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Abstract

In this paper, we obtain exact solutions of some unsolved incomplete elliptic integrals of first, second and
third kinds, given in Entry 7 of Chapter XVII of second notebook of Srinivasa Ramanujan. Furthermore,
we generalize these elliptic integrals in the forms of multiple series identities involving bounded multiple

sequences.
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1 Introduction and Preliminaries

Some Interesting Series Identities

We recall the following identities which are potentially useful in the series rearrangement techniques.

o0 m71 0o 0o
Y Y Omr)=) Y Om+r+1,7) (1.1)
m=0 r=0 m=0r=0
oo 2m—1 0o o0 o
Yo Y Omry=Y Y Om+r+1,r)+ )Y Y Om+r+1, 2r+m+1) (1.2)
m=0 r=0 m=0r=0 m=0r=0
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m+n—1

Yo Y(m, n, r) ZZ‘F(O,n+r+1,r)+ZZ
m=0 m=0n=0

n=0 r=0 n=0r=0

Ym+r+1,n, r)+

ngk
agh
||M8

3y

Ym+1, n+r+1, r+m+1) (1.3)

m=0n=0r=0
[ oo m-+n [ o0 [ 0o 0
Y Y ¥(m, n,r)= ZZZ m+r,nr)+ Y Y Y ¥m, n+r+1, r+m+1) (1.4)
m=0n=0 r=0 m=0n=0r=0 m=0n=0r=0

where {©(m, )}, and {¥(m,n, )}y, ._o are suitably bounded double and triple sequences of essentially

arbitrary(real or complex) parameters respectively.

Legendre’s Normal Forms of Incomplete Elliptic Integrals
Following integrals arise in the solutions of certain classes of vibration problems and problems involving
computations of the radiation field off axis from a uniform circular disc radiating according to an arbitrary

angular distribution law.
Following elliptic integrals (R.H.S.) have been represented in different notations (L.H.S.) by researchers

First Kind :

Fx, ¢) = /4) . d

SR \/ (1 —x2sin?0)

Second Kind : E(x, ¢) = /¢ \/ (1 — x2sin?6) do (1.6)
0

¢
Third Kind : H(a, x, ) = / do (1.7)
0 (1-asin®6),/(1 — x2sin?0)

g —oo<a<oo, a#£1
The integrands of elliptic integrals are periodic functions with a period 7t. Here x, ¢ and a are called modulus,

amplitude and characteristic parameter respectively. In case x = sinJ, ¢ is called modular angle.

Some Useful Indefinite Integrals

Whenm =0,1,2,3,---, then

—(3)msin(ch) cos(ch) "=! (1), sin? (c6) 0 (1)
/sm (c)db = { 2 D e )y &P }+{ (f)m }+Constant (1.8)

/coszm(ce)de _ { (3)m sin(cB) cos(ch) =1 (1), cos? (ch) } .\ {9 (D } + Constant 19)

(Dm ¢ —0 (%)r (Dm
/sinzm“(ce)dG = _(1);" cos(cf) i (%)ysm (<6) + Constant (1.10)
()mc 3 (1)
" ~ ()msin(ch) & (1), cos? (ch)
/cos2 1(ch)do = D c E Z o, + Constant (1.11)

0
Above formulas (1.8)-(1.11) can be verified for m = 0,1,2,3,- - - and it is the convention that the empty sum

-1
Y. F(r) is treated as zero.
r=0
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2 Seventh entry of Chapter Seventeenth of Second Notebook of Ramanujan[9,pp.104-
107,pp.112-113]

Ramanujan’s notebooks have been divided into several chapters and contains large numbers of important
and useful results on elliptic integrals. Many results on elliptic integrals have been proved by B. C. Berndt [8,

pp-104-113] and R. Y. Denis et al.[15].

We have also verified the following entries of Ramanujan by using the methods of B. C. Berndt and R. Y. Denis

et al.

