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On strong domination nhumber of corona related
graphs
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Abstract

Let G= (V(G),E(G)) be a graph and uv € E(G) be an edge. A vertex u strongly dominates v if dg(u) > dg(v). A
set S C V(G) is a strong dominating set (sd — set) if every vertex v € V(G) — S is strongly dominated by some u in S.
The minimum cardinality of a strong dominating set is called the strong domination number of G which is denoted
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1. Introduction

We consider simple, finite, connected and undirected
graph G with vertex set V(G) and edge set E(G). For all stan-
dard terminology and notations we follow West [20] while the
terms related to the theory of domination in graphs are used
in the sense of Haynes et al. [7].

Definition 1.1. A set S C V(G) is called a dominating set
if every vertex v € V(G) is either an element of S or is ad-
Jjacent to an element of S. A dominating set S is a minimal
dominating set if no proper subset S cSisa dominating set.
The domination number y(G) of a graph G is the minimum
cardinality of a minimal dominating set in graph G.

We denote the degree of a vertex v in a graph G by dg(v)
while the maximum and minimum degree of the graph G are
denoted by A(G) and 6(G) respectively.

Definition 1.2. If uv is an edge of G then, u strongly domi-
nates v ifdg(u) > dg(v). A set S CV(G) is a strong dominating

set (sd — set) if every vertex v € V(G) — S is strongly domi-
nated by some u in S. The minimum cardinality of a strong
dominating set is called the strong domination number of G
and it is denoted by Yy (G). Analogously, one can define a
weak dominating set (wd — set ).

The concept of strong (weak) domination was introduced
by Sampathkumar and Pushpa Latha [13]. Some bounds on
¥+ (G) were investigated by Rautenbach [10, 11]. Also some
bounds on strong and weak domination numbers were investi-
gated by Sampathkumar and Pushpa Latha [13] while Bhat et
al. [1] have improved these bounds and reported the graphs
achieving such bounds. Rautenbach and Zverovich [12] have
studied results on the NP-complete problems of strong dom-
inating set and weak dominating set. Gani and Ahamed [4]
have introduced the concept of strong and weak domination in
fuzzy graphs and provided some examples to explain various
notions. Vaidya and Karkar [16, 17] have investigated the
strong domination number of some path related graphs and
independent strong domination number of the graphs obtained
by switching of a vertex in P,. The strong domination in m-
splitting graph of P,, C, and K,,, ,, is discussed by Vaidya and
Mehta [18] while the same authors in [19] have investigated
the strong domination number for the generalized Petersen
graph. The relation between the strong domination and weak
domination number is given by Boutrig and Chellali [2] while
Meena et al. [9] have compared strong efficient domination
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number with strong domination number. The relation between
strong domination and maximum degree of the graph as well
as weak domination and minimum degree of the graph were
revealed by Swaminathan and Thangaraju [15]. To obtain
strong domination number of larger graph (super graph) ob-
tained from the given graph is challenging and interesting as
well. We have studied such problem in the context of corona
of two graphs, edge corona of two graphs and neighbourhood
corona of two graphs.

2. Main Results

The concept of corona of two graphs was introduced by
Frucht and Harary [3].

Definition 2.1. Let G and H be two graphs on n and m ver-
tices, respectively. The corona of the graphs G and H denoted
by GoH and is defined as the graph obtained by taking one
copy of G and n copies of H, and then joining the i'* vertex of
G to every vertex in the i'" copy of H.

Proposition 2.2. [5] Let G be a connected graph of order n
and let H be any graph of order m. Then, y(GoH) = n.

We prove the following result.

Theorem 2.3. Let G be a connected graph of order n and let
H be any simple graph of order m. Then, Yy (GoH) = n.

Proof. LetV(G) = {vi,v2,...vp} and V(H) = {uy,u2, ...
Un}. In Go H, denote the i"" copy of H by H; and the ver-
tices of H; by u},ub,...ul, for 1 <i<n, thatis, V(H;) =
{u',ub,...ui,}. By the definition of the corona graph, dgop (v;)
> dGoH(u’j), 1 <i<nand1 < j<m. Therefore, every ver-
tex v; strongly dominates all the vertices of H; as well as
the vertices of G which are adjacent to v; and having degree
greater than or equal to that of vertex v;. We also observe that
any vertex v; can not strongly dominate any vertex of H; for
i # j. Therefore, it is enough to include n vertices, namely
vi,V2,...V, in any strong dominating set S. Hence, S becomes
the strong dominating set of minimum cardinality implying
that ¥4 (GoH) =n.

