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Abstract

In this investigation, we prove the existence uniqueness and continuous dependence results of mild so-
lution for nonlocal fractional differential equations with state dependent delay subject to not instantaneous
impulse. We illustrate the existence result by an example involving partial derivatives.
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1 Introduction

The generalization of the theory of ordinary differential equation is a differential equation with an arbitrary
non integer order. Fractional differential equations are widely used in modeling of several fields such as
Science, Physics, Engineering and Economy due to this reason differential equations with fractional order
have received increasing attentions in recent years, see [1, 2, 3, 4} [5 |6 [7]. Fractional equations with delay
properties arise in serval fields such as biological and physical with state dependent delay or non constant
delay. Presently, existence results of mild solutions for such problems became very attractive and several
researchers are working on it. Many number of papers have been written on the fractional order problems
with state dependent delay [13} 14} 17, 18} 22} [25 27] and references therein.

Impulsive differential equations with fractional order have gained much attention, since it is much richer in
terms of its applications. Impulsive effect exist widely in many phenomena in which their states are changed
abruptly at certain time of moments. Recently, the results of existence and uniqueness of impulsive evolution
equations in infinite dimensional spaces have been investigated by several authors [8, 9, [10, [11), [12} 15} [19] 20|
21},123] 124 26}, 29].

Araya et al. [6] study the following problem:

fu(t) = Au(t) +t"f(t,u(t),u'(t)), te RneZ,1<a<2,

and introduce the concept of a-resolvent families and then proved the existence and uniqueness results of
almost automorphism mild solution. Mophou et al. [7] established the existence and uniqueness of mild
solution of the following Cauchy problem

fx(t) = Ax(t) + t"f(t,x(t),Bx(t)), t € [0,T],n € Z4, x(0) = x9 + g(x).

Recently, Hernndez et al. [9] have introduced a new class of abstract impulsive differential equations for
which the impulses are not instantaneous

u'(t) = Au(t) + f(t,u(t)), t € (si,tiyq), i=0,1,---,N, (1.1)
u(t) = gi(t,u(t)), t e (t;,s],i=1,2,---,N, u(0) = xo, (1.2)
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and established the existence and uniqueness results of mild and classical solutions by using classical fixed
point theorems. In the model equation (L1.1)-(1.2), the impulses start abruptly at the points t; and their ac-
tion continue on a finite time interval [f;,s;]. As pointed in [9], there are many different motivations for the
study of this type of problem. For example as in [9], we note the following simplified situation concerning the
hemodynamical equilibrium of a person. In the case of a decompensation (for example, high or low levels of
glucose) one can prescribe some intravenous drugs (insulin). Since the introduction of the drugs in the blood-
stream and the consequent absorbtion for the body are gradual and continuous processes, we can interpret
this situation as an impulsive action which starts abruptly and stays active on a finite time interval.

Further, Pierri et al. [10] have extended the results of [9] by using the theory of analytic semigroup and
fractional power of closed operators and established the existence results of solutions for a class of semi-linear
abstract impulsive differential equations with not instantaneous impulses. Further, Wang et al. [12] study the
problem (1.1)-(1.2) for the cases if « € (0,1] and « = 1 with A = 0 and with periodic boundary condition
u(0) = u(T).

Kumar et al. [11] have studied the the following fractional order problem with not instantaneous impulse

CDPu(t) + Au(t) = f(t,u(t), g(u(t))), t € (si,tisa], i=0,1,--- N, (1.3)
u(t) =gi(t,u(t)), t € (t,si, i=12,---,N, u(0) =up € H, (1.4)

by using the Banach fixed point theorem with condensing map established the existence and uniqueness
results.