Entry 7(i): If sina = /x sin or :gﬁg = %, then

/“ do B //3 de 21)
0 y/(x —sin?9) 0 \/(1—xsin?9)
In a paper of Denis et al. [15, p.113(1)], a misprint condition is written in Entry 7(i).
Entry 7(ii): If tana = /(1 — x) tan B or sina = % then
X SIY’
(2.2)

« dé _[F de
/om‘/o Ja—xsin?e)

Entry 7(iii): If tana = /(1 —b) tanB orsinf = \/%, then
—0COS“~

_Ja=h) / 7 do (2.3)

—asin?6) (1 — bsin?6)

/ \/{1— ) sin® 0}

Entry 7(iv): If tana = /(1 + x) tan 3, then

« B
/ do _ / de (2.4)
0 /(14 xcos26) 0 /(1 - x2sin*0)
which is the correct form of a misprint result of Denis et al. [15, p.115(4)].
Entry 7(v): Degenerate form of addition theorem
If cota cotp = /(1 — x), then
11
272 7
/ / 2F1 X (25)
\/ (1 — xsin? ) \/ (1 — xsin?6) )
Entry 7(vi): Classical duplication formula (Special Case of the converse of Entry 7(viii)a)
If cotw tan(%) = /(1 — xsin?a), then
(2.6)

2/“ de :/ﬂ de
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Entry 7(vii): Jacobi’s imaginary transformation (For incomplete elliptic integral of first kind having imag-

inary amplitude)

Ifa = Inf{tan(F + §)} orer = [5F, — L10p

or sinh(a) = tan j, then

cos B
in B
| =i % 27)
0 J1-xsin26) S0 /(1 (1-x)sin?0)
which is the correct form of a misprint result of Denis et al. [15, p.116(7)].
Entry 7(viii): Addition theorem
If
(2.8)

/a do +//3 d6 :/v de

then four different sets of hypothesis (implications) are given by

(a) tan (1) _ e \/mﬂiﬂﬁ (1 - xsin®a)

2 cosa + cos B

which is the correct form of a misprint condition of Denis et al. [15, p.117(i)].

(b) v = tan ' {tanay/ (1 — xsin? B)} +tan"{tan B/ (1 — xsin? )}

(c) Legendre’s canonical form of the addition theorem

cosy . 2
= 1 —
cotwa cot B Sinasinp (1 —xsin” )
@) Vr V/{sin(s) sin(s,: - zx)-sin(s.— B) sin(s — )} swhere s — & + B+
2 sina sin B sin 7y 2

The four different sets of hypothesis (implications) (2) — (d) in Entry 7(viii) are both necessary and sufficient.

Entry 7(xii): Gauss’ transformation

If (1 4+ xsin®a)sin B = (1 + x) sina, then

1+ / dé _/ﬁ do
0 — 2sin2g)  Jo {1- -2 sin’6}
(1 —x%sin”0) (1+x)?

which is the correct form of misprint result of Denis et al. [15, p.118(9)].

Entry 7(xiii): Landen’s transformation (i.e. The first geometric representation)

If xsina = sin(2B — «), then
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(2.10)

B e /w—zsm )

Entries 7(xii) and 7(xiii) are very similar in appearance.
3 A General Family of Multiple-Series Identities

Theorem 3.1. Let {Qy}5r_ ) be a suitably bounded sequence of arbitrary complex numbers. Then

ngoﬂm</ sin’ (c9)d9>ym

B ysm(c'y cos(cy) Z Z . % Ymer (1)r y™ (ysin®(c i
- m-r

m=0r= (2)m+r(2)m+r(2)r
provided that each of the series involved is absolutely convergent.

N\»—\
3

(3.1)

/\

Theorem 3.2. Let {Qy}5._ be a suitably bounded sequence of arbitrary complex numbers. Then

mionm( / cos? (c9)d9)ym

ysm(c'y cos(cy) (3)mr (1)r y™ (y cos?(c))" - (3)my
m+r + Q
mzorz e (2)m+r(2)m+r(%)r ’)/m;O " (m!)z

provided that each of the series involved is absolutely convergent.

Theorem 3.3. Let {Qy}._ be a suitably bounded sequence of arbitrary complex numbers. Then

. m o Ly 3y ym
Z </ sin* (cG)dG)Tyﬂ! =7 2 Qm(z‘i(?m!)yz B

m=0 m

r

_ Bysin(cy) cos(cy) = o (Dmar(Dmar 1)y y™ (y sin?(c7))
8¢ P I T T ES W ESS

2
_ ysin’(cy) cos(cy) i iﬂ (D mrr (D) mar(2)my2r (ysin®(cy))™ (ysin*(cy))”
4c

m=0r=0 (2)m+r(2)m+r(g)m+r(%)m+2r

provided that each of the series involved is absolutely convergent.

