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Abstract
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1. Introduction
Till now fuzzy set (FS) theory hurriedly moving into the

medullary of mathematics due to its grandiose application in
various fields. Zadeh [18] first introduced the notion of FS to
manage uncertainty in practical situation. In 1983, Hashimoto
[4] gives the concept of fuzzy matrix (FM). After a period
of time, some limitations of FS gets revealed when the mea-
sure of non-membership arrives in different real life situations.
In these cases, individual measure of membership and non-
membership are required. Keeping this type of situation in
consideration, to removing limitations, intuitionistic fuzzy set
(IFS) was proposed by Atanassov [2]. Later on, a lot of works
on intuitionistic fuzzy matrices (IFMs) were done by different
researchers [6,7,10,12,14]. The role of similarity is widely
analyse by Cross et al. [3]. They insist the fundamental pref-
ace of ability and similarity in hypothesis and in applications

in inferential argument using concept of FS theory. Analysis
of the similarity is an elementary task when applying IFMs.

This paper is structured into the following sections: In
section 2, several basic definitions related to IFMs are pro-
vided. In section 3, the notion of several similarity measures
between IFMs are presented. In section 4, study some ground
properties of IFMs. In section 5, an application of IFMs is
given. We conclude the work in section 6.

List of Abbreviations:
FS: Fuzzy set
IFS: Intuitionistic fuzzy set
IFV: Intuitionistic fuzzy value
FM: Fuzzy matrix
IFMs: Intuitionistic fuzzy matrices
SIFM: Square intuitionistic fuzzy matrix
SM: Similarity measure
DMS: Degree of membership
DNS: Degree of non-membership .

2. Preliminaries
To eliminate the limitation of FS, including the measure

of non-membership, Atanassov introduced IFS in 1986.

Definition 2.1. [18] A FS A1 is defined on an universe U as
A1 = {(r,µA1(r)) : r ∈U}, where µA1(r) ∈ [0,1] is the DMS
of r ∈ A1 with 0≤ µA1(r)≤ 1 ∀r ∈U.
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Definition 2.2. [2] A IFS A2 is defined on an universe U
as A2 = {r,(µA2(r),νA2(r)) : r ∈U}, where µA2(r),νA2(r)∈
[0,1] are the DMS and DNS of r ∈ A2, respectively with 0≤
µA2(r) + νA2(r) ≤ 1 ∀r ∈ U. Also ∀r ∈ U, DA2(r) = 1−
(µA2(r)+ νA2(r)) represent denial degree of r ∈ A2. Here,
µA2(r) and νA2(r) are independent.

Definition 2.3. Let q1 and q2 be two real numbers with q1 ∈
[0,1] and q2 ∈ [0,1] with 0≤ q1 +q2 ≤ 1. Then q = 〈q1,q2〉
is called IFV.

Definition 2.4. [4] Let U = {u11,u12, ...,urq} be the universe.
A FM Ã′1 of order r× q is defined as Ã′1 = [ui j,〈ta(ui j)〉],
where ta(ui j) ∈ [0,1] is the DMS of ui j in Ã′ for i = 1,2, ..,r
and j = 1,2, ..,q with 0≤ ta(ui j)≤ 1 for all i, j.

Let us define IFM generalizing the concept of FM.

Definition 2.5. [6] Let U = {u11,u12, ...,urq} be the universe.
An IFM Ã1 of order r×q is defined as Ã1 = [ui j,〈ta(ui j),1−
fa(ui j)〉], where ta(ui j) ∈ [0,1] and 1− fa(ui j) ∈ [0,1] are
respectively the DMS and DNS of ui j in Ã1 for i = 1,2, ..,r
and j = 1,2, ..,q with 0≤ ta(ui j)+1− fa(ui j)≤ 1 for all i, j.
An IFM Ã1 is said to SIFM if the number of rows and columns
are equal.

Definition 2.6. [16] An identity IFM I of order m is the SIFM
of order m with all diagonal entries 〈1,0〉 and non-diagonal
entries 〈0,1〉.

Definition 2.7. [16] A null IFM O of order m is the SIFM of
order m with all entries 〈0,1〉. It is to be noted that 〈1,0〉
is the greatest IFV and 〈0,1〉 is the least IFV. So, to define
identity IFM and null IFM, least IFV and greatest IFV are
needed.

