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Abstract

The focus of this paper is to use mg#r-closed set to define and investigate a new class of function
called totally mg*r-continuous functions in supra topological spaces and to obtain some of its

characteristics and properties.
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1 Introduction

The first step of generalized closed sets was initiated by Levine [6]. Zaitsev[11] introduced
the concept of m-closed sets and defined a class of topological spaces called quasi normal spaces.
Palaniappan[8] studied the concept of regular generalized closed set in topological spaces. In 1980,
R.C. Jain [2] defined totally continuous functions in topological spaces.

In 1983, Mashhour et al [7] introduced the supra topological spaces. In 2010, Sayed and Noiri et
al [9] introduced supra b-open sets and supra b-continuity in supra topological spaces. The notions
of mQ2-closed and 7{2s-closed sets in supra topological spaces was introduced by Arockiarani et al[1].
The concepts of totally supra b-continuous functions and slightly supra b-continuous functions are
introduced and studied by Jamal M. Mustafa[3].

Let (X, i), (Y, \) be the supra topological spaces denoted by X, Y respectively throughout this
paper.
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2 Preliminaries

Definition 2.1. Let X be a non-empty set. The sub family y C P(X) where P(X) is the power set of X is said
to be a supra topology on X if ¢, X € U and U is closed under arbitrary unions. The pair (X, j1) is called a
supra topological space. The elements of p are said to be supra open in (X, pu). The complement of supra open

set is called supra closed set.

Definition 2.2. A subset A of X is called
1. supra semi-open [1,7] if A C cl*(intt(A)).
2. supra reqular open[1] if A = int*(cl*(A)) and regqular closed if A = cl(int"(A))
3. supra m-open [1] if A is the finite union of reqular open sets.

The complements of the above mentioned open sets are called their respective closed sets.

Definition 2.3. Amap f : (X, ) — (Y, ) is called supra continuous[7] if the inverse image of each open

set of Y is supra open in X.

Definition 2.4 (4). A subset A of a supra topological space X is said to be supra wgr-closed set [wgtr-closed]
if rel*(A) C U whenever A C U and U is supra m-open. The collection of all wgtr-closed set is denoted by
TGP RC(X).

Definition 2.5. A space X is called
(i) mgtr — T} jo-spacel4] if every mgt'r -closed set is supra regular closed.
(ii) wgtr-locally indiscrete[4] if every mwgtr-open subset of X is supra closed in X.

Definition 2.6 (4). Let (X, 7) and (Y, o) be two topological spaces with 7 C pand o C X\ . A map
[ (X, n) — (Y, ) is called

(i) wgtr-continuous if the inverse image of each supra open set of Y is wgtr-open in X.

(ii) mgtr -irresolute if the inverse image of each wgtr-open set of Y is mgtr-open in X.
Definition 2.7. Amap f: (X, u) — (Y, \) is said to be

(i) a wgtr-closed map[5] if f(U) is mg*r-closed in 'Y for every supra closed set U in X.

(ii) a strongly mg*r-closed map [5]if f(U) is mgtr-closed in Y for every mg*r-closed set U in X.

Definition 2.8 (10). A function f : X — Y is said to be supra totally continuous function if the inverse

image of every supra open subset of Y is cl*opent in X and is denoted by totally* continuous function.
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Definition 2.9 (7,10). A supra topological space is said to be

1 . cl*open* — T -space if for each pair of distinct points x and y in X, there exist cl*open' sets U and
V containing x and y respectively such that x € U,y ¢ U and x ¢ V,y € V containing one point but

not other.

2 . Ultra* Hausdorff or Ultra* — Ty-space if every two distinct points of X can be separated by disjoint

cl*opent sets.

3. supra normal if each pair of non-empty distinct supra closed sets can be separated by disjoint supra open

sets.
4 . Ultra* normal if each pair of non-empty distinct supra closed sets separated by disjoint cl*opent sets.

5. cltopent -normal if for each pair of disjoint cl*opent sets U and V of X, there exists two disjoint supra

open sets G and H such that U C Gand V C H.

6. supra regular if each closed set F of X and each x ¢ F, there exists disjoint supra open sets U and V

suchthat F CUand x € V.

7. Ultra* regular if each supra closed set F of X and each x ¢ F, there exist disjoint cl*opent sets U and
Vsuchthat F CUandx € V.

8. cltopent -regular if for each cl*opent set F of X and for each x ¢ F, there exists two disjoint supra

open sets U and V such that F C U and x € V.