Theorem 3.4. Let {Q)y,}5._ be a suitably bounded sequence of arbitrary complex numbers. Then
v m 1
2 Qu (/ cos* (c9)d9>y 0y Qm7(43 m(3)my
0 m=0 (f) ( )
3 5 7 1), y™ 2 (e )Y
N ysm(c'y cos(cy) Z 20m+r+1 () mr (D mar (1), y3 (ycos3( 7))
m=07r= () mtr(2)mear (3)mrr(3)r

LY sin(c7y) cos®(cy) 0 (g)m+r(%)m+r(2)m+27 (y cos®(c))™ (y cos*(c7))"
4 mzofzo e @t @pr (Bmer (B

provided that each of the series involved is absolutely convergent.
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Theorem 3.5. Let { A}y, ,—o be a suitably bounded double sequence of arbitrary complex numbers. Then

Z Z Ampn (/ Sln2m+2n(ce)d9) ymz"

I n!
=0 1= m: n.

[c ol o]

(D msny™z" zsin(c7y) cos(c7y)
=7 Z Z Am

© 00 %
M 0n+r+1
== (m+n)! m! n! 2c E; e

(3)n+r(1)r 2" (z Sinz(C'Y))r -
(2)n+r(2)n+r(%)r
o (j)m+n+r(1)rymzn(ysmz(c’)’))r
Am r+1n -
D RTINS EIN TS
B yzsin®(cy) cos(c) i i iA s +1(%)m+n+r(2)m+r (ysin®(cy))"z" (zsin®(cy))"
e m+1,n4r

m=0n=07=0 (3)mrnsr(3mtr(2)ner(2)m
provided that each of the series involved is absolutely convergent.

_ ysin(cy) cos(cy)
2c

(3.5)

Theorem 3.6. Let { A}y, ,—o be a suitably bounded double sequence of arbitrary complex numbers. Then

) ¥ mon
YN Awn (/ c052m+2”(c9)d9) y 2
0

m! n!

NI

y"z"  zsin(cy)cos(cy) & & () n4r(1)y 2" (z cos?(cy))"
— A Ymtn n Aoir
mzo,; " m+n>'m'n' 2w LR ) )

© X (3 mnrr(1)r y"2" (y cos? ()"
Am T n
n;o;o;) T e D (D W

_|_

ysin(cy) cos(cy)
+
2c

i 3 © o 0 NV mtnar (2 mar (ycos?(cy))"z" (z cos?(cy))
n yz sm(c'y4)ccos (c¢y) Z Z ZAm+1,n+r+1 (D) mtntr(2)msr (Y (ey))"z"( (c7))

m=0n=0r=0 B)mrnsr(Dmtr(2)ner(2)m
provided that each of the series involved is absolutely convergent.

(3.6)

Theorem 3.7. Let {Oy,}5,_, be a suitably bounded sequence of arbitrary complex numbers. Then

v, [ sin(co)d ) L
L sinenao)

%) 2m o0 o 2m . 2r
V" Psin(cy) cos(cy) (1), y*" (ysin(cy))
= QO QO
m;o 21 g ()2 4e mzozo AR T () (2 (B)r
© 00 1 2m : 2r
COSC B3 si|(c
+4 5 O o L 7 5 0 (2SR

4(3)m(3)m =0 7=0 4 (3 mer(3)mer(1)r
provided that each of the series involved is absolutely convergent.

2m

Theorem 3.8. Let {Q),}5._, be a suitably bounded sequence of arbitrary complex numbers. Then

5 ([ cos(corda ) L
m;o m(/ocos (ch) )m'

o0 2m [} [} 2m 2r
Y Y Sm(CW cos(cy) (1) y™" (y cos(c7))
= 2 QO + 2 2 QO +
’Ym:O 2m o ()2 4c - o 2m+2r+24m+r(2)m+r(2)m+r(%)r

L ysin(ey) (2)r y*™"(y cos(cr)*
Qomior41 (3.8)
¢ mZ:OrZ(:) T g (%)mw(%)mw(l)r
provided that each of the series involved is absolutely convergent.

