and

Fcp = F(S1)∩F(S2)∩F(T1)∩F(T2) 6= φ . Let {xn} be the
sequence defined by (2.6) and the following conditions hold:

(i) {αn} and {βn} are two real sequences in [ε,1− ε] for
some ε ∈ (0,1)

(ii) d(x,Tiy)≤ d(Six,Tiy) for all x,y ∈ K and i = 1,2.

Then lim
n→∞

d(xn,Sixn) = lim
n→∞

d(xn,Tixn) = 0 for i = 1,2.

Proof. For any given q ∈ Fcp, lim
n→∞

d(xn,q) exists, by lemma
3.1,

Taking hn = max{k(1)n ,k(2)n , l(1)n , l(2)n }
Suppose lim

n→∞
d(xn,q) = c

By (3.7) and
∞

∑
n=1

(h2
n−1)< ∞, we have,

lim
n→∞

d(H(Sn
1xn,T1(PT1)

n−1yn,αn),q) = c

and

lim
n→∞

supd(Sn
1xn,q)≤ lim

n→∞
suphnd(xn,q) = c

Taking limsup on both sides of (3.2) we obtain,

lim
n→∞

supd(yn,q)≤ c

and so we have,

lim
n→∞

supd
(
T1(PT1)

n−1yn,q
)
≤ lim

n→∞
suphnd(yn,q) = c

By lemma 2.9 we thus have,

lim
n→∞

d
(
Sn

1xn,T1(PT1)
n−1yn

)
= 0 (3.8)

By condition (ii) and from (3.7) we get,

d
(
xn,T1(PT1)

n−1yn
)
≤ d
(
Sn

1xn,T1(PT1)
n−1yn

)
and thus

lim
n→∞

d
(
xn,T1(PT1)

n−1yn
)
= 0 (3.9)

Also

d
(
xn,q

)
≤ d
(
xn,T1(PT1)

n−1yn
)
+d
(
T1(PT1)

n−1yn,q
)

and

d
(
T1(PT1)

n−1yn,q
)
≤ hnd

(
yn,q

)
which implies,

d
(
xn,q

)
≤ d
(
xn,T1(PT1)

n−1yn
)
+hn

nd
(
yn,q

)
In the above inequality taking infimum on both sides and
applying (3.9)
we obtain,

lim
n→∞

infd(yn,q)≥ c

and

lim
n→∞

supd(yn,q)≤ c

Therefore, lim
n→∞

d(yn,q) = c

Using the arguments in (3.1) and by
∞

∑
n=1

(h2
n−1)< ∞

we have,

lim
n→∞

d
(
H(Sn

2xn,T2(PT2)
n−1xn,βn

)
,q) = c

382



Strong convergence theorems for mixed type asymptotically nonexpansive mappings in hyperbolic spaces —
383/385

and

lim
n→∞

supd(Sn
2xn,q)≤ lim

n→∞
suphnd(xn,q) = c

Also,

lim
n→∞

supd(T2(PT2)
n−1xn,q)≤ lim

n→∞
suphnd(xn,q) = c

Applying by Lemma 2.9, again we have,

lim
n→∞

d
(
Sn

2xn,T2(PT2)
n−1xn

)
= 0 (3.10)

From condition (ii) and (3.10) we get,

d
(
xn,T2(PT2)

n−1xn
)
≤ d
(
Sn

2xn,T2(PT2)
n−1xn

)
which means

lim
n→∞

d
(
xn,T2(PT2)

n−1xn
)
= 0 (3.11)

P : X → K is a nonexpansive retraction of X onto K and
also Sn

2xn = P(Sn
2xn) we get,

d
(
yn,Sn

2xn
)
≤ βnd

(
Sn

2xn,T2(PT2)
n−1xn

)
and hence by (3.5)

lim
n→∞

d(yn,Sn
2xn) = 0 (3.12)

Considering,

d
(
yn,xn

)
≤ d
(
yn,Sn

2xn
)
+d
(
Sn

2xn,T2(PT )n−1xn
)
+

d
(
T2(PT2)

n−1xn,xn
)

By (3.10), (3.11) and (3.12) we have,

lim
n→∞

d(xn,yn) = 0 (3.13)

We have,

d
(
Sn

1xn,T1(PT1)
n−1xn

)
≤ d
(
Sn

1xn,T1(PT1)
n−1yn

)
+

hnd(yn,xn)

By (3.8) and (3.13) we hence have,

lim
n→∞

d
(
Sn

1xn,T1(PT1)
n−1xn

)
=0 (3.14)

Therefore, lim
n→∞

d
(
xn,T1(PT1)

n−1xn
)
=0 (3.15)

We know that,
d
(
xn,T1(PT1)

n−1xn
)
≤ d
(
Sn

1xn,T1(PT1)
n−1xn

)

Considering,

d
(
xn+1,Sn

1xn
)

= d
(
P(H(Sn

1xn,T1(PT1)
n−1yn,αn)),Sn

1xn
)

≤ (1−αn)d
(
Sn

1xn,Sn
1xn
)
+

αnd
(
T1(PT1)

n−1yn,Sn
1xn
)

≤ αnd
(
Sn

1xn,T1(PT1)
n−1yn

)
which implies by (3.8) ,

lim
n→∞

d(xn+1,Sn
1xn) = 0 (3.16)

Also,
d
(
xn+1,T1(PT1)

n−1yn
)
≤ d
(
xn+1,Sn

1xn
)