Motivated by the above mention works [6} [7, 8, 9], we consider the following fractional differential equa-
tion with not instantaneous impulses of the form

Dfu(t) = Au(t) + " f(t, up(tu,)) + fot q(t —s)h(s, up(su,))ds, t € (si,tiv1], i=0,1,--- N, (1.5)
u(t) +1(u) = ¢(t), t € (—o0,0], (1.6)
u(t) =gi(t,y(t)), t € (tys], i=12,---,N, (1.7)

where D{ is Caputo’s fractional derivative of order « € (0,1],n € Z* and | = [0, T] is operational interval.
Themap A : D(A) C X — X is the a closed linear sectorial type operator defined on a Banach space (X, || - ||).
Here f,h: [ x%B, — X,q: ] — X,and p : ] x Bj, — (—oo, T] are appropriate functions and satisfied some
axioms. The functions g; € C((#;,s;] x X; X) foralli =1,2,---, N, is stand for impulsive conditions and 0 =
fp=1s50 <t; <s51<tp <--- <ty <sy <tny1 =T, are pre-fixed numbers. The nonlocal condition/ : X — X,
defined as I(u) = Y} _ cxu(ty), where ¢,k =1,---,r, are given constantsand 0 < t; < t, < --- < t, < T. The
history function u; : (—o0,0] — X is element of B, and defined by u;(0) = u(t +0), 8 € (—oo,0] respectively.
The nonlocal condition [28], 1£(0) + I(u) to describe, for instance, the diffusion phenomenon of a small amount
of gas in a transparent tube can give better result than using the usual local condition #(0) = uy. The Problem
(1.5)-(1.7) appears in mathematical models of viscoelasticity and other fields of science which gives the better
result using nonlocal condition.

Equation (1.5) is very important due to its appearance in mathematical modeling of viscoelasticity and
other fields of science and engineering. This fact motivate us to study the existence results of the equation
(L.5) with not instantaneous impulses and nonlocal condition. To the best of our knowledge the existence
results for the considered problem (I.5)-(1.7) in the present paper are new. This paper has four sections,
in which second section provides some basic definitions, theorems, notations and lemma. Third section is
equipped with existence results of the mild solution of the considered problem and fourth section contained
an example to verify the results.

2 Preliminaries and Definitions

Let (X, | - [Ix) be a complex Banach space of functions with the norm |[u x = sup,;{[u(t)| : u € X} and
L(X) denotes the Banach space of bounded linear operators from X into X equipped with its natural topology.
Due to infinite delay, we use abstract phase space B}, as defined in [15] details are as follow:

Assume that /i : (—o0,0] — (0, 00) is a continuous functions with | = f_ooo h(s)ds < oo,t € (—o0,0]. For any
a > 0, we define

B = {¢: [—a,0] — X such that ¢(¢) is bounded and measurable},
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equipped the space B with the norm [[¢[|_, 0] = SUP.c(_q0] lw(s)||x,V ¢ € B. Let us define
0
By, = {p: (~o0,0] - X, st forany a > ¢ >0, o€ B & / h(s) [l ds < oo}.
If B}, is endowed with the norm |[¢||s, = f?m h(s)l[¥llis0ds, ¥ ¢ € By, then it is clear that (By, || - [[s,) isa
complete Banach space. We consider the space
%;l :=PC((—00,T]; X), T < o0,

be a Banach space of all such functions u : (—co, T] — X, which are continuous every where except for a finite
number of points ¢;, i = 1,2,..., N, at which u(ti*) and u(t; ) exists and endowed with the norm

[ull g = sup{llu(s)llx : s € [0, T]} + [l u € B),

where || - ||,/ to be a semi-norm in ‘B;.
h

For a function u € B and i € {0, 1, .., N}, we introduce the function i1; € C([t;, t;;1]; X) given by

- . u(t), for t e (ti/ti+1]/
wi(t) = { u(t"), for t =t;.

Ifu: (-0, T] — X s.t. u € By, then for all t € ], the following conditions hold:
(C1) ur € By,
(C2) [[u(®)llx < Hllut]| s,

(G3) [lutllm, < K(t)sup{l[u(s)l|x : 0 < s < t} + M(t)|/¢|lss,, where H > 0 is constant; K, M : [0,00) —
[0,00), K(-) is continuous, M(-) is locally bounded and K, M are independent of u(f).

(Cy 4)) The function t— ¢; is well defined and continuous from the set
R(p™) = {p(s,9) : (s,9) € [0, T| x By}

into B, and there exists a continuous and bounded function % : R(p~) — (0,00) such that ||¢¢[|es, <
J2 (1), for every t € R(p™).