Nj—=
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Theorem 3.9. Let {Qy,}5._, be a suitably bounded sequence of arbitrary complex numbers. Then

m

ngo Qu (/ 51n2m+1(c9)d9> oo

provided that each of the series involved is absolutely convergent.

% i Y cos(c i iﬂmw Dy (ysin(cy))" (3.9)

z)m m=0r—0 (3)mar(1)r

Theorem 3.10. Let {Q,}5_, be a suitably bounded sequence of arbitrary complex numbers. Then

3 O ( / 7cosZm“(ce)d@)ZZ _ sinfer) ¢ an @y ycosten)y (3.10)
m=0 0 :

m=0r= (2)m+r(1)r

provided that each of the series involved is absolutely convergent.

Theorem 3.11. Let { Ay}

mn—o be a suitably bounded double sequence of arbitrary complex numbers. Then

0 o0 0% mn
2 Z Amn(/ Sin2m+2n+1(C9)d9> yz
’ 0 m! n!

m=0n=0

_ o cos(ey) % g vt (Dminir(3), y™ 2" (ysin?(cy)) B
EOEOEO " D) s Wer (D (1),

_ zcos(cy) sin?(cy) i i i/\m (2)m+n+r(%)m+r (ysin?(cy))" 2" (z sinz(c')/))rJr

3c m=0n=0r=0 (%)m+n+r(2)n+r(2)m+r m!
1 2 ® 1 m ,n
4= Z ZAm,n(3)m+ny — (3‘11)
€ m=0n=0 (3) oy m! 1!

provided that each of the series involved is absolutely convergent.

Theorem 3.12. Let { Ay}

mn—o be a suitably bounded double sequence of arbitrary complex numbers. Then

o o0 7 M1
Z Z Amn(/ C052m+2”+1(C9)d9> Yz
’ 0 m! n!

sin(cy) & & o A (1)m+n+r(%)ry'” 2" (y cos?(c))’
LA e DDy 1),

n zsm(c’)/) cos?(cy) i y i Ammirit (2)m+n+r(%)m+r(3/COSZ(C"Y))m 2" (zcos?(cy))’ (3.12)

m=0n=0r=0 (%)m+n+r(2)nz+r(2)n+r m
provided that each of the series involved is absolutely convergent.

. sin(cy) cos(cy)(3)m(1)r y™ (sin®(cy))" 2 (3)my"
- mZOrZ O C(l)m(l)m(%)r +7m;()ﬂm (m!)?
_ a, sin(cy) cos(¢y) (3)m+1(1)r Y™ (sin?(cy))" o a, () my™
mzmz * c<1>m+1<1>m+1<3> ”,,;0 (m!)?
ysm(cv cos(cy) $m+r()r y™ (ysin® (cy S (P)my"
- mzmz i <2>m+r<2>m+r<2>r NP PRy

Similarly we can derive (3.2) to (3.12) by means of series identities (1.1) to (1.4).
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4 Hypergeometric Generalizations of Incomplete Elliptic Integrals of Ramanujan and

their solutions
Putting ¢ = 1 in theorems (3.1) to (3.6), (3.9) to (3.12) and setting

. = @n(@2)n(@3)m - @a)m _ ((@a))m _ (24))min((dD))m((86))n
" 002 (03)m - (O8)m (08" " (b)) mn((eE) )i ((pr))n”

in theorems (3.1) to (3.12), using some algebraic properties of Pochhammer symbol and interpreting the mul-

tiple power series in hypergeometric forms of Gauss [34, p. 42(1)], Kampé de Fériet [34, p.63(16); see also 33],
Srivastava [34, p.69(39,40)] and Srivastava-Daoust [33, p.37(21, 22, 23); 34, pp.64-65(18, 19, 20)], we get the

analytical solutions of generalized incomplete elliptic integrals.