Definition 2.8. Let Ã1 = [ui j,〈ta(ui j),1− fa(ui j)〉] be a SIFM.
Then multiplication by a IFV q = 〈q1,q2〉 is defined as qÃ1 =
(〈q1∧ ta(ui j),q2∨ (1− fa(ui j)〉)).

Definition 2.9. Let Ã1 = [ui j,〈ta(ui j),1− fa(ui j)〉] be a SIFM.
Also, let 〈a,b〉 be a IFV. For 〈ta(ui j),1− fa(ui j)〉 ≥ 〈a,b〉, it
means that ta(ui j)≥ a and (1− fa(ui j))≤ b. For 〈ta(ui j),1−
fa(ui j)〉 � 〈a,b〉, it means that two inequalities ta(ui j) ≥ a
and (1− fa(ui j))≤ b do not hold at a time.

Definition 2.10. Let Ã1 = [ui j,〈ta(ui j),1− fa(ui j)〉] and B̃1 =
[ui j,〈tb(ui j),1− fb(ui j)〉] be two SIFMs of order m. Then
Ã1 = B̃1 iff ta(ui j) = tb(ui j) and 1− fa(ui j) = 1− fb(ui j) for
i, j = 1,2, ..,m.

Definition 2.11. Let Ã1 = [ui j,〈ta(ui j),1− fa(ui j)〉] and B̃1 =
[ui j,〈tb(ui j),1− fb(ui j)〉] be two SIFMs of order m. Then
Ã1 ≤ B̃1 iff ta(ui j)≤ tb(ui j) and 1− fa(ui j)≥ 1− fb(ui j) for
i, j = 1,2, ..,m.

Definition 2.12. Let Ã1 = [ui j,〈ta(ui j),1− fa(ui j)〉] and B̃1 =
[ui j,〈tb(ui j),1− fb(ui j)〉] be two SIFMs of order m.Then Ã1≥
B̃1 iff B̃1 ≤ Ã1.

Now, we present some basic operations on SIFMs.

Definition 2.13. Let A1 and B1 be two SIFMs of order m.
Then basic operations are as follows.
(i) Ã1∩ B̃1 = [〈min(ta, tb),max(1− fa,1− fb)〉]
(ii) Ã1∪ B̃1 = [〈max(ta, tb),min(1− fa,1− fb)〉]
(iii) Ã1⊕ B̃1 = [〈ta + tb− tatb,(1− fa)(1− fb)〉]
(iv) Ã1� B̃1 = [〈tatb,(1− fa)+(1− fb)− (1− fa)(1− fb)〉]
(v) Ã1@B̃1 = [〈 ta+tb

2 , 1− fa+1− fb
2 〉]

(vi) Ã1$B̃1 = [〈
√

tatb,
√
(1− fa)(1− fb)〉]

(vii) �Ã1 = [〈ta,(1− ta)〉]
(viii) �Ã1 = [〈 fa,(1− fa)〉]
(ix) Ã1#B̃1 = [〈2 tatb

ta+tb
,2 (1− fa)(1− fb)

(1− fa)+(1− fb)
〉]

(x) ¯̃A1 = [〈1− fa, ta〉]
(xi) The residue of the matrix Ã1 is πÃ1

= fa− ta.

3. Similarity Measures (SMs) between
IFMs

In the following, we will give the concept of several SMs
between IFMs.

Definition 3.1. A mapping S̃ : Ã1× B̃1→ [0,1] is said to be
SM between two IFMs Ã1 and B̃1 denoted by S̃(Ã1, B̃1), if
S̃(Ã1, B̃1) satisfies:
(i) 0≤ S̃(Ã1, B̃1)≤ 1;
(ii) S̃(Ã1, B̃1) = 1, iff Ã1 = B̃1;
(iii) S̃(Ã1, B̃1) = S̃(B̃1, Ã1);
(iv) if Ã1 ≤ B̃1 ≤ C̃1, then S̃(Ã1, B̃1)≥ S̃(Ã1, C̃1)
and S̃(B̃1, C̃1)≥ S̃(Ã1, C̃1).

Definition 3.2. Let Ã1 = [ui j,〈ta(ui j),1− fa(ui j)〉]r×q and
B̃1 = [ui j,〈tb(ui j),1− fb(ui j)〉]r×q be two IFMs of order r×q
with the condition 0≤ ta(ui j)+1− fa(ui j)≤ 1. Then the SM
of Ã1 and B̃1 is

S̃p
d(Ã1, B̃1) = 1− 1

p√r×q
p

√
r

∑
i=1

q

∑
j=1

(
|φa(i, j)−φb(i, j)|

)p; 1 ≤

p < ∞,
where φa(i, j)= (ta(ui j)+1− fa(ui j))/2 and φb(i, j)= (tb(ui j)+
1− fb(ui j))/2, for all ui j ∈U.

