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In this paper, we prove strong convergence theorems for mixed type asymptotically nonexpansive self and
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1. Introduction

For asymptotically nonexpansive self-mappings in Ba-
nach spaces[2-16], introduced by Goebel and Kirk [1] in
1972, which is an important generalization of the class of
nonexpansive self-mappings, some authors proved weak and
strong convergence theorems, which extend and improve this
result of Goebel and Kirk in several ways. Intially Goebel
and Kirk proved that if K is a nonempty closed subset of a
real uniformly convex Banach space E and T is an asymp-
totically nonexpansive self-mapping of K, then T has a fixed
point. Recently, Chidume et al.[10] introduced the concept

of asymptotically nonexpansive nonself-mappings which is a
generalization of asymptotically nonexpansive self-mapping.

The following iterative scheme was studied in 2003, by
Chidume et al.[10]: For a nonempty closed convex subset K
of a real uniformly convex Banach space E,

X1 ek
1 (1.1)
Xpp1 = P((1—a)xy+ 00,71 (PTy)" ')

for each n > 1, P is a nonexpansive retraction of E onto K, and
{0} a sequence in (0, 1). For an asymptotically nonexpan-
sive nonself-mapping, the authors also proved some strong
and weak convergence theorems.

A generalization of (1.1) was given in 2006 by Wang [11]
as follows:

X1 ek
Xop1 =P((1—a)x+ T (PT)" 'y,)  (1.2)
Yn = P((l _ﬁn)xn +BnT2(PT2)”71xn)
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foreachn > 1, {0y} and {3, } are real sequences in [0, 1) and
T,,T; : K — E are two asymptotically nonexpansive nonself-
mappings. Wang proved some strong and weak convergence
theorems for two asymptotically nonexpansive
nonself-mappings.

For the iteration process (1.2), recently Guo and Guo[12]
proved some new weak convergence theorems.

In this paper we prove some strong convergence theorems
on uniformly convex Hyperbolic spaces, by constructing a
new iteration scheme of mixed type for each of two asymptot-
ically nonexpansive self-mappings and nonself-mappings, in
particular on uniformly convex Hyperbolic spaces.

2. Preliminaries

Definition 2.1. For any non empty subset K of a real metric
space (X,d), any S : K — K is said to be an asymptotically
nonexpansive self-mapping if there exists a sequence

{kn} C [1,00) with }’}H)I;lokn = 1 such that,

d(8"x,S8"y) < k,d(x,y) 2.1
forallx,yce Kandn>1

Definition 2.2. Any mapping f: X — K, where K is a
mapping subset of a real metric space (X ,d) is called as an
retraction if,

f=f

Note 2.3. If f is a retraction then fy =y for all y in the range
of f and we also say that K is a retract of X .

2.2)

Definition 2.4. [10] For any nonempty subset K of a real met-
ric space (X,d), let P : X — K be a nonexpansive retraction
of X onto K. Then, T : K — X is said to be an asymptotically
nonexpansive nonself-mapping if there exists a sequence
{kn} C [1,00) with k, — 1 as n — oo such that

d(T(PT)" "%, T(PT)""y) < knd(x,y) (2.3)

Definition 2.5. A triplet (X,d,H) is said te be a Hyperbolic
metric space if (X,d) is a metric space and H : X x X X
[0,1] — X is a function such that, for all u,v,w,z € X and
B,v € [0,1], the following hold:

Ld(u,H(uv,B)) < (1-B)d(z,u)+Bd(z,v)  (24)
(H (u, v, B)), H (u,v,7) = |B = Vld(u,v)

3.H(u,v,p) = H(v,u,1—p)

4.d(H(u,z,B),H(v,w, B)) < (1= B)d(u,v) + Bd(z,w)

Definition 2.6. A Hyperbolic space (X,d,H) is said to be

uniformly convex if for any r > 0 and € € (0,2], there exists a

6 € (0,1] such that for all u,x,y € X,
1

d(H(x,y,5),u) < (1= 8)r 2.5)

provided d(x,u) < r,d(y,u) <randd(x,y) > €r

381

381/385

Let (X,d,H) be a uniformly convex Hyperbolic space, K
be a nonempty closed subset of X and P : X — K be a nonex-
pansive retraction of X onto K.