. ()i (el
AFp :I/Sin2 0 do = ')’A+1PB+1 y |-
0
(bj)]le ’ i L (bj)]le 7
- A [ 3, +a), 1,1
ysin+y cos+y [](a;) 3 (T+a)iiy 1541 5
i=1 A+1:1;2 .
- B l FB+2:O;1 vy sin? i (4.1)
2 b;
ll;ll( i) | 22, (1+bj)}3:1:f;% ;
y <”J')ji1 ; %f(”j)]‘il ;
Afp ycos?f | d0 =7y a1Fpi1 y |+
0
O L)L,
. A 31 NA 1101
ysinvy cosy [](a;) 2 (Ita)iny 151,15
i=1 A+1:1;
+ B l F B++21:01;12 Y,y cos?y (4.2)
2 b;
) 22,(1+b)P i}
A, 13 A .
., @)z 11 (@)
/0 aFg ysint6 | d0 =7 a42Fp42 y |-
. 1 .
B, L3,
. A 52(1+a,)A 1. 1.1 -
3y sinycosy I1(a;) 4 jli=1 b Lo
_ i=1 FA+2:1;2 s 2 _
B B+3:0;1 Y, ysm=y
8 b;
115 22,3, (4b)f = §

A . 5. 7. .
ysin®y cos [1(a;) [(1+a):2, 102, (31,1, (31,1, [2:1,2]
_ i=1 FA+3:1;1
B B+4:0;0
4 T1(b;
.:Hl( i) [(1+0) 1,18, [221,1], [21,1], 3:1,1], [3:1,2] :

1
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15 14]

ysin? 1, ysin® (4.3)
A . 13 A,
§ (a)ity s 11 (@)
/o AFp ycost | dO =7 a2Fp 2 y |+
BE, L)L
. A 57 (1+a.)A 111 .
3y sinycosy [1(a;) Y jli=1 * bbb
i=1 A+2:12
+ 3 : Fp (301 Yy, ycos®y |+
8 b;
I1(5:) 2,2,3,(+b)f =3

. A 5. 7. .
ysiny cos?y 11 (a:) (141,104, [3:1,1], [F:1,1), [2:,2)
i=1 FA+3:1;1
B B+4:0;0

411(b) [(1+5) 4,12, [2:1,1), [2:,1], (31,1, [3:1,2) -

A

(1] [1:1]
ycos? vy, ycosty (4.4)

y (aj)f;ﬁ(dj)]‘D:l;(gj)]Gﬂ 7
/0 F éqEDIf ysin?@, zsin?6 | dO

(b]')]le : (ej)]‘Ezl ; (hj)jil ;

A G
(aj)]iy %1 (dj)]['):l;(gj)]'czl ; z sinvy cosy I1(a;) T1(gi)
_ ., pA+LDG _ =1 i=1
=7 fpyiEH Y,z B H %
2 b; h;
()8, 1 (e)E s ()t T1(6) T

3 (1 +a)t, (1+g), 15,1 ;

A+G+1:1;2 in2
X Fg i 00 z, z sin® 7y

2,2, (1+b)k,, A+hpt: 5 3

%, 1+ aj)f;lzz ——(0+ dj)]»';l :1 ;(g]-)](il;l,l ;
« F®) v, z, ysinzfy -

2, (L4+b)E s —— (1 +ep) g, 205 (L

\SJ[eV]
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3 &y T N T T (e
Yz sin® 7y cosy E(al) iljl(l +a;) ZI:Il( i) iljl(gl)
N B ;3 - E ; - x
4':H1(b) £Il(1+b) Ell(ez) g(hi)

3 2+a)tins(l+g)f, 21, (1+dpl;1;1

x F) ysin? 1, z, zsin®
3, 2+ 0y us (L), 2322, (L ephy——
. . G .
y (aj)f;1-(dj)jz1r(gj)]':1 ;
/ F fi};'?;c ycos? 0, zcos?9 | do
0
(b])f 1°* (])] 1;<hj)]'i1 7
1. . . A G
(a]-)]‘il, 2° (dj)jzl' (g]')jG:1 ’ z sinvy cosy [1(a;) T1(8:)
FA+1 :D;G + i=1 i=1 v
B+1:E;H Y,z B H
2 b; h;
(bi)]l}:y 1‘(31')]}'5:1P(hj)]’111 ; 1131( 2 1131( 7
3, (1+a]-)]4;1, (1+gj)]G:1 :1;1,1 ;
x Py ioon z,zcos?y | +
2/ 2/ (]- + bj);‘g:ll (]' + h])]li] S % ;
A D
y sin<y cosy Hl(ﬂl) '1_[1( i)
i= i=
+ B E x
2T1(b;) TT(ei)
i=1 i=1
%, 1+ aj);il:: ——(1+ dj)jzl :1 ;(gj)](';:l; 1,1 ;
x FG) Y, z, ycosty | +