For S̃p
d , note that φa(i, j) is the middle value of [ta(ui j),1−

fa(ui j)]. Then we consider the fact, if middle values of every
subintervals between IFMs are same, the SM between two
IFMs is 1. Again, if S̃p

d(Ã1, B̃1) = 1, then Ã1 and B̃1 are
identical. Here, S̃p

d(Ã1, B̃1) satisfy the properties:
(i) 0≤ S̃p

d(Ã1, B̃1)≤ 1,
(ii) S̃p

d(Ã1, B̃1) = S̃p
d(B̃1, Ã1)

(iii) S̃p
d(Ã1, B̃1) = 1 iff Ã1 = B̃1.

The SM between two IFMs Ã1 and B̃1 can also be given
in the following form.

Definition 3.3. The SM between IFMs Ã1 and B̃1 is

S̃p
e (Ã1, B̃1) = 1− 1

p√r×q
p

√
r

∑
i=1

q

∑
j=1

(
φtab(i, j)+φ fab(i, j)

)p; 1≤

762
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p < ∞

where φtab(i, j) = |ta(ui j)−tb(ui j)|
2 and φ fab(i, j) = | fb(ui j)− fa(ui j)|

2
for all ui j ∈U.

We also proposed another types of SMs between IFMs as
follows:
Let Ã1 = [ui j, 〈ta(ui j), 1− fa(ui j) 〉]r×q and B̃1 = [ui j, 〈tb(ui j),
1− fb(ui j)〉]r×q be two IFMs. For Ã1 = [ta(ui j),1− fa(ui j)],
the median value of the membership and non-membership
values is ma(ui j) = (ta(ui j)+1− fa(ui j))/2. In that case, the
interval is divided into the subintervals denoted as [ta(ui j),
ma(ui j)] and [ma(ui j), 1− fa(ui j)]. Again we also find the
median values of these subintervals are denoted by ma1 and
ma2 which are defined as ma1(ui j) = (ta(ui j) +ma(ui j))/2,
ma2(ui j) = (ma(ui j)− (1− fa(ui j))/2. Similarly, for an IFM
B̃1, mb(ui j) = (tb(ui j)+1− fb(ui j))/2, mb1(ui j) = (tb(ui j)+
mb(ui j))/2, mb2 (ui j) = (mb(ui j)− (1− fb(ui j))/2.

Definition 3.4. Let φs1(ui j) = |ma1(ui j)−mb1(ui j)|/2 and
φs2(ui j) = |ma2(ui j)−mb2(ui j)|/2. Then the SM is defined as

S̃p
s (Ã1, B̃1) = 1− 1

p√r×q
p

√
r

∑
i=1

q

∑
j=1

(
φs1(ui j)+φs2(ui j)

)p; 1 ≤

p < ∞.
For all Ã1, B̃1 ∈ IFMs,
(i) 0≤ S̃p

s (Ã1, B̃1)≤ 1
(ii) S̃p

s (Ã1, B̃1) = 1 iff Ã1 = B̃1, where ωm 6= 0
(iii) S̃p

s (Ã1, B̃1) = S̃p
s (B̃1, Ã1)

Definition 3.5. Let φ1(i, j) = φtab(i, j)+φ fab(i, j), φ2(i, j) =
|φa(i, j)+ φb(i, j)|, la(i, j) = ((1− fa(ui j))− ta(ui j))/2 and
lb(i, j) = ((1− fb(ui j))− tb(ui j))/2. The dissimilarity degree
of the length is φ3 =max(la(i, j), lb(i, j))−min(la(i, j), lb(i, j)).

Then S̃p
h(Ã1, B̃1)= 1− 1

p√r×q
p

√√√√ r

∑
i=1

q

∑
j=1

( 3

∑
m=1

ωmφm(i, j)
)p where

0≤ ωm ≤ 1,
3

∑
m=1

ωm = 1 and 1≤ p < ∞.