Lemma 2.1. ([14])Let u : (—oo, T| — X be function such that ug = ¢, u ;€ C(Jx, X) and if (Cy,,) hold, then
luslls, < (Mp+J9)19lls, + Ky sup{[[u(6)|x; 6 € [0,max{0,s}]}, s € R(p™) U],

where J¢ = SUPtep(p-) JO(t), My = sup,c () M(s) and Ky = supyc( 1 K(5)-

Example 2.1. [27] Let g : (—00,0) — IR be a positive Lebesgue integrable function and assume that there exists a non-
negative and locally bounded function <y on (—oo,0] such that g(,0) < v(§)g(0) forall § < 0and 6 € (—c0,0) \ Ng
where Ny C (—00,0) is a set with Lebesgue measure zero. The space By, = Co x L(g; X) consists of all classes of
functions ¢ : (—oo,0] — X such that ¢ is continuous at zero, Lebesque measurable and g||¢|| is Lebesgue integrable on
(—00,0). The seminorm in Cy x L(g; X) is defined by

0
ol = [_s@lp©)do.

It is clear that Cy x L(g; X) is complete Banach space.

Definition 2.1 ([5]). Caputo’s derivative of order « > 0 with lower limit 4, for a function f : [0,00) — R such
that f € C"(R4, X) is defined as

t
DI = oy | (4= s = 0 )

(n—uw

where a > 0, n € N. The Laplace transform of the Caputo derivative of order « > 0 is given as

L{gD¥f(t); A} = A%F(A) — nil/\“‘k‘lfk(O); n—1<a<n.
k=0



G.R. Gautam et al. / Fractional functional differential equations 431

Definition 2.2 ([5]). The Riemann-Liouville fractional integral operator of order & > 0 with lower limit a, for
a function f € L} (R, X) is defined by

loc

ot
JOF() = F(1), aff‘f(t):ﬁ / (t—s)* 1 f(s)ds, a>0,t>0,

wherea > 0, n € N and I'(-) is the Euler gamma function.
Definition 2.3. A two parameter function of the Mittag-Lefller type is defined by the series expansion
k 1 ‘ua —Bek

Y
E = ——=— [ ———du,a, >0, y€C,
“’ﬁ(y) kzo [(ak+B) 2m ). u*—y Y

where ¢ is a contour which starts and ends at —co and encircles the disc |u| < |y|% counter clockwise. The
Laplace integral of this function given by
o) B B Aa—ﬁ 1
/0 e MP 1E“,ﬁ(wt“)dt = ReA > we, w > 0.
For more details on the above definition one can see the monographs of I. Podlubny [5].

Definition 2.4. ([16]) A closed and linear operator A is said to be sectorial if there are constants w € R, 8 €
(5, 7], M > 0, such that the following two conditions are satisfied:

ey Low ={A€C:A#w, larg(A —w)| <0} Cp(A),
2) [R(A, A)llLx) < erl A€ Yiow)
where X is the complex Banach space with norm denoted ||| (x)-

Definition 2.5. ([6]l) Let A be a closed and linear operator with domain D(A) defined on a Banach space X. Let
p(A) be the resolvent set of A, we call A is the generator of an a-resolvent family if there exists w > 0 and a
strongly continuous function T, : R™ — L(X) such that {A* : ReA > w} C p(A) and

(A% — A lx = / e*)‘tT,X(t)xdt, ReA > w, x € X.
0

In this case, T, (t) is called a-resolvent family generated by A.