+d
(
Sn

1xn,T1(PT1)
n−1yn

)
and therefore by (3.8) and (3.16) we have

lim
n→∞

d
(
xn+1,T1(PT1)

n−1yn
)
= 0 (3.17)

Consider
d(Sn

1xn,xn)≤ d
(
Sn

1xn,T (PT1)
n−1xn

)
+d
(
T1(PT1)

n−1xn,xn
)

By (3.9) and (3.10) we have,

lim
n→∞

d(Sn
1xn,xn) = 0

Since
d
(
Sn

1xn,T2(PT2)
n−1xn

)
≤ d
(
Sn

1xn,xn
)
+d
(
xn,T2(PT )n−1xn

)
,

we have from(3.6) ,

lim
n→∞

d
(
Sn

1xn,T2(PT2)
n−1xn

)
= 0 (3.18)

Also,

d
(
xn+1,T2(PT2)

n−1yn
)

≤ d
(
xn+1,Sn

1xn)

+d
(
Sn

1xn,T2(PT2)
n−1xn

)
+d
(
T2(PT2)

n−1xn,yn
)

Thus, by (3.8),(3.11) and (3.13),

lim
n→∞

d
(
xn+1,T2(PT2)

n−1yn
)
= 0 (3.19)

T1 and T2 are asymptotically nonexpansive nonself-mappings
and we know that
(PTi)(PTi)

n−2yn−1,xn ∈ K for i = 1,2. Hence, we have,

d
(
Ti(PTi)

n−1yn−1,Tixn
)

= d
(
Ti[(PTi)(PTi)

n−2yn−1],Ti(Pxn)
)

≤ hnd
(
(PTi)(PTi)

n−2yn−1,Pxn
)

≤ hnd
(
Ti(PTi)

n−2yn−1,xn
)

(3.20)

For i = 1,2 using (3.12) and (3.14) in (3.15) we obtain,

lim
n→∞

d
(
Ti(PTi)

n−1yn−1,Tixn
)
= 0 (3.21)
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and we take,

d
(
xn+1,yn

)
≤ d
(
xn+1,T1(PT1)

n−1yn
)
+d
(
T1(PT1)

n−1yn,xn
)

+d(xn,yn)

Substituting (3.4),(3.8)and (3.12) in the above inequality,
we get,

lim
n→∞

d(xn+1,yn) = 0 (3.22)

For i = 1,2,d(xn,Tixn) can be written as follows,

d(xn,Tixn)≤ d
(
xn,Ti(PTi)

n−1xn
)

+d
(
Ti(PTi)

n−1xn,Ti(PTi)
n−1yn−1

)
+d
(
Ti(PTi)

n−1yn−1,Tixn
)

≤ d
(
xn,Ti(PTi)

n−1xn
)
+hnd(xn,yn−1)

+d
(
Ti(PTi)

n−1yn−1,Tixn
)

By (3.6),(3.10),(3.16) and(3.17) we have,

lim
n→∞

d(xn,T1xn) = lim
n→∞

d(xn,T2xn) = 0 (3.23)

The first part of the theorem is hence proved. We prove the
next part of the theorem, ie.,
lim
n→∞

d(xn,S1xn) = lim
n→∞

d(xn,S2xn) = 0
By condition (ii) of the theorem for i = 1,2 we have,

d(xn,Sixn)≤ d
(
xn,Ti(PTi)

n−1xn
)

+d
(
Ti(PTi)

n−1xn,Sixn
)

(or)

d(xn,Sixn)≤ d
(
xn,Ti(PTi)

n−1xn
)

+d
(
Sixn,Ti(PTi)

n−1xn
)

≤ d
(
xn,Ti(PTi)

n−1xn
)

+d
(
Sn

i xn,Ti(PTi)
n−1xn

)
Thus by (3.5),(3.6),(3.9) and (3.10) we see that,

lim
n→∞

d
(
xn,S1xn

)
= lim

n→∞
d
(
xn,S2xn

)
= 0 (3.24)

Hence the required second part of the theorem is proved.

Theorem 3.3. Considering the assumption in lemma 3.2 and
if one of S1,S2,T1 and T2 is completely continuous after that
the sequence {xn} defined by 2.6 converges Strongly to a point
in Fcp.

Proof. Let S1 be completely continuous.
By lemma 3.1, {xn} is bounded.
Which means, there is a subsequence {S1xn j}o f{S1xn} such
that {S1xn j} converges strongly to some q∗ ∈ K. Moreover,
By lemma 3.2, we have,

lim
j→∞

d(xn j ,S1xn j) = lim
j→∞

d(xn j ,S2xn j) =0 and

lim
j→∞

d(xn j ,T1xn j) = lim
j→∞

d(xn j ,T2xn j) =0

which implies that,
d(xn j ,q

∗)≤ d(xn j ,S1xn j)+d(S1xn j ,q
∗)→ 0 as j→∞ and so

xn j → q∗ ∈ K.
Thus ,

d(q∗,Siq∗) = lim
j→∞

d(xn j ,Sixn j) = 0

But S1,S2,T1 and T2 are continuous, for i = 1,2.
By lemma 3.2, therefore we have

d(q∗,Tiq∗) = lim
j→∞

d(xn j ,Tixn j) = 0

which implies q∗ ∈ F(S1)∩F(S2)∩F(T1)∩F(T2) = Fcp
By lemma 3.1, lim

n→∞
d(xn,q) exists for q ∈ Fcp

Thus lim
n→∞

d(xn,q∗) exists and lim
n→∞

d(xn,q∗) = 0
Hence the proof .
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