For all Ã1, B̃1 ∈IFMs, we have
(i) 0≤ Sp

h(Ã1, B̃1)≤ 1
(ii) S̃p

h(Ã1, B̃1) = 1 iff Ã1 = B̃1, assuming ωm 6= 0
(iii) S̃p

h(Ã1, B̃1) = S̃p
h(B̃1, Ã1).

The SM S̃p
h(Ã1, B̃1) contain more information on IFMs then

the definition of (1), so S̃p
h(Ã1, B̃1) gives better results about

SM of IFMs. As a result, we can find more logical results by
S̃p

h(Ã1, B̃1) in same cases.

Definition 3.6. Let weight of ui j ∈ U is ωi j, where ωi j ∈

[0,1], i = 1,2, . . . ,r, j = 1,2, . . . ,q and
r

∑
i=1

q

∑
j=1

ωi j = 1. The

SM between IFMs Ã1 and B̃1 can be obtained in the form

S̃p
ω(Ã1, B̃1) = 1− 1

p√r×q
p

√√√√ r

∑
i=1

q

∑
j=1

ωi j
( 3

∑
m=1

ωmφm(i, j)
)p

where
r

∑
i=1

q

∑
j=1

ωi j = 1,
3

∑
m=1

ωm = 1.

Likewise, for S̃p
ω(Ã1, B̃1), the following propositions holds.

For all Ã1, B̃1 ∈ IFMs,
(i) 0≤ S̃p

ω(Ã1, B̃1)≤ 1
(ii) S̃p

ω(Ã1, B̃1) = 1 iff Ã1 = B̃1, where ωm 6= 0
(iii) S̃p

ω(Ã1, B̃1) = S̃p
ω(B̃1, Ã1).

Definition 3.7. Another definition of SM has been proposed
here based on the normalizer absolute difference between the
DMS and DNS values is

S̃1(Ã1, B̃1) =

r

∑
i=1

q

∑
j=1
|ta(ui j)− tb(ui j)|+ | fb(ui j)− fa(ui j)|

r

∑
i=1

q

∑
j=1

(ta(ui j)− tb(ui j))+( fb(ui j)− fa(ui j))

.

This SM satisfy the following properties
(i) 0≤ S̃1(Ã1, B̃1)≤ 1
(ii) S̃1(Ã1, B̃1) = 1 iff Ã1 = B̃1,
(iii) S̃1(Ã1, B̃1) = S̃1(B̃1, Ã1).

Proposition 3.8. If Ã1 and B̃1 be two IFMs.
Then S̃p

d(Ã1, B̃1)≤ S̃p
e (Ã1, B̃1); 1≤ p < ∞.

Proof. Since, |φa(i, j)−φb(i, j)| ≤ |ta(ui j)− tb(ui j)|/2
+ | fb(ui j)− fa(ui j)|/2
≤ φtab(i, j)+φ fab(i, j). Then

1
p√r×q

p

√
r

∑
i=1

q

∑
j=1

(|φa(i, j)−φb(i, j)|)p

≤ 1
p√r×q

p

√
r

∑
i=1

q

∑
j=1

(φtab(i, j)+φ fab(i, j))p

or, 1− 1
p√r×q

p

√
r

∑
i=1

q

∑
j=1

(
|φa(i, j)−φb(i, j)|

)p

≥ 1− 1
p√r×q

p

√
r

∑
i=1

q

∑
j=1

(φtab(i, j)+φ fab(i, j))p

or, S̃p
d(Ã1, B̃1)≤ S̃p

e (Ã1, B̃1); 1≤ p < ∞.

Proposition 3.9. If Ã1 and B̃1 be two IFMs.
Then S̃p

s (Ã1, B̃1)≥ S̃p
e (Ã1, B̃1); 1≤ p < ∞.

Proof. since, φs1(i, j) = |ma1(ui j)−mb1(ui j)|
≤ 3|(ta(ui j)− tb(ui j))|/8+ | fb(ui j)− fa(ui j)|/8
and φs2(i, j) = |ma2(ui j)−mb2(ui j)|
≤ |(ta(ui j)− tb(ui j))|/8+3| fb(ui j)− fa(ui j)|/8.
Then φs1(i, j)+φs2(i, j)≤ φtab(i, j)+φ fab(i, j)

1− 1
p√r×q

p

√
r

∑
i=1

q

∑
j=1

(
|φs1(i, j)+φs2(i, j)|

)p

≥ 1− 1
p√r×q

p

√
r

∑
i=1

q

∑
j=1

(
φtab(i, j)+φ fab(i, j)

)p

or, S̃p
s (Ã1, B̃1)≥ S̃p

e (Ã1, B̃1);1≤ p < ∞.