3 Totally 7g"rcontinuous functions.

Definition 3.1. A function f : X — Y is said to be supra totally wgr-continuous function (totally mwgtr-

continuous) if the inverse image of every mg*r-open subset of Y is cl*open* in X.
Proposition 3.1. (i) Every totally" continuous function is wg*r-continuous.
(ii) Every totally mg*r-continuous function is wg*r-irresolute.

Proof. (i) Let f : X — Y be a totally* continuous function. Then f~1(V) is cl*open* for every

open set V of Y. Hence f~1(V) is mg#r-open in X. Therefore f~1(V) is mgtr-continuous in X.

(i) Let V be a mg#r-open set in Y. Since f is totally wg#r-continuous, then f~1(V) is c/*open* in X

and hence f~1(V) is mgr-open in X. Therefore f is mg#r-irresolute.

Remark 3.1. The converse of the above need not be true as shown in the following example.
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Example 3.1. (i) Let X = {a,b,c,d} =Y, p={¢,X,{a},{a,c},{b,c},{a,b,c}} and
A={¢,Y,{a,b},{b,c},{a,b,c}}. Let f: X — Y be an identity map. Then f is wg"r-continuous but

not totally" continuous.

(i) Let X = {a.b,e.d} =V, ji = {6, X, {a}. {a.d}. {b.d}. {a,b,d}} and
A = {o,Y, {c}, {c,d},{b,d},{b,c,d}, {a,c,d}}. Let f: X — Y be defined by f(a) = b, f(b) =

¢, f(c) = aand f(d) = d. Then fis wg*r-irresolute but not totally mg"r-continuous.

Theorem 3.1. A bijection f : X — Y is totally wgtr-continuous iff the inverse image of every wg*r-closed

subset of Y is cltopent in X.

Proof. Let Fbe any mgtr-closed setin Y. Then Y — F is mg#r-open set in Y. By definition, f~*(Y — F)
is cl#open* in X. Then

fFAY - F)= YY) - fY(F) = X — f~Y(F) is cl*open* in X. Hence f~!(F) is cl*open* in X.
Conversely, let V be mg#r-open in Y. By assumption, f~1(Y — V) is c/*open* in Y. The above implies
X — f7Y(V) is cl*open/™* in X and hence f~1(V) is cl*open* in X. Therefore, f is totally mg*r-

continuous. O

Theorem 3.2. Let f : X — Y be a function, where X and Y are supra topological spaces. The following are

equivalent.
(i) fis totally wg*r -continuous.

(ii) for each x € X and each wgtr-open set Vin'Y with f(x) € V, there is a cl*opent set U in X such that
xeUand f(U)CV.

Proof. (i) = (ii): Let V be a mgtr-open set in Y containing f(x), so that z € f~1(V). Since f is totally
mghr-continuous, f~1(V) is cltopen* in X. Let U = (V). Then U is cl*open* in X and z € U.

Therefore f(U) = f(f~*(V)) = V and hence f(U) C V.

(ii) = (i): Let V be mg#r-open in Y. Let z € f~1(V) be any arbitrary point. Then f(x) € V.
Therefore, by (ii), there is a cl*open* set f(G) C X containing x such that f(G) C V.
Hence G C f~1(V) is a cl*open* neighborhood of x. Since x is arbitrary, f~(V) is cl*open*
neighborhood of each of its points. Therefore f~1(V) is cl#open” in X and hence f is totally

mgHr-continuous. O
Theorem 3.3. For a function f : X — Y, the following properties hold:
(i) If fis supra continuous and X is locally" indiscrete, then f is totally* continuous.

(i) If fis totally" continuous and Y is mghr — T' jo- space, then f is totally mgtr-continuous.
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Proof. (i) Let V be a supra open set in Y. Since f is supra continuous, f~!(V) is supra open in X.
Again since X is locally* indiscrete, f~1(V) is supra closed in X.

Therefore f~1(V) is cl*open* in X and hence f is totally* continuous.

(i) LetVbemgtr-openinY. ThenY — V is mgt'r-closed in Y. Since Y is wgt'r — T} j5-space, Y — V'
is supra regular closed in Y. Thus V is supra open in Y. Since f is totally* continuous, f~*(V)
is cl*open* in X.

Therefore f is totally mg*r-continuous.

Proposition 3.2. The composition of two totally 7g*r-continuous function is totally mg*r-continuous.
Proof. Obvious. O

Proposition 3.3. (i) If f : X — Y is totally mg*r-continuous and g : Y — Z is wg*r-irresolute, then

go f: X — Zis totally mwg*r -continuous.

(ii) If f : X — Y is totally wg*r-continuous and g : Y — Z is wgtr-continuous, then go f : X — Z is

totally" continuous.