Definition 2.6. ([13]) Let A be a closed and linear operator with domain D(A) defined on a Banach space X
and & > 0. We say that A is the generator of a solution operator if there exists w > 0 and a strongly continuous
function S, : R* — L(X) such that {A* : ReA > w} C p(A) and

AT AT — Al = / e MS, (Hudt, ReA > w, u € X.
0

In this case, Sq(t) is called the solution operator generated by A.
Lemma 2.2. Consider the following Cauchy problem of order 0 < a <1
Diu(t) = Au(t)+f(t), te]=1[a,T], a>0, u(a) = u, (2.8)

then a function u(t) € C([a, T],R) is called the solution of the equation if f satisfies the uniform Holder
condition with exponent B € (0,1] and A is a sectorial operator and also satisfy the following integral equation

u(t) = Syt —a)uy + /t Tu(t =) f(s)ds, (2.9)

where S, (), Ty (t) are analytic solution operator and a-resolvent family generated by A and defined as

1
Su(t) = %/rem)\“*l()\“l—A)*ldA,

To(t) = %/re“(/\“l—/l)*ld)\,

where I is a suitable path lying on Y-y , .



432 G.R. Gautam et al. / Fractional functional differential equations

Proof. Lett = w + a, then the problem translated into the form
oD ii(w) = Afi(w) + f(w), #(0) = uo.

Now, applying the Laplace transform, we have

A*L{i(w)} = A*1a(0) = AL{i(w)} + L{f(w)}
L{a(w)}[A* — Al = A*1a(0) + L{f(w)}. (2.10)

Since (A*I — A)~! exists, that is A* € p(A), from (2.10), we obtain
L{a(w)} = A* Y (A*T — A)~ 1 (0) + (A*T — A)"L{f(w)}.
Therefore, by taking the inverse Laplace transformation, we have
w ~
ii(w) = Eyq (Aw®)ii(0) +/ Epo(A(w —7)%) f(T)dT. (2.11)
0

Putting w = t — 4, in equation (2.11)) then we obtain

u(t) = Eg1(A(t—a)*)ug + /Ota(t —a—1)" E (At —a— 7)Y f(T)dT.
This is the same as
u(t) = Ey1 (At —a)*)up + /t(t — s)”‘*lEa,,X(A(t —$)")f(s)ds. (2.12)

Let Sy (t) = Eq1(At*), and Ty (t) = t*~1E, 4 (At%), then equation (2.12) we have

t
u(t) = Sp(t —a)ug + / To(t —s)f(s)ds.
a
This completes the proof of the lemma. O

Now, we state the definition of mild solution based on definition 2.1 in [9].

Definition 2.7. A function u : (—oo, T] — X such that u € B is called a mild solution of the problem —
if u(0) = ¢(0), u(t) = gj(t,u(t)) for t € (t;,s;] and each] =1,2,---, N, satisfies the following integral
equation

Sa(t)(9(0) — +f5 Ta (t = 5)s" F (s, hp(s,0,) ) S

+ o Tt — fo h(g, up(gug))dgds for all t€[0,t],
u(t) = Sa(t—si)gi(s;,u( +f To(t —8)s" f (5, Up(s,u,))dS

+f] Ta(t - fo (&, Up(5,u))d5ds, forall t € [s;,t11],

foreveryi=1,2,---,N.It can be verified easily from the lemma (2.2).

3 Existence and Uniqueness Result

In this section, we prove the existence results of mild solutions for the impulsive system (1.5] . If
A € A*(6p,wp), then S,(t) < Me“! and T,(t) < Ce“’t(l + 1), Let Mg := supg<s< [|Salt )||L (X)7 MT =
SUPg<jeT Ce“!(1+t17%). So we have [Sa(B)IL(x) < Mg, ||Tu(t) ) <t M.

To prove our results we shall assume the function p : [0, T] x ‘,Bh — (=00, T] is continuous and ¢ € By,.
Ify € B, we defined 7 : (—co, T) — X as the extension of y to (—oo, T] such that y(t) = ¢. We defined ¥ :
(=00, T) — X suchthaty = y + x where x : (—oo, T) — X is the extension of ¢ € B, such that x(t) = S, (+)$(0)
for t € J. In the sequel we introduce the following axioms:
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(Hp) There exists positive constants L s Ly, Lg,, L; such that

1t @) = f(E9)Ix < Lello = ¢llas,, 1t @) —h(t,P)lx < Lullg = ¢llm,,
8i (1) = &i(t,v)||x < Lg[lu —vllx, [|1(u) = 1(0)|x < Lillu -2,

te JuveX, ¢, € Byandeachi=1,2,---,N.
Theorem 3.1. Let the assumption (Hp) hold and the constant

I'(a)n!