Ilustration 2.4. In Figure 1, S = {v;,v2,v3,v4,vs} is strong
dominating set of the graph Cs o P; and ¥, (Cs o P,) = 5. The
strong dominating set is shown with solid vertices.

Figure 1. C5 OP2
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Mlustration 2.5. In Figure 2, S = {v|,v2,v3,v4} is a strong
dominating set of the graph Py o K; and ¥y (PsoK;) = 4. The
strong dominating set is shown with solid vertices.

Figure 2. Pyo K]

Definition 2.6. Duplication of a vertex vi by a new edge
e =V, in a graph G produces a new graph G such that
N(v) = {vi,v{} and N(v}}) = {vi, v, }.

Corollary 2.7. Let G be a graph with n vertices and G’ be the
graph obtained by duplication of every vertex of a connected
graph G by an edge. Then, ¥4 (G') = n.

Proof. In GoH let G be any connected graph and H = P,
then G’ = Go H. Therefore, by Theorem 2.3 ¥, (G') = (G o
H)=n.

The concept of edge corona of two graphs was introduced
by Hou and Shiu [8] and defined as follows.

Definition 2.8. Ler G and H be two graphs on n and m ver-
tices, k and | edges, respectively. The edge corona GOH of G
and H is defined as the graph obtained by taking one copy of
G and k copies of H, and then joining two end vertices of the
i-th edge of G to every vertex in the i-th copy of H.

Theorem 2.9. v, (P,0H) = SJ where H is any simple
graph.

Proof. Let V(Pn) = {V] S V2, V”}, E(Pn) = {81 ,€2, ...
en_1} and V(H) = {uy,uy,...u,}. In P,oH, denote the i
copy of H by H; and the vertices of H; by u',u},...u!, for 1 <
i<n-—1,thatis, V(H;) = {u} ,ub,...ui,}. By the definition of
the edge corona graph, dp, ¢ (vi) > danH(ua), 1<i<n-—1
and 1 < j<m.

Therefore, the vertex v; of P, strongly dominates all ver-
tices of H; | and H; as well as the vertices of G which are
adjacent to v; and having degree greater than or equal to that of
vertex v; for 2 < i < n— 1. The vertex v; strongly dominates
vertices of H; and v, only while the vertex v,, strongly dom-
inates vertices of H,_ and v,_; only. If P, is a path of odd
order then the vertices v,v4, Vg, Vs ...v,—1 strongly dominate

all the vertices of the graph P,>H. In other words total FJ

vertices are necessary to strongly dominate all the vertices of
P,OH.

If P, is a path of even order then the vertices vo,v4,vg, Vg . . .
Vp—1 OF V2,V4,Vg,Vs ...V, strongly dominate all the vertices

n .
of P,OH. In other words total — vertices are necessary to

strongly dominate all the vertices of P,{H. Therefore, SJ
vertices are enough to strongly dominate all the vertices of

P,{H for any n. Hence, vy (B,OH) = gJ
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Mlustration 2.10. In Figure 3, S = {v,v3} is a strong domi-
nating set of PP and Yy (P4P>) = 2. The strong dominat-
ing set is shown with solid vertices.

Figure 3. ,OP,

Definition 2.11. Duplication of an edge e = uv by a new
vertex V' in a graph G produces a new graph G' by adding a
vertex V' such that N(v') = {u,v}.

Corollary 2.12. Let G be a graph obtained by duplication of
each edge of P, by a vertex then ¥y (G) = {gJ

Proof. Taking H = K; in P,0H, G = P,{H. Therefore,

by Theorem 2.9 ¥, (G) = SJ

Theorem 2.13. v, (C,0H) = [g—‘, where H is any simple
graph.

Proof. LetV(C,) ={vi,v2,... v}, E(C,) ={e1,e2,...€n}
and V(H) = {uy,uz,...uy}. In C,H, denote the i copy of
the graph H by H; and the vertices of H; by u},ub, ...u!, for
1 <i<n,thatis, V(H;) = {uil,ué, ...ul.}. By the definition
of the edge corona graph, dc,¢x (vi) > dc,on(u), 1 <i<n
and 1 < j < m. Therefore, the vertex v; from C, strongly dom-
inates all vertices of H;_; and H; for as well as the vertices
of G which are adjacent to v; and having degree greater than
or equal to that of vertex v; for 2 < i < n while the vertex v;
strongly dominates all vertices of H,, Hi, v, and v4. If C,
is a cycle of odd order then, vy,v3,vs,v7...v, strongly dom-

inate all the vertices of C,{>)H. In other words atleast [g—‘

vertices are necessary to strongly dominate all the vertices
of C,$H. If C, is a cycle of even order then the vertices
V2,V4,V6,V8 ...V, O V,V3,V5,V7...V,_1 strongly dominate all

the vertices of C,QH. In other words atleast 3 number of
vertices are necessary to strongly dominate all the vertices
of the graph C,$H. Therefore, [g—‘
enough to strongly dominate all the vertices of C,,{>H. Hence,