Proof. (i) LetV be a mg#r-open setin Z. Then mgtr-irresoluteness of g implies g~ (V) is gr-open
in Y. Since f is the totally wg#r- continuous, f~*(g~(V)) is cl*open* in Z.

Hence g o f is totally mg#r-continuous.

(ii) Similar to that of (i).
O

Theorem 3.4. (i) Let f: X — Y bea wgtr-open map and g : Y — Z be any function. If go f : X — Z

is totally wgtr-continuous, then g is wg*r-irresolute.

(ii) Let f : X — Y be a strongly wgtr-open map and g : Y — Z be any function. If go f : X — Z is

totally mg*r-continuous, then g is wg*r-irresolute.

Proof. (i) Letgo f : X — Z be a totally mg"r-continuous function and let V be a wg#r-open set
in Z. Then (g o f)~1(V) is cl* open* in X. Hence f~(g~1(V)) is cl* open* in X. Therefore
f~Yg71(V)) is supra open in X. Since f is Tg#r-open, f(f~ (g7 (V)) = g~ 1(V) is mg"r-open
inY.

Hence g is mg"r- irresolute.

(ii) Similar to that of the above.
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4 Applications

Definition 4.1. A supra topological space is said to be

1. wg*r — To-space if for each distinct points in X, there exists a wgtr-open set containing one point but

not the other.

2. mgtr — Ty-space if for each pair of distinct points x and y in X, there exist mg*r-open sets U and V
containing x and y respectively such that x € U,y ¢ U and x ¢ V ,y € V containing one point but

not other.
3. mgtr — Ty-space if every two distinct points of X can be separated by disjoint wg*r-open sets.

4. wgtr-normal if for each pair of disjoint closed sets U and V of X, there exist two disjoint wgtr-open

sets G and H such that U C GandV C H.

5. wgtr-regular if for each wgtr-closed set F of X and each x ¢ F, there exist two disjoint mg*r-open sets

UandV suchthat F CUand x € V.
6. mgtr-connected if X is not the union of two disjoint non-empty wg*r-open subsets of X.

Theorem 4.1. If f : X — Y is totally wgtr-continuous injection and Y is wghr — Ty, then X is Ultra*
Hausdorff.

Proof. Let z and y be any pair of distinct points of X. Then f(z) # f(y) in Y. Since Y is mwgr — Ty,
there exists a mgtr-open set U containing f(z) but not f(y). Thenx € f~}(U)and y ¢ f~(U). Since
f is totally wg#r-continuous, f~(U) is cl* open* in X. Alsoz € f~1(U),y ¢ f~1(U).

(i.e) y € X — f~1(U). This implies every pair of distinct points of X can be separated by disjoint cl
opent sets in X. Therefore, X is Ultra* Hausdorff. O

Theorem 4.2. If f : X — Y is totally wgtr-continuous injection and Y is wgtr — Ty, then X is cl*

opent — T7.

Proof. Let x and y be any two distinct points of X. Then f(z) # f(y). AsY is mg'r — T}, there exists
ngtr-open sets U and V of Y such that f(z) € U, f(y) ¢ U and f(y) € V, f(z) ¢ V. Therefore,
we havez € f1(U),y ¢ f1(U)andy € f~1(V), z ¢ f~1(V). Since f is totally mg*r-continuous,
f~Y(U) and f~Y(V) are cI* open* in X. Hence X is cl*opent — Tj. O

Theorem 4.3. If f : X — Y is totally mwg*r-continuous injection and Y is wgtr — Ty, then X is Ultrat
Hausdorff.
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Proof. Let z and y be any pair of distinct points of X. Then f(z) # f(y) in Y. Since Y is mgtr — T,
there exist disjoint wg*r-open sets U and V such that f(z) € U and f(y) € V. Since f{ is totally mg*r-
continuous, f~1(U) is cl* open* in X. Alsox € f~Y({U)and y ¢ f~1(U). (i.e)y € X — f~1(U). This
implies every pair of distinct points of X can be separated by disjoint cl*open* sets in X. Therefore,

X is ultra* Hausdorff. O

Theorem 4.4. If f : X — Y is totally mg"r-continuous, supra closed injection and Y is wg"r-normal, then

X is Ultra* normal.

Proof. Let F and F5 be disjoint supra closed subsets of X. Since f is supra closed, f(F7) and f(F3) are
disjoint supra closed in Y. Since Y is mg#r-normal, f(F1) and f(F%) are separated by disjoint mg#r-
open subsets G and G of Y. Then Fy C f~1(G1) and F» C f~1(Gs). As fis totally mg#r-continuous,
f~H(G1) and f~1(Gy) are cl* open* sets in X. Also f~1(G1) N f~HG2) = f~1(G1 N Gs) = ¢. Thus
each pair of non-empty supra closed sets in X can be separated by disjoint c/* open* setsin X. Hence

X is Ultra* normal. O

Theorem 4.5. If f : X — Y is totally wg"r-continuous, surjection and X is supra connected, then Y is

wgtr-connected.