T" —
— T TYMILAK —M LK, <1,
Fa+n+1) ThfRe Tq trio <

A=c"+

where ¢* = max{]\A/Ingl., MsL;} and fori = 1,2,-- -, N. Then there exists a unique mild solution u(t) on J for
the system (L.5)-(L.7).

Proof. Let ¢ : (—oo, T) — X be the extension of ¢ to (—oo, T] such that ¢(t) = ¢(0) on J. Consider the space
B = {y € B : y(0) = ¢(0)} and y(t) = ¢(t),for t € (—o0,0] endowed with the uniform convergence
topology. Let us consider a operator P : B} — 9B defined as Pu(0) = ¢(0), Pu(t) = g;(t,(t)) for t € (t;,s;]
and

Sa(t)(¢(0) — (ﬂ)+foTa t—s)s" (s, fp(s,a,))d8

Pl — + fo Ta(t—5) [5 q(s — h(Z, ty(5,a))d5ds, forall t € [0,t],
u(t) = Su(t —s; )81(51, 1(s;) +f To(t —8)s" f (s, (s 2,))ds
+f5i Tu(t —s) J5 4( h(§, i p(&, i) ))dgds, forall t € [s; ti1],

where 7 : (—oo, T| — X issuch that#(0) = ¢ and i = u on J. It is obvious that P is well defined. We will show
that the operator P : B} — 9B/ has a fixed point. So let u(t), u*(t) € B and t € [0,¢], we get

t
1Pu(t) ~ PurO)llx < [1Sa()lie 1)) — 1) + /0 1Tt =)L)
t
xS F (5, Bpom)) — F(5, e )| tS + /0 1Tt = )l

(s = IHE Bpg)) = 15 g ) x5

I'(a)n!
IF'a+n+1)

IN

MsLyllu—u*|l gy + T MrLgKy | — || s
T —
- Mrq" LKy |u — 7|y

For t € [s;, t;i11], we have

[Pu(t) —u*(O)lx < ISt = si)llLixlIgi(si @(si) — gilsi, u*(si)) | x
/ ITo(t = 9)llx)s" 1 (8 fp(s,m)) — &i(sir ¥ (5i) || xls
T =S, 06~ DN, Bpsag) ~ G ) el
* F(DC) +
< MSLg;H“_u H%;{"‘mrx "MTLbeHu—u H%//

T —
= Mrq LKy [|u — ||y
Fort € (tj,sj], we get ||Pu(t) —u*(t)| x < Lg;|lu —u” ”‘BZ’ j=1,2,---,N, gathering above results, we obtain
[Pu(t) —u™()[x < Allu—u™|lgr-

Since A < 1, which implies that P is a contraction map and there exists a unique fixed point which is the mild
solution of problem (1.5)-(1.7). This completes the proof of the theorem. O
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4 Continuous Dependence of Mild Solutions

Theorem 4.2. Suppose that the assumptions (Hy) are satisfied and the following inequalities hold:
M;sLg, + C'Kp < 1.

Then for each ¢, ¢*, let u, u* be the corresponding mild solutions of the system (I.5)-(T.7), then the following inequalities
hold:

Ms +C'(M, +J9)
1— [MsL; + C'K,]
C'(My+]?)
1— [MsLg, + C'Ky)]

IN

lp—¢"ll,t € [0, 1],

[l —u™[|x

A

lu —u*l|x

< ¢ — ™[I, t € [sitia],
fori=1,2,---,N.