Let S1,5, : K — K be two asymptotically nonexpan-
sive self-mappings and 71,7 : K — X be two asymptotically
nonexpansive nonself-mappings. For n > 1, we define

— P(H(S1%0, T (PT))" 'y, 041))
(H (S50, (PD)" "%, B1))

(2.6)

{0y} and {B,} being two real sequences in [0,1)

Note 2.7. The common fixed points of S1,52,T1 and T, is
denoted by F,p, where, F., = F(S1) NF(S2) NF(T) NF(T»)

Lemma 2.8. [f the condition, a,.1 < (1+by)a, + ¢, is satis-
fied for any three nonnegative sequences {a,},{b,} and {c,}
and for each n > ny, where ng is some nonnegative integer
with ): by < oo and ): cn < oo, then hm exists.

n=ng n=n

Lemma 2.9. Suppose {x,} and {y,} are two sequences of a
uniformly convex Hyperbolic space (X,d,H) such that, for
R €[0,00),
lim supd(x,,a) <R, lim supd(y,,a) < R and
n—o0 n—oo
lim d (H (X, Yn, On)) [a, D] with
n—o0
0<a<b< 1, thenwe have, lim d(x,,y,) =0
n—soo

= R where o, €

3. Main Results

In this section, we consider a uniformly convex hyperbolic
space (X,d,H) and prove a strong convergence theorem for
X, using the iterative scheme given in (2.6)

Lemma 3.1. Let (X,d,H) be a real uniformly convex Hyper-
bolic space and K be a nonempty closed convex subset of X.
Let 81,5, : K — K be two asymptotically

nonexpansive selfmappings with {kﬁ,l)}, {k;,z)} C [1,00) and
T, T, : K — X be two asymptotically nonexpansive nonself-
mappings with {l M } {ln2 } C [1,00) such that,

Z(g)— )<°oand2(ln 1) <o fori=1,2,

n=1

respectively and Fe, = F(Sl) NF(S)NF(TM)NF(Th) # ¢ .
Let {x,} be a sequence defined by (2.3) where {¢t,} and {B,}
are two real sequences in [0,1). Then,

lim d(xy,q) exists for any q € F,p;
n—soo

Proof. (1) Using (2.1) and (2.3) and setting
hy, —max{kn Jk )l,(l ), ,(, )}
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we have,

d(yn,q) = d(P(H (S50, T2(PT2)" ' x0, B)) . q)
d(H(ngnaTZ(PTZ)n_lxnaBn) )

< (1 _ﬁn)d(%sgxn) +Bn (Qa TZ(PTZ) xn)
< (1 —ﬁn)d(qu,ngn)—‘r 3.1)
Bud(T>(PT2)" ' q, To(PT2)" 'x,)
< (1= Bu)hnd (g, Xn) + Buhnd (q,%n)
< hnd(q,%n) (3.2)
Also,
d(xn+1,9) d(P (H (S7xn, T ( PTl)n_lynvan))vq)
=d(P(H(S{x,, Ti(PT1)"" (3.3)
[P(H(S5x0, T (PT2)" %0, B))] . @) q)
< d(H(S}xa, Ty (PT))"! (3.4)
[H( gmeZ(PTZ)n_lxmBn)Lan)a‘])

<(1— an)d(Q:Srllxn) + and(% Ti(PTy)"
3.5)

[H (S50, T2 (PTg)"ilx,,, ﬁrz)])

< (1 - a)hﬁd(‘bxn) + anhﬁd(%xn) (3.6)
(using(3.2))
< (14 hy = 1)d(g,x1) (3.7)

By the hypothesis, ¥ (ki —1) <o and ¥ (I —1) < oo for
n=1

i = 1,2. Therefore, E (h2—1) < oo, fori=1,2.
n—1

Using lemma 2.8 , lim d(x,,q) exists.
n—yoo

O

Lemma 3.2. Let (X,d,W) be a real uniformly convex Hyper-
bolic space and K be a nonempty closed convex subset of
X. Let §1,8,: K - K be two asymptotically nonexpansive
selfmappings with {kn , n } C [l,00) and T}, 15 : K — X
be rwo asymptotically nonexpansive nonself-mappings with

{l,(l )1 } C [1,00) such that Z (

¥ (-1
n=1

Fop, =F(S1))NF(S2)NF(T\)NF(T2) # ¢. Let {x,} be the
sequence defined by (2.6) and the following conditions hold:

—1) <ocoand

1) < oo fori=1,2. respectively, and

(i) {a,} and {B,} are two real sequences in [€,1 — €] for
some € € (0,1)
(ii) d(x,Tiy) <d(Six,Tiy) for all x,y € K and i = 1,2.
Then lim d(x,,S;x,) = im d(x,, Tix,) =0 fori=1,2.
n—yeo n—reo

Proof. For any given g € Fp, lim d(x,,q) exists, by lemma
n—soo
3.1,
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Taking h, = max{kﬁ,l),kﬁlz),l;gl), ;(12)}
Suppose li_r>n d(xn,q) =c
frarel

By (3.7) and E (h2 —1) < o, we have,
n=1

lim d(H (S"x,, Ty (PT})"

n—oo

lynaan)aq) =cC

and

lim supd(Six,,q) < lgll suph,d(x,,q) =c
Nn—yo0

n—roo

Taking limsup on both sides of (3.2) we obtain,

lim supd(y,,q) <c
n—yo0
and so we have,

lim supd (T} (PT})"~

n—oo

1 <1 _
Ynrq) < lim suphyd(yn,q) = ¢
By lemma 2.9 we thus have,

lim d (S{x,, T; (PT})"~

lim 1Y) =0 (3.8)

By condition (ii) and from (3.7) we get,

d (%n, T (PT1)" 'yn) < d(S120, Ti (PT1)" ' y)

and thus

lim d (x,, T; (PTh)"

—1 _
lim Ya) =0 (3.9)

Also

d(xn,q) < d (%, Ti(PT)" yn) +d (T (PT1)" ' ynsq)

and
d(Ti(PTv)" " yn,q) < had (y,q)
which implies,

d(xn,q) < d (0, Ti(PT))" ) +12d (Y, q)

In the above inequality taking infimum on both sides and

applying (3.9)

we obtain,
lim infd(y,,q) > ¢
n—soo

and

lim supd(y,

n—oo

Therefore, lim d(y,,q) =c
n—soo

,q) <c

Using the arguments in (3.1) and by f (h,zl -1)<
n=1
we have,

lim d (H (Sx,, T>(PT2)"~

n—soo

xran) ) =c
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and

lim supd(S5x,,q) < 1211 sup hnd(xn,q) = ¢
n—soo

n—yo

Also,

lim supd(T>(PT>)"~

lim X, q) < l}iigosuphnd(xn,q) =c
Applying by Lemma 2.9, again we have,

lim d (Shx,, T (PT2)"~

n—soo

x,,) =0 (3.10)
From condition (ii) and (3.10) we get,

d(%n, T (PT2)" ') < d(Shx, (PT2)" ' x,)

which means

lim d (x4, T>(PT2)" ' x,)

n—soo

0 (3.11)
P : X — K is a nonexpansive retraction of X onto K and
also S5x, = P(S5x,) we get,
d(yna gxn) < ﬁnd(sgxn7T2(PT2)nilxn)
and hence by (3.5)

lim d(y,,Shx,) =0

n—oo

(3.12)
Considering,
d(yn,xn) < d(ymngn) + d(ngn, (PT)"™ lxn) +

d(To(PT2)" 'xp,xn)

By (3.10),(3.11) and (3.12) we have,

lijn d(xu,yn) =0 (3.13)
We have,
d (812, T (PT1)" 'x,) < d(STxa, Ty (PTY)" 'y ) +
hnd()’naxn)
By (3.8) and (3.13) we hence have,
lim d(Sx, Ti (PT))" 'x,) =0 (3.14)
Therefore, lim d(xn, T (PT, )"_1 ) =0 (3.15)
n—oo

We know that,
d(x0, T (PTY)" ') < d(S1x0, T (PT1)" ' x)

383
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Considering,
d(anrl 7S’]1xn)

=d(P(H(S{x,, T\ (PT)"
<(1-

*ly,,,a,,)),S’fxn)
an)d( X, ’l‘xn)+

0d (Ty (PT1)" i, Sxn)

< o d (S, Ty (PTV)" )

which implies by (3.8) ,

lim d(xp41,87x,) =0

n—y

(3.16)

Also,

d(xn1, TH(PT)" ) < d (X041, Sx)

+d (St Ti(PT)" ' yn)

and therefore by (3.8) and (3.16) we have

: n—1 _

lim d (x4, T (PT1)" y) =0 (3.17)

Consider

d(S"xy,x,) < d(Six, T(PTy)"!