2, (1+ b]-)lezz ——(1+ e]-)]E:l,Z:f;(h]-)jPil; % ;

yzsing cos®y M) T(1+a) @) TTg) | ¥@+a)fas—0+g)l, 52
i=1 =1 i1 =1 p)
AT1(6) T1(+b) TTe) T10m)
il;ll( i=1 Vo Cim Q+b)iy=— A +hiL,2;

y cos? v, z, zcos? y

(4.5)
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a; A l-‘rll‘ A .
(7])].:1, (T])]':l ’ ycos(cy) IT(a;)
_ F yz _ i=1
= Y24F2B+1 2+B-A) B %
b: B 1+Db; B . C H b
L (DR (P, T1 k)
1+a; 2+a; 1
( 2])]{111 (T])f;l 1;2 ’
o F2A i 2 yPsin’(cy) | _
2B+2:0;0 4(+B-A) 7 4(1+B-A)
3 3 1+b; 2+b; .. .
33 () (==
- A A
ysin(er) cos(ey) [1(a) [1(1 +a)
i= i=
- B B X
4e TT(b;) TT(1 +b;)
i=1 i=1
2+a; 3+a;
( 2])]{{;1/( 2/)]4;1 ;L1
2A ;2 2 2 gin2 (¢
X g y2:01 4(133,,4), 4 4(31133,(/{)” +
2+b; 3+b; 3
2,2, (= ])]B:y (T])]B:ﬁ*; 2 7
A 1+a; A 24a; A .
y I(a) L 2 )m 0
+ =5 2a11Fp AT (4.7)
c [T(bi) 3 3 (ibf')B (ZLI’J')B .
i=1 202\ =1 T )j=1 s
" (aj)]i1 ’
/ AFp ycos (cf) | df
0
(bj)]B:l s
aj\ A 1+4a; A . . A
(7])]‘=1/ (T])j=1 ’ ysin(cy) TT(a;)
_ E y2 i=1
= Y2AF2B+1 20+B—A) + B x
bivg  l+bip c [1(b;)
L (52, (52, T
1+a 2+4a; 1
( 2]);4;]/ (T/)]A;] 1r§ ’
24 1 2 2 cos? (cy
x FZB+2:0;0 4(143/3—14)/ y4(1+B—(A)) +
3 3, 1+4b; 2+b;
33 ()i (D=
- A A
y*sin(c7y) cos(cy) ,Hl( i) Hl(1+al)
i= i=
+ B B X
4e (ki) TT(1+ ;)
i=1 i=1
2+ﬂ' A 3+ﬂ' A
CEa, A, aan
2A 12 2 % cos? (cy
o FZB+2:0;1 4(1337/‘)/ y4(1+B,(A)) (48)

2+b; 3+b; 3
2,2, (5, e 3
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A . A .
., (@) s L(aj)izy
/O sin® 4 Fp ysin?6 | df = a41Fpi1 VAN
B . 3 B .
(bj)izs s 3 (b
(”j)f;1 1; %
— cos 7 Fgigly y, ysin®y
3 B
27 (bf)]:l —r
A A 1
y (aj)j:1 ; (aj)j=1 Ligz
/0 cos O 4 Fp ycos2 g | df =sinvy Fﬁﬂéé Y, ]/COSZ’Y
B 3 B
B )Ly

(@) ()5 (81) 7y

Y
. A:D;G
/0 smGFBEH

(b])] 1° (e])] 1r(h])]H1 ’

1, (”j)]l‘iﬁ (dj)]‘D:1 ; (gj)]'c=1

_ pA+LDG
B+1:EH

5/ (b)) q: (ep)iy s ()

iR,

%, (b]‘)]]ril::f; -1, (ej)lez—;(hj)jlil;—

A

j=1

()G . 1
(&) 2

ysin?0, zsin?§ | do

.
4

~e

Y, z, ysin2 v |-

G
z siny cos 1y ‘—1—11(ai) Hl(gi)

2, (14 a])
XF(S)

3 (b =2, (L+hpiy;

Y
A:D;G
/0 cos FB:E;H

(bj)]B:1 (e ])] 17 (h])]l—h

1, (aj)/’il:: f'ﬁ;(dj)].D:l :1
=sin7y F®

4

y sin’ 1y, z, zsin?