Proposition 3.10. If Ã1 and B̃1 be two IFMs.
Then S̃p

h(Ã1, B̃1)≥ S̃p
e (Ã1, B̃1); 1≤ p < ∞.

763
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Proof. Since,

3

∑
m=1

ωmφ(i, j) = ω1φ1(i, j)+ω2φ2(i, j)+ω3φ3(i, j)

≤ ω1(φtab(i, j)+φ fab(i, j))+ω2(φtab(i, j)

+φ fab(i, j))+(1−ω1−ω2)(φtab(i, j)

+φ fab(i, j))

= φtab(i, j)+φ fab(i, j)

or,
r

∑
i=1

q

∑
j=1

( 3

∑
m=1

ωmφ(i, j)
)p ≤

r

∑
i=1

q

∑
j=1

(
φtab(i, j)+φ fab(i, j)

)p

or,

1−
r

∑
i=1

q

∑
j=1

( 3

∑
m=1

ωmφ(i, j)
)p≥ 1−

r

∑
i=1

q

∑
j=1

(φtab(i, j)+φ fab(i, j))p

or, S̃p
h(Ã1, B̃1)≥ S̃p

e (Ã1, B̃1);1≤ p < ∞.

Proposition 3.11. If Ã1 and B̃1 be two IFMs. Then S̃p
s (Ã1,

B̃1) = 1 iff Ã1 = B̃1;1≤ p < ∞.

Proof. Since, S̃p
s (Ã1, B̃1) = 1, we have from the definition

(3.4).
ma1(ui j) = mb1(ui j) and ma2(ui j) = mb2(ui j)
3ta(ui j)+(1− fa(ui j)) = 3tb(ui j)+(1− fb(ui j))
or, 3(ta(ui j)− tb(ui j))+3((1− fa(ui j))− (1− fb(ui j))) = 0
or,ta(ui j)− tb(ui j) = 0 and (1− fa(ui j))− (1− fb(ui j)) = 0
or, ta(ui j) = tb(ui j) and (1− fa(ui j)) = (1− fb(ui j)) There-
fore, Ã1 = B̃1.

4. Some properties of IFMs based on SM
Here, we study some ground properties of IFMs through

the following propositions.

Proposition 4.1. For two IFMs Ã1, B̃1 of order r×q.
(i) 0≤ S̃p

e (Ã1, B̃1)≤ 1
(ii) S̃p

e (Ã1, B̃1) = 1 iff Ã1 = B̃1
(iii) S̃p

e (Ã1, B̃1) = S̃p
e (B̃1, Ã1)

(iv) S̃p
e (

¯̃A1,
¯̃B1) = S̃p

e (Ã1, B̃1)

Proof. (i) Since IFMs Ã1 and B̃1 must be satisfy the condi-
tions 0 ≤ ta(ui j)+ (1− fa(ui j)) ≤ 1 and 0 ≤ tb(ui j)+ (1−
fb(ui j))≤ 1. Then from the definition 0≤ S̃p

e (Ã1, B̃1)≤ 1.
(ii) If Ã1 = B̃1,

S̃p
e (Ã1, B̃1) = 1− 1

p√r×q
p

√
r

∑
i=1

q

∑
j=1

(
φtab(i, j)+φ fab(i, j)

)p
= 1.

Conversely, if S̃p
e (Ã1, B̃1) = 1

or,

1− 1
p√r×q

p

√
r

∑
i=1

q

∑
j=1

( |ta(ui j)− tb(ui j)|
2

+
| fb(ui j)− fa(ui j)|

2
)p;

1≤ p < ∞

or,
r

∑
i=1

q

∑
j=1

( |ta(ui j)− tb(ui j)|
2

+
| fb(ui j)− fa(ui j)|

2
)p

or, |ta(ui j)−tb(ui j)|
2 = 0 and | fb(ui j)− fa(ui j)|

2 = 0
or, ta(ui j) = tb(ui j) and fa(ui j) = fb(ui j)
or, Ã1 = B̃1.
Therefore, S̃p

e (Ã1, B̃1) = 1 iff Ã1 = B̃1.
(iii) S̃p

e (Ã1, B̃1) =

1− 1
p√r×q

p

√
r

∑
i=1

q

∑
j=1

( |ta(ui j)− tb(ui j)|
2

+
| fb(ui j)− fa(ui j)|

2
)p

=1− 1
p√r×q

p

√
r

∑
i=1

q

∑
j=1

( |tb(ui j)− ta(ui j)|
2

+
| fb(ui j)− fa(ui j)|

2
)p

= S̃p
e (B̃1, Ã1).

