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1. Introduction

The study of integral inequalities is an important research
subject in mathematical analysis. These inequalities have
many applications in differential equations, probability theory
and statistical problems, but one of the most useful appli-
cations is to establish uniqueness of solutions in fractional
boundary value problems. For detailed applications on the
subject, one may refer to [9-12], and the references cited
therein. Moreover, the integral inequalities involving frac-
tional integration are also of great importance. For some
earlier work on the topic, we refer to [2-5, 7, 8, 14, 16, 17]. In
[9], P. Kumar presented new results involving higher moments
for continuous random variables. Also the author established
some estimations for the central moments. Other results based
on Gruss inequality and some applications of the truncated
exponential distribution have been also discussed by the au-
thor. In [10], Ostrowski type integral inequalities involving
moments of a continuous random variable defined on a finite
interval, is established. In [3], the author established several
inequalities for the fractional dispersion and the fractional

variance functions of continuous random variables. Recently,
A. Akkurt et al. [1] proposed new generalizations of the re-
sults in [3]. Very recently, Z. Dahmani [4, 6] presented new
fractional integral results for the fractional moments of contin-
uous random variables by correcting some results in [3]. In a
very recent work, M. Tomar et al. [17] proposed new integral
inequalities for the (k,s)—fractional expectation and variance
functions of a continuous random variable.

Motivated by the results presented in [3, 4, 6, 14, 17], in this
paper, we present some random variable integral inequalities
for the (k,s)—fractional operator.

2. Preliminaries
We recall the notations and definitions of the (k,s) —fractional

integration theory [13, 14, 17].

Definition 2.1. The Riemann—Liouville fractional integral of
order o, > 0, for a continuous function f on |a,b] is defined
by

JEfOl = -0 f(r)dr 0> 0,a<t<b |
@.1)

where T (&) = [ e “u®'du.

Definition 2.2. The k—Riemann—Liouville fractional integral
of order o > 0, for a continuous function f on [a,b] is defined



Random variable inequalities involving (k,s)-integration — 642/646

by

ELF (O] = e Ja =0 f(R)dT @ >0,a<1<b
(2.2)

where Ty () = ["e” Fu®du.

Definition 2.3. The (k,s) —Riemann-Liouville fractional in-
tegral of order a > 0, for a continuous function f on [a,b] is
defined as

-« o _
S 0] = S Lt =) e (e

2.3)
where k >0, s € R\ {—1}.

Theorem 2.4. Let f be continuous on [a,b], k >0, and s €
R\{—1}. Then,

Gg (B 1]) = EP 01 = S8 Bagr o)), k>0,

2.4)

Jorallaa>0,B>0,a<t<bh.
Theorem 2.5. Let ot >0, B >0, k>0 and s € R\{—1}.

Then, we have

l;k(ﬁ)
ki (a+p)

(ts+1 _ as+1) Tk

B
lfja { t5+1, s+1 kl}
Wi | ( @) (s+1)

2.5)

Remark 2.6. (i) : Tuking s =0,k > 0 in (5), we obtain
_1]

(ii) : The formula (5), for s = 0 and k = 1 becomes

J¢ [(tfa

Corollary 2.7. Let k > 0 and s € R\{—1}. Then, for any
a > 0, we have

L (B)
Ty (o+B)

B B+
i3 (t—a) & '

e [(r —a)
(2.6)

Q2.7)

o a)ﬁ-HX—l )

)
e = - 1>%1rk e (-t 28)
Remark 2.8. (i): Fors=0,k>0in (8), we get
N = mam —a)k2 . (2.9)
(if) : For s=0,k=1in (8), we have
I = o - a)P 7 (2.10)

For more details on (k,s) —fractional integral, we refer the

reader to [14, 17].

B+o

We recall also the following definitions [3, 4, 17]

Definition 2.9. The (k,s) —fractional expectation function of
order o0 > 0, for a random variable X with a positive p.d.f.

f defined on [a, D] is defined as
(s+ 1)1_% ' o_
IS‘EX’a (t):= W/ (;Hl T‘H) % ’C‘Y+1f(r)d17,
’ @.11)

o>0,k>0,seR\{-1}anda<t<bh.

dt,a>0,a<t<b

Definition 2.10. The (k,s) —fractional expectation function
of order o > 0 for the random variable X — E (X) with a
positive probability density function f defined on |a,b] is
defined as

t

/ s+1 s+1

a>0k>0,seR\{—-1}anda <t <b.