Y (CoOH) = [g—‘ .

number of vertices are

Nlustration 2.14. In Figure 4, S = {v»,v4} is a strong dom-
inating set of graph C4{P; and ¥, (C4{P,) = 2. The strong
dominating set is shown with solid vertices.
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Figure 4. C4OPs

Definition 2.15. The middle graph M(G) of a graph G is
the graph whose vertex set is V(G) UE(G) and in which two
vertices are adjacent whenever either they are adjacent edges
of G or one is a vertex of G and the other is an edge incident
with it.

n

Corollary 2.16. %, (M(C,)) = H

Proof. 1In graph, C,QH if we consider H = K then
C,OH =2 M(C,). Therefore, by Theorem 2.13, ¥, (M(Cy)) =

H

Theorem 2.17. Yy (K;,OH) = 1, where H is any simple
graph.

Proof. LetV (K ,) ={vo,vi,v2,...va}, E(K1n) = {e1, €2,
...ep}and V(H) = {uy,uy,...u,} where vy is the vertex of de-
gree nin K ,. In K ,H, denote the i"* copy of the graph H
by H; and the vertices of H; by u},u),...u!, for 1 <i<n, that
is, V(H;) = {u},uj,...u},}. By definition of the edge corona
graph d[(l‘nQH(Vi) > dKl’nQH(u;), 1 < i <n and 1 < ] < m.
The vertex vg strongly dominates all vertices of K; , H.
Therefore, S = {vo} is the strong dominating set of minimum

cardinality for K, ,H. Hence, ¥y (K1 ,OH) = 1.

Nlustration 2.18. In Figure 5, S = {wy} is a strong domi-
nating set of the graph K; ,$K; and ¥y (K ,OK;) = 1. The
strong dominating set is shown with solid vertices.

Figure 5. K ,0K

Definition 2.19. A friendship graph F, is a one point union
of n copies of cycle Cs.

Corollary 2.20. v, (F,) = 1.

Proof. Taking H = Kj in K, ,H, F, = K ,$Kj. There-
fore, by Theorem 2.17 ¥y (K1, OH) = Y (F) = 1.

The following concept was introduced by Gopalapillai [6]
recently.
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Definition 2.21. Let G and H be two graphs on n and m
vertices respectively. Then the neighborhood corona, Gy H
is the graph obtained by taking one copy of G and n copies of
H, and then joining each neighbor of i'"* vertex of G to every

vertex in the i'" copy of H.

In neighborhood corona G H if we consider H = K|
then Gy H becomes a splitting graph. The splitting graph is
introduced by Sampathkumar and Walikar [14].

Theorem 2.22. Forn > 4,

g if n =0 (mod4),
1
Y (PrkG) = ”; ifn=10r3 (mod4),
g+1 if n =2 (mod4).

Proof. LetV(B,) ={vi,va,...v,} and V(G) = {u1,ua,. ..
Un}. In P,% G, denote the vertices of i’ copy of the graph
G by ui,uy,...u, for 1 <i<n, and H; = {u},ub,...ul},
1 <i<n. Itis very clear that dp xG(vi) = (m+ 1)dp,(vi),
for 1 <i<nand dPn*G(Mi-) =dp,(vi)+dg(uj),for1 <i<n
and 1 < j <m. Hence, dp,%(vi) > dp,xc(u}).

Case: L. n =0 (mod4)

Let V(P& G) ={v1,va,v3,v4} U{vs,ve,v7,vg }U...U{v,_3,
Vn—2,Vn—1,vn t UH] UH, U. .. H, be the partition of V (P, % G).
As per the discussion about the degree of the vertices of graph
P,% G in beginning of proof, the vertices v; and v, strongly
dominate only m + 1 vertices while the vertices v,,v3,...v,_1
strongly dominate 2m + 3 vertices from P, % G. Therefore,
it is very clear that if we consider the vertex v, in a strong
dominating set S then the vertices v1,v;,v3 and all the vertices
of Hy and Hj are strongly dominated by it. Now, to strongly
dominate the vertices of H, the vertex v; or the vertex v3
must belong to S. But the vertex v3 strongly dominates more
vertices than the vertex v, Therefore, to form the strong
dominating set S of minimum cardinality the vertex v3 must
belong to S. Thus, the vertices v, and v3 strongly dominate all
the vertices of the sets {vi,v2,v3,v4}, Hi, Hz, H3 and Hy. We
can also observe that the vertices v and v; strongly dominate
all the vertices of the sets {vs,ve,v7,vs}, Hs, He, H; and
Hjg. Similarly, the vertices v,_ and v, strongly dominate
all the vertices of the sets {v,—3,Vy—2,Vn—1,Vn}, Hy—3, Hy—2,
H,_, and H,,. Therefore, v,,v3,vg,Vv7,...Vy_2,V,_1 vertices
strongly dominate all the vertices of P,% G. So, it is enough
to consider g vertices from V (P,) to strongly dominate all the
n