By (3.9) and (3.10) we have,

xp) +d(Ti (PT;)" ' x0, %)

lim d(Sxp,x,) =0

n—oo

Since
d(Stxn, To(PT)" ' xy) < d(S1xp, %) +d (x5, T(PT )" 'x,),
we have from(3.6) ,

r}gl}gd(Slxn,Tg(PTz) i) =0 (3.18)
Also,
d(xXp1, T(PT2)" " yn)
S d(xn+laS’11xn)
+d(Sr11xna TZ(PTZ) xn) +d(T2(PT2) xna)’n)
Thus, by (3.8),(3.11) and (3.13),
’}ijgod(x,,ﬂ,Tz(PTz)"*lyn) =0 (3.19)

T\ and T, are asymptotically nonexpansive nonself-mappings
and we know that
(PT;)(PT;)""%y,_1,x, € K for i = 1,2. Hence, we have,
d(T-(PT)'Hyn 1, T
= d(L[(PT)(PT;)"yu-1], Ti(Pxa))
< hyd ((PT})(PT;)"
< had (T;(PT;)"

)’nfl 7Pxn)

*Yn—1:%n) (3.20)
For i = 1,2 using (3.12) and (3.14) in (3.15) we obtain,

lim d(T;(PT)" 'yu_1,Tixy) =0 (3.21)

n—so0
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and we take,
d(%ps1,90) < d(ns1, TH(PTY)™ ) +d (T (PT)™ s xn)

+d(xm}’n)

Substituting (3.4),(3.8)and (3.12) in the above inequality,
we get,

lim d(x,41,y,) =0 (3.22)
n—soo

For i = 1,2,d(xy, Tix,) can be written as follows,
d(xp, Tixy) < d (%, T,-(PT,-)”flxn)
+d(T(PT)" o, T(PT)" 1)
+d(T(PT)" ™ yuor, Tixa)
< d (%, Ti(PT)" ™" %) + hud (X, Y1)
+d(Ti(PT)"™ a1, Tixa)
By (3.6),(3.10),(3.16) and(3.17) we have,

lim d(x,, Tix,) = lim d(x,, Thx,) =0 (3.23)
n—yoo n—oo

The first part of the theorem is hence proved. We prove the
next part of the theorem, ie.,
lim d(x,,S1x,) = lim d(x,,S2x,) =0
n—yoo n—o0
By condition (ii) of the theorem for i = 1,2 we have,
d(xnaSixn) < d(xna Ti(PTi)nilxn)
+d(Ti(PT)" ' xa, Sixa)
(or)
d(%n, Six) < d (%, Ti(PT;)" ' x,)
+d (S, TH(PT)" )
< d(x, Ti(PT})"'x)
+d(Six,, T;(PT;)" ' xy)
Thus by (3.5),(3.6),(3.9) and (3.10) we see that,

lim d (x,,S1x,) = lim d (x,,, S2x,) =0 (3.24)
n—o n—o0

Hence the required second part of the theorem is proved. [

Theorem 3.3. Considering the assumption in lemma 3.2 and
if one of S1,S82,T1 and T is completely continuous after that
the sequence {x,} defined by 2.6 converges Strongly to a point
in Fep.

Proof. Let S be completely continuous.

By lemma 3.1, {x,} is bounded.

Which means, there is a subsequence {S1x,; }of{S1x,} such
that {S)x,, } converges strongly to some ¢* € K. Moreover,
By lemma 3.2, we have,

lim d(x,;,S1%;) = lim d(x;,S2x,;) =0 and
J—roo ' J—roe

]ijgd(x"j’ Tixy;) = }ij?od(x”j’ Toxy;) =0

384 '
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which implies that,
d(xnj,q*) < d(x,,_/,Slxnj) +d(Slxnj,q*) —0as j— o and so
Xn; = q" €K.
Thus ,
d(q*,8iq") = lim d(x,;,Six,;) =0
je

But S;,S3,T; and T; are continuous, for i = 1,2.
By lemma 3.2, therefore we have

d(q*a qu*) = }i_?;lod(xnj; E‘xn/-) =0

which implies ¢* € F(S1) NF(S;)NF(T1)NF(T) = F,
By lemma 3.1, lim d(x,,q) exists for g € F,,
n—soo
Thus lim d(x,,q") exists and lim d(x,,q*) =0
n—o0 Nn—yo0
Hence the proof . O
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