Proof. Suppose Y is not mg*r-connected. Let A and B form disconnection in Y. Then A and B are
mgtr-open setsin Y and Y = AU B, where ANB = ¢. Also X = f1(Y) = f71{(AuB) =
f~H(A) U f~Y(B), where f~1(A) and f~!(B) are non-empty cl*open* sets and hence supra open in
X, as fis totally mg#r-continuous. Further f~1(A4) N f~1(B) = f~1(AN B) = ¢ . Then Xis not supra

connected, which is a contradiction. Therefore Y is wg*r-connected. O

Theorem 4.6. If f : X — Y is totally mwg"r-continuous and wg*r-open injective map from a cl*opent

reqular space X onto Y, then Y is wgtr-regqular.

Proof. Let F be a cl*open* set in Y. Then F is mg#r-open and mg/r-closed in Y. Lety ¢ F. Take
y = f(z). Since f is totally wg*r-continuous, f~1(F) is cl*opent in X. Let G = f~1(F). Then we have
x ¢ G. Since X is cl*open* regular, there exists disjoint supra open sets U and V such that G C U
and xz € V. This implies F' = f(G) C f(U) and y = f(z) € f(V). Further, since f is a mg"r-open map,
fUNV)=f(¢) =¢and f(U) and f(V) are mg'r-open sets in Y. Thus for each supra closed set F in
Y and each y ¢ F, there exists disjoint mg*r-open sets f(U) and f(V) in Y such that F C f(U) and
y € f(V). Therefore Y is mgtr-regular. O

Theorem 4.7. If f : X — Y is totally wgtr-continuous and supra closed injective map. If Y is gt r- regular,

then X is Ultra* regular.
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Proof. Let F be a supra closed set not containing x. Since f is supra closed, f(F') is supra closed in Y’
not containing f(x). Since Y is mg#r-regular, there exist disjoint 7g/r-open sets A and B such that
f(z) € Aand f(F) C B. The above implies z € f~!(A) and F C f~!(B). As f is totally wgtr-
continuous, f~1(A) and f~1(B) are cl*open* in X and f~1(A)Nf~YB) = f~HANB) = f~1(¢) = ¢.
Thus for a point z and a supra closed set not containing = are separated by disjoint cl*open” sets

f71(A) and f~1(B). Therefore X is Ultra* regular. O

Theorem 4.8. Iff : X — Y is totally wg"r-continuous and wg*r-closed injective map. If Y is wgtr- reqular,

then X is Ultra* regular.

Proof. Let F be a supra closed set not containing «. Since f is mg#r-closed, f(F') is mg"r-closed in Y’
not containing f(x). Since Y is wg#r-regular, there exist disjoint mg*r-open sets A and B such that
f(z) € Aand f(F) C B. The above implies z € f~}(A) and FF C f~}(B). As f is totally mg"r-
continuous, f~1(A4) and f~(B) are cl*open* in X and f~1(A)Nf~YB) = f~HANB) = f~(¢) = ¢.
Thus for a point x and a supra closed set F not containing x are separated by disjoint cl*open* sets

f~1(A) and f~1(B). Therefore X is Ultra* regular. O

Theorem 4.9. If f : X — Y is totally" continuous and 7gtr-open injective map from a cl*opent normal

space X onto a space Y, then Y is wgtr-normal.

Proof. Let Fy and F» be two disjoint supra closed sets in Y. Since f is totally* continuous, f Ly —
F)=X— f"YF)and f1(Y - [5) = X — f~1(F) are cl*open* subsets of X. Thatis f~!(F}) and
f~Y(Fy) are cltopent in X. Take U = f~Y(Fy)and V = f~}(F). ThenU NV = f~Y{(F) N f~1(FR) =
U NF) = f~1(¢) = ¢. Since X is cltopent-normal, there exist disjoint supra open sets A and B
such that U € Aand V C B. This implies F; = f(U) C f(A) and F> = f(V) C f(B). Further, since
f is mgtr-open, f(A) and f(B) are disjoint mg*r-open in Y. Thus each pair of disjoint supra closed

sets in Y can be separated by disjoint mg"r-open sets. Therefore Y is mg*r-normal. O

Definition 4.2. A supra topological space X is called a 7wg"rc-normal if for each pair of disjoint mg*r-closed

sets U and V' of X, there exist two disjoint wgtr-open sets G and H such that U C Gand V C H.