R*\Q

a

5—4—1l k

KT (ot

-1

fEX—E(X),a([):: T (t—-E(X))f(7)dr,

seR\{-1} , o1

Definition 2.11. The (k,s) —fractional variance function of
order o > 0 for a random variable X having a positive p.d.f.
f ona,b] is defined as
1
(s+1) 1=
Tk (a)

o>0,k>0,seR\{—1}anda <t <b.

,0,3>0,a>0k>0 .

We introduce also the following definition.

Definition 2.12. The (k,s) —fractional moment function of
orders r > 0, a > 0 for a continuous random variable X

having a p.d.f. f defined on [a,b] is defined as

t

/ s+1 ¥+1

a>0k>0,seR\{—-1}anda <t <b.

k-\sz

o

s+11 o

S+r
T (o 1: f(r)dr,

Is(Mr,a (t) =

(2.14)

Remark 2.13. If we take s = 0,0 = k = 1 in Definition 12,
we obtain the classical moment of order r > 0 given by M, :=

b
JTf(t)dt
a

We define the quantities that will be used later:

H(t,p):=(g(1) —g(p)) (h(7) = h(p)), T.p € (a;1), a<t <D,
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and Using the fact f € L, ([a,b]), we can write

a

s+1 =% s s %_ 1 1 a ! o a
(p,ffs(t,f)::(i)(t H et wp(1),k>0,s e R/ {1} TM// st gy F-1 (ts+1_ps+1>;*l,csps 3.7

Iy ()
(2.16)
x(t—=p) (e =p" 1) f(0) f(p)dTdp
where p : [a,b] — R is a continuous function. (21) 11
S+1 k o _ a_q
. < ||f||oo -5 // v+1 H»l k (ts+1 _px+1) k ,L.sps
3. Inequalities for (k,s) — operator k2= (
We prove: x(t—p) (7 —p l)d”L'dp
Theorem 3.1. Let X be a continuous random variable having = |12 { S STE T =288 1] AT [tr_l]] :

apd.f. f:la,b] —R".
(i) : If f € Lo |a,b), then foralla <t <band oo > 0,k > By (3.6) and (3.7), we have

0,s€R\{—1},
S k\i } k k k ()] ISEX’—'(XfE(X))a(t)* (IfEX—E(X)a(f)> M0 (1)
p [f(t)] SEXr_l(XfE(X»,OC (t)i SEX—E(X),Ot (t) sMV*LOC ([) ' ' ’ ’ ' ’ '
2 kg kyoarry _ ko ko [,r—1
< AR [ B ) = ) e ) oS IS e g )= g S )] 38
(ii) : for all a <t < b, the inequality Since sup [[t—p||t ' =p ] =(t—a) (' -a"),
T,p€a]
ELFO] SEx1(xpx.a () = SEx—£(x).a (1) M1 o (hen we observe that
I . 2 «)
S E(t_a) (t l—a l)(I;Jg[fO)]) ’ (3.2) S+1 17? T S+l s+l -1 s+1 s+1 %_1 S ~S
k2F2 // (t -p ) Tp
is also valid for o0 > 0,k > 0,s e R/ {—1}.
Proof. Using (2.15) and (2.16), we can write x(T— P)( —p" ") f(0)f(p)drdp (3.9
(2-1) 1,1
! ! < sup [[e—pl|7 =p] s;;z // g
o0 (p)ar= [of (1.5)(2(2) ~ () ((x) —~h(p)dr. wocias
a a s N -1 S ~S
(33) x (£ —p ) E T () f(p)dTdp

= (—a) (=) QT IFO)*
Thanks to (3.6) and (3.9), we obtain
(3.4)

Then
t 1
//<p£fs(t,f)%ffs(t,p)H(f,p)drdp

t ot kyo KB 1y alt)— ISCE _ a lscMr— 0
[ [ 0607108 0.5) (¢(5)—(0)) (h(x) (o)) deap. * ) oExroxeta ) 2( vosa (1) Moot 1)
@ a < (@—a) (T =d T T IFO)D* (3.10)