vertices of the graph P, % G. Hence, ¥y (P, % G) 5

Case: IL. n = 1 (mod4)
Let V(Pn*G) = {Vl ,V2,V3,V4} @] {V5,V6,V7,V8} U...uU {\/,,_47
Vn—3,Vn—2,Vp—1 } U{v, } UH, UH, U...H, be the partition of
V(P,%G). As per the discussion in beginning of the case(I),

number of vertices (v2,v3,vg,V7,...Vy—3,Vy—2) from

V(P,) can strongly dominate the vertices vi,va,vs,...vy_|
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and all the vertices of sets Hy,H>,...H,—1. To strongly dom-
inate the remaining vertices (v, and all the vertices of the

set Hy,) the vertex v,,_; must be in a strong dominating set S.

-1 1
Therefore, nT +1= nt

to strongly dominate all the vertices of the graph P,%G.
1
Hence, 74 (P, kG) = nt .
Case: IIL. n =2 (mod4)
LetV(P,,*G) = {V17V27V3,V4}U{V5,V6,V7,V8}U. . .U{Vn,S,
Vi—d,Vn—3,Vn—2 t U{vp_1,v, } UH| UH, U...H, be the parti-

tion of V(P,% G). As per the discussion in beginning of the
n—2

number of vertices are enough

case(l), number of vertices vy, V3, Vg, V7,...Vy—d,Vy—3

from V (P,) can strongly dominate the vertices v, vy, vs,. ..
vn—2 and all the vertices of sets Hy,H,...H,_5. To strongly
dominate the remaining vertices (v,—1, v, and all the vertices
of the sets H,_; and the set H,) the vertex v,_; and either
Vp—2 Or v, must be in a strong dominating set S. Therefore,
n—
2 n
the vertices of the graph P, % G. Hence, ¥y (P, % G) = = + 1.

Case: IV. n =3 (mod4) 2
LetV(Pn*G) = {V[ ,V2,V3, V4}U {Vs, Ve, V7, Vg}U .. .U{Vn_6,
V5, Vn—a,Vp—3} U{v_2,vu_1,vy fUH UH, U ... H, be the
partition of V (P, % G). As per the discussion in beginning of

n—

+2= g + 1 vertices are enough to strongly dominate all

the case(l),

vertices namely v2,v3,Vg,V7,...Vy—5,Vh—a

from V (P,) can strongly dominate the vertices v, vy, vs,...

vn—3 and all the vertices of sets Hy,H,...H,_3. To strongly
dominate the remaining vertices (v,—2, v,—1, v, and all the ver-
tices of the sets H,_», H,_1 and H,) the vertex v,,_1 and either
Vp—2 OF v, must be in a strong dominating set S. Therefore,

-3 1
n 5 +2= nt vertices are enough to strongly dominate all
1
the vertices of the graph P, % G. Hence, ¥ (P, % G) = n—; .

Remark 2.23. 74 (P, % G) = ¥ (P3 % G) = 2.

Mlustration 2.24. In Figure 6, S = {v2,v3,v4} is a strong
dominating set of the graph Ps% P, and ¥, (Ps%P,) = 3. The
strong dominating set is shown with solid vertices.

Figure 6. Ps% P>

Definition 2.25. For a graph G the splitting graph S (G) of a

graph G is obtained by adding a new vertex v corresponding
!
to each vertex v of G such that N(v) = N(v ).

Corollary 2.26. Forn > 4,
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g ifn=0 (mod4),
Y (S'(P)) = n—;—l ifn=1o0r3 (mod4),
S ifn=2(modd).

Proof. In the graph P,% G if we consider G = K; then
P, % K| = S'(P,) becomes splitting graph of path B,. Thus,
Yst (S'(Py)) = ¥ (P, % K7). Therefore, by the Theorem 2.22,
the result holds.

Conclusion

The concept of strong domination is a variant of usual dom-
ination in graphs. The strong domination number of some
standard graphs are already available in the literature while
we have investigated the strong domination number for corona
product and corona like products of two graphs. To derive
similar results for other graph families as well as in the context
of various domination models are potential areas of research.
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