Proof. Estimating for t € [0, 1], we have

= wllx < ISa(®)lliio (19(0) — ¢* (O, + 1) — 1()]lx)
t
Tt =)L (5 ) = (5 T )

t s
+ [Tty [ a6 = DINE Tpgag) = h(E T ) xS

— N . I'(a)n! N
< — _ N\
< Ms(l¢ =" +Liflu—u ||X)+(F(Dc+n+l)T MrLyg
TDCN * * *
F Mg L) x (My + Tl — 9° s, + Kyl — 1),
i Mg + C'(M, + J* .
-y < MsECMHTN, 0 oo
1-— [MsLl + CIKb]
where
D@ ., i
C 71,( +Tl+1)T MTLf+ MTq Ly,. (4.13)
Similar way, when t € [s;, t; 1], we have
lu—ulx < 1Sult —s)luexllgi(si () — gilss i (50) I
/ 1Tt = )8 (5, fp(ein) — i(53r 1 (51)) |1
/nnt—suL /qsf VI, (e ) — (&, (g0 1 xEd
* ]‘-‘(a)n lX+1’l
< . — N\t
TIXN * * *
F LN L) % (Mg + ) — 9, + Koll — 7],
i C' (M, +]? .
-y < Mo +7%) 15— 71,

1— [MsLg, + C'Ky)

where C’ is given in equation (4.13). This completes the proof of the theorem. O
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5 Example

Consider the following nonlocal impulsive fractional partial differential equation:

o 9 Eort (s — ,
Gy = sutyg [ eentemntall,
§ _
+/Otsin(t ) /700 20-5 Ul 01(1/2);2(||u||)’x)dvds,
(ty) € U [si, ti1] x [0, 7], (5.14)
u(t,0) = ( ) =0, t>0, (5.15)
u(t,x) + chu Sk, X) = ¢(t,x),t € (—00,0],x € [0, 1], (5.16)
u(t,x) = Gi(t,u(t,x)), x €0, 7], t € (t,5i], (5.17)

where % is Caputo’s fractional derivative of order a € (0,1],0 =ty =59 <t} <51 < - - <ty < sy < N1 =
1 are fixed real numbers, ¢ € B, and r is a positive integer, 0 < tg < t1,---,< t, < 1.Let X = L?[0, 7] and
define the operator A : D(A) C X — X by Aw = w” with the domain D(A) := {w € X : w,w’ are absolutely
continuous, w” € X, w(0) =0 = w(m)}. Then

Aw =) n?(w, wy)wy, w € D(A),

n=1

where wy, (x) = \/g sin(nx), n € IN is the orthogonal set of eigenvectors of A. It is well known that A is the
infinitesimal generator of an analytic semigroup (T(t));>0 in X and is given by

T(Hw = 2 e_”zt(w, wy)wy, forall w € X, and every t > 0.

The subordination principle of solution operator implies that A is the infinitesimal generator of a solution
operator {Sq(t) }1>0, s-t. [|Sa() || (x) < Ms for t € [0,1].

Let h(s) = e*, s < Othen! = f?wh(s)ds = % < oo, for t € (—o0,0] and define

I3, = / h(s) sup [[9(6)]2ds.

0e(s,0]

Hence for (t,¢) € [0,1] x B, where ¢(0)(x) = ¢(0,x), (0,x) € (—o0,0] x [0, 7T].
)

Set (1) (x) = u(t,x), and p(t,9) = p1 (Nea(I9(O)]), we have
0
s =5 [ 20 L gt = [ me%%ds,
gi(t,u)(x) = Gi(t,u(t, x) chu (S, x

then with these settings the equations (5.14] can be written in the abstract form of equations (1.5)-
(L7). We assume that p; : [0,00) — [0, oo) i = 1 2, are continuous functions. Now, we can see that for
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(t, ), (t, ) € ] x By, we have

1f(t9) = £t )2

1 2s) P 10 e 2 7
-\ {'9/5”16“‘9/5”16‘“”} dy]
. m 0 2 12
LSt el
T o s 71/2
/0 {114 / _sup ||¢—¢||ds} dy]

\/E
< Yol = s,

IN

IA

Similarly, [(t,9) ~ h(t, )z < Y19~ Yl

,
11G) = 1(@) 12 < Y exllu —oll 2,

=1
lgi(t,u) — gi(t, 0|2 < Lg,llu — o]l 2-

Hence all the function f, g;, i and I satisfy assumptions of (Hj ). We deduced that the system (5.14)-(5.17) has
a unique mild solution on [0, 1].
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