(iv) Let Ã1 = [ui j, 〈ta(ui j), 1− fa(ui j)〉]r×q and B̃1 = [ui j,
〈tb(ui j), 1− fb(ui j)〉]r×q and

Let ¯̃A1 = [ui j, 〈1− fa(ui j), ta(ui j)〉]r×q and ¯̃B1 = [ui j,
〈1− fb(ui j), tb(ui j)〉]r×q.

Then S̃p
e (

¯̃A1, ¯̃B1)

= 1− 1
p√r×q

p

√
r

∑
i=1

q

∑
j=1

( | fb− fa|
2

+
|ta− tb|

2
)p

= S̃p
e (Ã1, B̃1).

Proposition 4.2. Let Ã1, B̃1 and C̃1 be three IFMs of same
order. Then
(i) If Ã1 ≤ B̃1 ≤ C̃1, then S̃p

e (Ã1, C̃1)≤ S̃p
e (Ã1, B̃1)

and S̃p
e (Ã1, C̃1)≤ S̃p

e (B̃1, C̃1)
(ii)S̃p

e (Ã1, B̃1∩ C̃1)≤ S̃p
e (Ã1∩ B̃1, Ã1∩ C̃1)

(iii) S̃p
e (Ã1, B̃1∪ C̃1)≤ S̃p

e (Ã1∪ B̃1, Ã1∪ C̃1)
(iv) S̃p

e (Ã1, B̃1 + C̃1)≤ S̃p
e (Ã1 + B̃1, Ã1 + C̃1)

(v) S̃p
e (Ã1, B̃1.C̃1)≤ S̃p

e (Ã1.B̃1, Ã1.C̃1)
(vi) S̃p

e (Ã1, B̃1@C̃1)≤ S̃p
e (Ã1@B̃1, Ã1@C̃1)

(vii) S̃p
e (Ã1∩ B̃1, Ã1∪ C̃1) = S̃p

e (Ã1, B̃1)
(viii) S̃p

e (Ã1, B̃1$C̃1)≤ S̃p
e (Ã1$B̃1, Ã1$C̃1)

Proof. (i) Since, Ã1 ≤ B̃1 ≤ C̃1, there exits
ta(ui j)≤ tb(ui j)≤ tc(ui j) and 1− fa(ui j)≤ 1− fb(ui j)≤ 1−
fc(ui j).
Let φac(i, j) = φtac(i, j)+φ fac(i, j) and φab(i, j) = φtab(i, j)+
φ fab(i, j)
then φab(i, j)≤ φac(i, j)

or, 1− 1
p√r×q

p

√
r

∑
i=1

q

∑
j=1

(
φtab(i, j)+φ fab(i, j)

)p

≥ 1− 1
p√r×q

p

√
r

∑
i=1

q

∑
j=1

(
φtac(i, j)+φ fac(i, j)

)p

or, S̃p
e (Ã1, C̃1)≤ S̃p

e (Ã1, B̃1).
Similarly, we also prove that S̃p

e (Ã1, C̃1)≤ S̃p
e (B̃1, C̃1).

(ii) From definition,
S̃p

e (Ã1, B̃1∩ C̃1)

= 1− 1
p√r×q

p

√
r

∑
i=1

q

∑
j=1

(φta,b∩c(i, j)+φ fa,b∩c(i, j))p and

S̃p
e (Ã1∩ B̃1, Ã1∩ C̃1)

= 1− 1
p√r×q

p

√
r

∑
i=1

q

∑
j=1

(φta∩b,a∩c(i, j)+φ fa∩b,a∩c(i, j))p.

Let φa,b∩c(i, j) = φta,b∩c(i, j)+φ fa,b∩c(i, j) and φa∩b,a∩c(i, j) =
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φta∩b,a∩c(i, j)+φ fa∩b,a∩c(i, j).
φa,b∩c(i, j)−φa∩b,a∩c(i, j) =
1
2 [|ta− (tb∧ tc)|− |(ta∧ tb)− (ta∧ tc)|
+ |(1− fa)− ((1− fa)∨ (1− fc))|
− |((1− fa)∨ (1− fb))− ((1− fa)∨ (1− fc))|].