2:(e)yi—i—

ycos? 0, zcos?§ | do

1
8Ny 1

Y,z ycos*y | +

%/ (bj)]B:ﬁ: ——1, (ej)f:ﬁ*;(hj)]’]il;* ;

G

z sin-y cos?y lél(ai) IT(gi)

i= i=1
_|_

(4.9)

(4.10)

(4.11)
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2, (1+aj)]‘i1::—; (1+gj)jG:1 ;%:(dj)j'il; 1;1 ;
x FG) ycosz'y, z,zcos2'y

5 B . . NH .o s \E . . .
S (4b)B ;2 (L+h)H i 2:(e)E 5 ——

provided that each of the series as well as associated integrals involved are convergent.

5 Solutions of Ramanujan’s incomplete elliptic integrals

Setting A = 1, B = 0and a; = J in (4.1) and (4.2) respectively, we get

N[
~

N[
~

_ ysinycosy

v de
F(\/y/’Y):/ —— = 72h y 1
0 /(1 —ysin?9) . ‘

2:1;2 .
x Fy0i y,ysin®y iyl <1
. .3 .
22:5 %
which is the exact solution of incomplete elliptic integral of first kind.
b}
v de ysinvy cosy
— — y,F + X
/0 (1 —ycos?0) T2 Y 4
1
3 3.1.
3,3:1;1,1 ;
2:1;2
* Eyoi yycos’y | slyl <1
. .3
2/ 2 ~— 7 7
Putting v = 7 in (5.1) and (5.2), we get
11
272 7

B

de T
= 52h y

2 de
K(\/?)—/O \/ (1 —ysin? ) _/0 (1-ycos?0) 2 .

which is well-known complete elliptic integral of first kind.

Putting A =1,B=0and ny = —% in (4.1)and (4.2)respectively, we get

NI—=
~
Nl —
~

slyl <1

’)/ .
Evo, ) =/ (1—ysin®0)df = 72F, y |+ LTS,
0

385

(4.12)

(5.2)

(5.3)
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2:1;2 .
X Fyon y,ysiny syl <1 (54)
2,2:—; % ;

which is the exact solution of incomplete elliptic integral of second kind.

v sin y cos
/O\/(l—ycoszﬂ)d(?:q/zl-"l y —%x

NI—
~

NI—=
~

2:1;2
X F2:O;1 y,ycosz 0% ,‘y| <1 (55)
2,2:; % ;

Setting v = 7 in (5.4) and (5.5), we get

E(\/y):/07\/(1fysin26)d6:/07\/(1fyc0520)d6:ngl v | <1 (58)

which is well-known complete elliptic integral of second kind.

NI—=
~

NI—=
~

Putting A=1,B=0, a; = %, y=PBandy = xZin (4.3), we get

13 .
44 7
P de ) 3x2 sin B cos B
~F2h S s T
0 /(1 —x2sin*0) .
57
2, 2:1;1,1 ;
2:1:2 aa x2 Sil’l3 ‘B COS‘B
X Fz{o;'l x2, x2 sinz[ﬂ — TX
. .3 .
212 7 7 7
3:1,1], (5:1,1], [2:1,2]: [1:1]; [1:1]
X F;::&;;(} x? sin? B, x? sin* B x| <1 (5.7)

2:1,1], [2:1,1), [3:1,2] : —; —
which is the exact solution of unsolved-incomplete elliptic integral given in Ramanujan’s Entry 7(iv).