Theorem 4.10. If f : X — Y is totally wg*r-continuous and mg*r-open injective map from a cl*open”

normal space X onto a space Y, then Y is wg*rc -normal.

Proof. Let Fy and F; be two disjoint mg#r-closed sets in Y. Since f is totally wg*r-continuous, f~1(F})
and f~!(F) are disjoint cl#open* subsets of X. Take U = f~}(F}) and V = f~!(F3). Since f is
injective, UNV = f~YF)Nf 1 (F) = fHFANF) = f1(¢) = ¢. Since X is cl*open*-normal, there
exist disjoint supra open sets A and B such that U € A and V C B. This implies F; = f(U) C f(A)
and Fy, = f(V) C f(B). Further, since f is mg"r-open, f(A) and f(B) are disjoint mg"r-open sets
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in Y. Thus each pair of disjoint mg#r-closed sets in Y can be separated by disjoint 7g*r-open sets.

Therefore Y is wgtrc-normal. O

Definition 4.3. A function f : X — Y is said to be totally wgtr-open if the image of every mwgtr-open set in

X is clfopent inY.

Theorem 4.11. If a bijective function f : X — Y is said to be totally wgtr-open, then the image of every

wgtr-open set in X is cltopen* in'Y .

Proof. Let F be a mg"r-closed set in X. ThenX — F is mgtr-open in X. Since f is totally wg*r-open,
f(X—F)=Y — f(F)is cl*open* in Y. Hence f(F) is cl*open* in Y. O

Theorem 4.12. A surjective function f : X — Y is totally wg*r-open iff for each subset B of Y and for each
mgtr-closed set U containing f~1(B), there is a cl*opent set V of Y such thatB C V and f~1(V) C U.

Proof. Suppose f : X — Y be a surjective totally wg#r-open function and B C Y. Let U be a wg"r-
closed set of X such that f~1(B) CU.ThenV =Y — f(X — U) is cl*open* subset of Y containing B
such that f~1(V) Cc U.

Conversely, let Fbe a mg#r-closed set of X. Then f~}(Y — f(F)) C X —F is rg*r-open. By hypothesis,
there exists a cl*open* set V of Y such that Y — f(F) C V, which implies f~1(V) C X — F. Therefore
FcX—-f 1w

Hence Y — V C f(F) C f(X — f~Y(V)) Cc Y — V, which is cl*open* in Y. Thus the image of a

mgtr-open set in X is cl#opent in Y. Therefore f is totally mg"r-open function. O
Theorem 4.13. For any bijective function f : X — Y, the following statements are equivalent.

(i) f~1is totally mg#r-continuous.

(ii) fis totally wg*r-open.

Proof. (i) = (ii): Let U be a mg#r-open set of X. By assumption (f~1)~}(U) = f(U) is cl*open* in Y.
So, f is totally mg*r-open.
(i1) = (i): Let V be a mg#r-open in X. Then by assumption, f(V) is cl“open* in Y. Thus (f~1)~1(V)

is cl*open* in Y and hence f~! is totally wg#r-continuous. O
Theorem 4.14. The composition of two 7g*r-totally open function is totally mgtr-open.

Proof. Obvious. O

Theorem 4.15. If f : X — Y is wgtr-irresolute and g : Y — Z is totally wg*r-continuous, then g o f :

X — Z is wgHr-irresolute.
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Proof. Let V be a mg*r-open set in Z. Since g is totally mgtr-continuous, g1 (V) is cl#open* in Y.
Then g~1(V) is mgtr-openin Y. As f is mgtr-irresolute, f~(g~1(V) = (g o f)~1(V) is mg#r-open in

X. Hence (g o f) is mg#r-irresolute. O

Theorem 4.16. Let f : X — Y and g : Y — Z be two functions such that go f : X — Z is totally

wgtr-open function. Then

(i) If f is gt r-irresolute and surjective, then g is totally g r-open.
(ii) If g is totally” continuous and injective, then f is totally wg"r-open.

Proof. (i) Let V be a mgtr-open set in Y. By hypothesis, f~(V) is mgtr-open in X. Again, since
(g o f) is totally mg*r-open,
((go /)(f7HV))) = g(V) is cl*opent in Z. Hence g is totally wgtr-open.
(ii) Let V be a mg"r-open set in X. Since (g o f) is totally mg*r-open, (g o f)(V) is cl*open* in Z.
Then (g o f)(V) is supra regular open and hence mg/r-open in Z. As g is totally* continuous,

g ((go f)(V)) = f(V)is cl*open* in Y. Hence f is totally 7gtr-open.
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