Case I: Let ta ≤ tb ≤ tc and 1− fa ≤ 1− fb ≤ 1− fc. Then
φa,b∩c(i, j)≥ φa∩b,a∩c(i, j)

or, 1− 1
p√r×q

p

√
r

∑
i=1

q

∑
j=1

(
φta,b∩c(i, j)+φ fa,b∩c(i, j)

)p

≤ 1− 1
p√r×q

p

√
r

∑
i=1

q

∑
j=1

(
φta∩b,a∩c(i, j)+φ fa∩b,a∩c(i, j)

)p

or, S̃p
e (Ã1, B̃1∩ C̃1)≤ S̃p

e (Ã1∩ B̃1, Ã1∩ C̃1).
Case II: Let ta ≤ tb ≤ tc and 1− fa ≥ 1− fb ≥ 1− fc.

Then φa,b∩c(i, j)≥ φa∩b,a∩c(i, j)
or, S̃p

e (Ã1, B̃1∩ C̃1)≤ S̃p
e (Ã1∩ B̃1, Ã1∩ C̃1).

Case III: Let ta ≥ tb ≥ tc and 1− fa ≤ 1− fb ≤ 1−
fc. Then φa,b∩c(i, j) ≥ φa∩b,a∩c(i, j) or, S̃p

e (Ã1, B̃1 ∩ C̃1) ≤
S̃p

e (Ã1∩ B̃1, Ã1∩ C̃1).
Case IV: Let ta ≥ tb ≥ tc and 1− fa ≥ 1− fb ≥ 1− fc.

Then also φa,b∩c(i, j) ≥ φa∩b,a∩c(i, j) or, S̃p
e (Ã1, B̃1 ∩ C̃1) ≤

S̃p
e (Ã1∩ B̃1, Ã1∩ C̃1).

(iii) Proof is similar to (ii).
(iv) φa,b+c(i, j)= φta,b+c(i, j)+φ fa,b+c(i, j) and φa+b,a+c(i, j)=
φta+b,a+c(i, j)+φ fa+b,a+c(i, j).
Now, φa,b+c(i, j)−φa+b,a+c(i, j) =
1
2 [|(ta− tb)− tc(1− tb)|− |(1− ta)(tb− tc)|
+|(1− fa)−(1− fb)(1− fc)|−|(1− fa)((1− fb)−(1− fc))|].
Let ta ≤ tb ≤ tc and 1− fa ≤ 1− fb ≤ 1− fc.
Then φa,b+c(i, j)≥ φa+b,a+c(i, j)

or, 1− 1
p√r×q

p

√
r

∑
i=1

q

∑
j=1

(
φta,b+c(i, j)+φ fa,b+c(i, j)

)p

≤ 1− 1
p√r×q

p

√
r

∑
i=1

q

∑
j=1

(
φta+b,a+c(i, j)+φ fa+b,a+c(i, j)

)p

or, S̃p
e (Ã1, B̃1 + C̃1)≤ S̃p

e (Ã1 + B̃1, Ã1 + C̃1).
In this way we can prove it for other cases.
(v) Proof is similar to (iv).
(vi) φa,b@c(i, j) = φta,b@c(i, j)+φ fa,b@c(i, j)
and φa@b,a@c(i, j) = φta@b,a@c(i, j)+φ fa@b,a@c(i, j).
Now, φa,b@c(i, j)−φa@b,a@c(i, j) =
1
4 [|(2ta− tb.tc)|− |tb.tc|+ |2(1− fa)−
(1− fb)− (1− fc)|− |(1− fb)− (1− fc)|].
Let ta ≤ tb ≤ tc and 1− fa ≤ 1− fb ≤ 1− fc.
Then φa,b@c(i, j)≥ φa@b,a@c(i, j)

or, 1− 1
p√r×q

p

√
r

∑
i=1

q

∑
j=1

(
φta,b@c(i, j)+φ fa,b@c(i, j)

)p

≤ 1− 1
p√r×q

p

√
r

∑
i=1

q

∑
j=1

(
φta@b,a@c(i, j)+φ fa@b,a@c(i, j)