Setting A=B=E=H=0,D=G=1,di =g =1, 7v=8, y=a, z=Dbin (45), we get

NI—

NI—
Ne

N—=
~

B
= BFio0 ab | —
/0 \/(1—asin26)(1—bsin29) ,

3. 3:1;1,1
bsinB cosB o120
——1  hoi b, bsin®p | —

3
2,2:— 5 ;
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3 1
5 — 1;5:1,1
2 ’712 7 2’ 4 14
asinf cosp ) .2
—flf a,b,asin“g | —
..... 3

2 —rr 7 2 4

5. .3 3

gu—5,;2:1,5;151

ab sin® B cos B 3) prammrE
-——F>r I F asin® B, b, bsin? B smax{|al, [b|} <1 (5.8)

16
3:-2;3:2,——
which is the exact solution of unsolved-incomplete elliptic integral given in Ramanujan’s Entry 7(iii). Here

Fllfgf& [ - ] is Appell’s function of first kind, in the notation of Srivastava and Panda.

SettingA=B=E=H=0,D=G=1,d; =1, gl:%,'y:(p,y:a,z:bzin(4.5),weget

2l
(P de 1.1-1
T b, ¢) = / = g7 a b |-
0 (1-asin®6),/(1—b2sin0) .
3.3:1;1,1 ;
b2 sing cos¢ 5.1
I ¥ 1 b?, b sin*¢ | -
.
2,2:—;5 ;
3 L1
X (P (P 2 77— 1 72 /1/1 7
a sin¢ cos
itk dittich il ol ) 2 a2 _
5 a, b°, asin® ¢
. 3
2 —7 77— 173 7
) .3 %::f;%;Zzl;l;l ;
a b sin” ¢ cos
- +¢ F®) asin? ¢, b2, b2 sin? ¢ (5.9)

3:—;2;3 —i—— ;

where  max{|a|, |b|} <1

which is the exact solution of incomplete elliptic integral of third kind.

In (5.9), putting ¢ = 7 we get the exact solution of complete elliptic integral of third kind.

T 7 de T 1.1
H(a, b, E) :/0 a 20— o2 0) = EFl [E;l' 5;1;51,172] ;max{|a|, |b|} <1 (5.10)
—asin — b?sin

where F; [%;1, %;1;11, b?] is Appell’s function of first kind[34,p.53(1.6.4)].

These solutions are not found in Ramanujan’s notebooks[29-31], Five notebooks of B. C. Berndt [6-10],

Three volumes of R. P. Agarwal [2-4] and other literature [5; 17; 18; 20; 22(pp.100-106); 24; 25; 26; 28; 32; 35] on

special functions.
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Setting A=1, B=0, a1 =1, y =&, y = —x, c = 2in (4.8), we get

13 .
44 7
& de x sin(2a)
———= =02k x? | = X%
0 +/(1+xcos 20) 4
1, ;
3 5.9.1
Zri-llj 7
XFZZ(}(} x?, ¥ cos? (2x) | +
3 3.
2r 3 r— s

3x“sin(4a
+ % Eoi 22, x2cos? (20) | slx| <1 (5.11)

. .3 .
2,2:5 3

Further on using (5.2) in above integral, we get an elegant formula in the following form:

O3 [ i - /%1 o))

11 3 3.1.
2/,2 1 ¢ sin 2 27 2'1’1’1 4
sin 1
. 25 |t apo1 o 2x, 2xcoa (5.12)
1 ; 2,223
which is the exact solution of Ramanujan’s unsolved-incomplete elliptic integral given in Entry 7(iv).
6 Special cases
In(4.1),setA=2,B=1,a1=b,ap=1-b,b; = % and v = %,we obtain
. . b,1-b ;
2 cos{(2b—1)sin™ in 6
/ {@b = Dsin_ (Vysinf)) 4 = 2F y (6.1)
0 (1 —ysin?0)
1 ;
which is the known result of Ramanujan [8, p.88(Entry 1)].
In(41),putA=2,B=1,a; = %,az = %,bl = % and v = %, we obtain
12 . 12 .
e 373 7 373 7
2 U
/0 2F ysin?@ | df = 52k y (6.2)
i 1

which is a known result of B.C.Berndt[10, p.133].
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In (5.7), set B = Z and x? = y, we have

i
R
H= QG

7 de T
—2521:1 y
0 /(1 —ysin*0) .

which is another known result of B.C.Berndt[8, p.110].
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