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1. Introduction

Let L(G) be the Lattice of Subgroups of G, where G is
a group of 2 x 2 matrices over Z, having determinant value
1 under matrix multiplication modulo p, where p is a prime
number.

Let¥ = ( ‘ Z ) ca,b,c;d € Zy,ad — be #0.
Then ¢ is a group under matrix multiplication modulo p.
LetG=4( ¢ 2 ) €% :ad—bc= 1.}

Then ¢ is a subgroup of G.
we have, o(9) = p(p* —1)(p—1) and o(G) = p(p*> —1).
(6]

2. Preliminaries

Definition 2.1. (Poset) A partial order on a non-empty set P
is a binary relation < on P that is reflexive, anti-symmetric
and transitive. The pair (P,<) is called a partially ordered
set or poset. A poset. (P,<) is totally ordered if every x,y € P
are comparable, that is either x <y ory < x. A non-empty
subset S of P is a chain in P if S is totally ordered by <.

Definition 2.2. Let (P, <) be a poset and let S C P. An upper
bound of S is an element x € P for which s < x for all s € S.
The least upper bound of S is called the supremum or join of
S.A lower bound for S is an element x € P for which x < s for
all s € S. The greatest lower bound of S is called the infimum
or meet of S.

Definition 2.3. (Lattice) Poset (P,<) is called a lattice if
every pair x,y elements of P has a supremum and an infimum,
which are denoted by xV 'y and x \'y respectively.

Definition 2.4. (Covering Relation) In the poset (P,<), a
covers b or b is covered by a (in notation, a > b or b < a) if
and only if b < a and for no x,b < x < a.

Definition 2.5. (Afom) An element a is an atom, if a > 0 and
a dual atom, if a < 1.

Definition 2.6. (Modular Lattice) A lattice L is said to be
modular if whenever a <cinL, aV (bAc)= (aVb)Acfor
all b € L. In other words, a lattice L is said to be modular if
(anc)V(bAc)=[aAc)Vb|Vcforall a,b,c €L
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Definition 2.7. (Supermodular) A lattice L is said to be su-
permodular if it satisfies the following identity (aV b) A (aV
c)A(avd)=aV[bANcA(aVd)|V[cANdN(aVb)]V[bAdA
(aVve)] forall a,b,c,d € L.

Definition 2.8. (Semi-supermodular) A lattice L is said to
be semi-supermodular if it satisfies the following identity
(aVx))A(aVxa)A(aVxs)A(aVxg) =aV[xi AxaA(aVxs) A
(aVxa)]V[x1 AxsA(aVax) AlaNxa)]V[x1 AxaA(aVx)A
(aVx3)]V[xaAxsAlaVxr)A(aVxa)]VixaAxaA(aVx)A
(aVx3)]Vxs AxaA(aVxr)A(aVx)] forall a,xy,xz,x3,%4
in L.

Definition 2.9. (Distributive lattice) A Lattice L is said to be
distributive if aV (bAc) = [(aVb)A(aVc)| forall a,b,c € L.

Definition 2.10. (General Disjointness) A lattice L with 0
satisfies the general disjointness property (GD) if x Ay =0
and (xVy) Az =0 implies that x A\ (yV z) =0, for x,y € L.

We give below the structures of some lower intervals of
L(G) when p=17

{e}
Fig. 2.1: The Interval [{e}, U]
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{e}

Fig. 2.2: The Interval [{e},Vi]

3. Lattice identities in the subgroup
lattice of the group of 2 x 2 matrices over
Z7

Lemma 3.1. L(G) is non-modular if p ="7.
Proof. when p =17,

From fig. 2.1 and 2.2 we take three subgroups K1,N|,N; €
L(G)

R s Rz Ss T
N Nz Qs
oK Kz M,

Fig: 3.1

Now, K; V (N] /\Nz) =KV {e} =K;.
But, (K] \/Nl) ANy =TI ANy = {e}
Therefore, K; V (N; AN2) # (K1V Ni) AN,.
Therefore, L(G) is not modular when p = 7. O

Lemma 3.2. L(G) is not distributive if p =17.

Proof. when p =17,
From fig. 2.1 and 2.2 we take three subgroups K14, K16, K17
in L(G)



A study on some lattice theoretic identities of the subgroup lattice of 2 x 2 matrices over Z; — 498/498

TG G
o T2 Rio s
IQ‘ Q N
oM M. ®K:
Fig: 3.2

K14V (K16 AK17) = K14V {e} = K1a.
But, (K14 \/Nlﬁ) AN (K14 \/N17) =TT "NT1 =T.
Therefore, K14 V (K16 /\K17) #* (K14 \/K16) A (K14 \/K17).
Hence L(G) is not distributive, when P = 7.
O

Lemma 3.3. L(G) is not upper semi modular if p ="1.

Proof. When p =17,

Ui U2

{e} (e}

Fig: 3.3

We observe, fig. 2.1 and 2.2, Ny AN, = {e} which is covered
by Ny while Ny VN, =G.
which does not cover N5.

Therefore, L(G) is not upper semi modular when p =
7. O

Lemma 3.4. L(G) is not super modular if p =1.

Proof. When p =7, we chose four subgroups K», Ny, No&N3
in L(G) such that (K VN;) A (Ky AN2) A (Ka VN3) =G A
GANG=G.

Io}
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But K, v [Nl ANy A (K2 /\N3)] vV [Nl AN3 A (Kz /\Nz)] \ [Nz/\
N3/\(K2\/N1)] :Kz\/[N] /\NQ/\G}\/[N] /\N3/\G]\/[N2/\
N:sANG] =K, V{e}Vv{e}Vvi{e} =K, #G

Therefore, L(G) is not super modular when p=7. [

4. Conclusion

In this paper, we proved that the modularity, distributivity,
upper semi modularity and super modularity in the subgroup
lattice of the group of 2 X 2 matrices over Z.
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