)p

or, S̃p
e (Ã1, B̃1@C̃1) ≤ S̃p

e (Ã1@B̃1, Ã1@C̃1). In this way we
can prove it for other cases.
(vii) φa∩b,a∪b(i, j) = φta∩b,a∪b(i, j)+φ fa∩b,a∪b(i, j)
= 1

2 [|ta ∧ tb− ta ∨ tb|+ |(1− fa)∨ (1− fb)− (1− fa)∧ (1−

fb)|].
If ta ≤ tb and 1− fa ≤ 1− fb, then φa∩b,a∪b(i, j) = 1

2 [|ta−tb|+
| fb− fa|] = φa,b(i, j).
Thus S̃p

e (Ã1∩ B̃1, Ã1∪ C̃1) = S̃p
e (Ã1, B̃1).

Similarly we prove for other cases.
(viii) φa,b$c(i, j)= φta,b$c(i, j)+φ fa,b$c(i, j) and φa$b,a$c(i, j)=
φta$b,a$c(i, j)+φ fa$b,a$c(i, j).
Now, φa,b$c(i, j)−φa$b,a$c(i, j) =
1
2 [|ta−

√
tb.tc|− |

√
ta.tb−

√
ta.tc|

− |(1− fa)+
√

fc− fb|− |
√

fb− fa−
√

fc− fa|].
Let ta≤ tb≤ tc and 1− fa≤ 1− fb≤ 1− fc. Then φa,b$c(i, j)≥
φa$b,a$c(i, j)

or, 1− 1
p√r×q

p

√
r

∑
i=1

q

∑
j=1

(
φta,b$c(i, j)+φ fa,b$c(i, j)

)p

≤ 1− 1
p√r×q

p

√
r

∑
i=1

q

∑
j=1

(
φta$b,a$c(i, j)+φ fa$b,a$c(i, j)

)p

or, S̃p
e (Ã1, B̃1$C̃1)≤ S̃p

e (Ã1$B̃1, Ã1$C̃1).
Similarly we prove it for other cases.

5. Application

In multi-criteria decision making problem, identify the
best institution from a set of institutions with the help of
ideal alternative, it will be in our own choice. Suppose three
institutions Ã1, Ã2 and Ã3 selected by the students on the basis
of three parameters: good faculty (C1), strong library (C2) and
distance to institution (C3). Suppose when a institution fulfill
all the parameters, the ideal alternative is of the form of IFM
Ã∗ = [ui j,〈ta(ui j),1− fa(ui j)〉], where ta(ui j) = 1 and 1−
fa(ui j) = 0 for i, j = 1,2,3. The students identify institutions
Ãi, (i = 1,2,3) based on the parameters C j, ( j = 1,2,3), it
will be obtained through questionnaire in the public domain.
Suppose when a student ask about the institution Ã1 based
on the parameter C1, he/she may answer for good faculty
is 60 percent and not good is 20 percent. We expressed it
u11 = 〈.6, .2〉. Similarly obtained answers based on other
parameters. Apply same process for the other institutions.
Let, on the basis of parameters we can obtain three IFMs in
the form:

Ã1 =

〈.6, .2〉 〈.5, .3〉 〈.7, .3〉〈.5, .3〉 〈.3, .6〉 〈.8, .1〉
〈.2, .5〉 〈.4, .2〉 〈.5, .5〉



Ã2 =

〈.4, .2〉 〈.2, .5〉 〈.3, .4〉〈.5, .4〉 〈.6, .3〉 〈.5, .3〉
〈.2, .6〉 〈.3, .3〉 〈.3, .2〉



Ã3 =

〈.2, .4〉 〈.5, .3〉 〈.3, .2〉〈.8, .2〉 〈.4, .3〉 〈.2, .6〉
〈.5, .1〉 〈.7, .1〉 〈.3, .2〉
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By using definition 3.2, the SMs between Ãi(i = 1,2,3) and
Ã∗ are: S̃p

d(Ã
∗, Ã1)= 0.172, S̃p

d(Ã
∗, Ã2)= 0.169, S̃p

d(Ã
∗, Ã3)=

0.174. The ranking order of the three institutions according
to the SM is Ã3 � Ã1 � Ã2. Hence, Ã3 is the best institution.

6. Conclusion
Here, we have presented some new process to measure

the similarity between IFMs. At first we give notion of IFMs
and then introduced several SMs to calculate the similarity
between IFMs. We have highlighted some results related
to these. Finally, an application of the developed approach
through a numerical example is presented.
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