@) O
S—l—l 17? s+] s+l -1 s+1 s+l -1
t )¢ @p)
St / / (

xp(T)p (p) (s ( ) 8(p))(h(t)=h(p))drdp Theorem 3.2. Let X be a continuous random variable having
= 2k‘]a[ (1)] k‘]a [pgh(1)] - 215(]06[ 40) k‘]a[ h(t)]- apd.f. f:|a,b] = RT. Then we have:

Hence

We prove also the following result:

gl (132 (v:lebc)h(v););i)]igl)n f(t),g(t)=t—E(X) and h(t) = (i*) Foranyk >0,s e R/{—1} and a >0, > 0,
i 1)? . . SIETFO) EExr1(x ey p )+ SIELFO) EExr1 (x p(x).a (1)
kzrz / / (= ) (e ) gt = (Ex a@6§M, 1,5 () = SExp (1) SMro1 0 (1) (3.1D)
I (T, ) pr s dedp SRR AN AU RNV ANE
- kJ“ )] L [ e E))F0)] 2898 [~ B p(e) o WG ] = MR s [ ]| a<e<o,
= 282 [70)] s gy () =2 (SEx px)a (1) svah@réff-eLw [0,5].

o
L0,
Ssa2ez
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(i*) The inequality By (3.16) and (3.17), we obtain (3.11).
kol 5 & To prove (3.12), we remark that
SIEF(0)] SEx Tx—Ex),8 () + § R Lf()] sExr-1(x—Ex)).a 2 a+ﬁ .
— \Ex.a (1) M,y p(1) = SEx g () My—1,a(t) (3.12) S2+1 // (51— ) E T (s ps+1)% Leps
< (-a) (T —d ) HEO) B 0], a < <b L@l (p
r—1 r—1
is also valid for any k > 0,s e R/{—1} and o > 0, 3 > 0. x(t=p) (e =p") £z )f(p)drdp
1 & t ot
Proof. Multiplying both sides of (3.4) by (p,f3 (t,p), where < sup |(t— H,.L.r—l r— 1| S+l (ts+l_,rs+l)%_
= s p KTy (@) Tr (B)
T,p€[at] k
s+ N dtd
(Plgs(ta ):(F ) (t‘Jrl_erl)k T () pe(at) Cl<t<b Tpf( )lf()fl‘z \
k(@) o (t—a) (' —a 1) M2 (1) B [£(0)]
. Therefore, by (3.16) and (3.18), we get (3.12). O

we can obtain ' '
Remark 3.3. If we take o« = B in Theorem 15, we obtain

! t
/ / o2, (1,7) @, (1,p) H (t,p) drdp (3Xugorem 14.
P a 5 We give also the following (k,s) —fractional integral in-
| [ ot 0.0) 0l (1) (8 (1) = (p)) (1 () — h(p)) d*duaiity:
Hence, Theorem 3.4. Let X be a continuous random variable hav-
ing a pd.f. f:|a,b] - RY. Assume that there exist con-

1-&P) rt
( ¥ ) . (1 TSH)%’ (4 b+1()3?1751)stants ¢, ¢ such that ¢ < f(t) < ¢. Then, for all k > 0,s €
R/{-1},a > 0, we have
a
(¢

(T)_g(p))(h(r)_h(p))drdp k]Ot [f(t)] kM roc(t) kMZOC(t)<7(br_ar)2 kja[f([)} 2,a<t<b.
= B B lpeh )]+ B p)) g pen() T e (4 a 1)9) )

— K% [ph (1)) I8 [pg (1)] — £JP [ph (1)) £I [pg (1)) '
In (3.15), we take p(t) = f(t), g(t) =t —E(X), h(t) ="'
So, we get

Proof. Using Theorem 2.4 of [17], we can write

I (o)) H1¢ (ke (e)] — 418 k(o)) S8 o] < 3 (A 1p(e)) (0
2(1—%) it . 5 4
(s+1) /(terl Ts+1)z* (ts+1 _ps+1)z*1 5 5 (3.20)

T
KTy (a) Tk (B) ~ In€3.20), we replace h by g, we will have
x(t—p) (¢ = p" ")) f(0)f (p)drdp G 16) X )
RO BB [ = B 0] + 98 0] S O e 0] = (e @] < g (W2 ) 0 - 00,
— W= EX)) O] W2 [ f ()] = LB [t = EGO)) ()] S8 [ ()] (321
= KICUFO) EEg ey p () + SIB[F(0)] EExr (g Jaking p(t) = f(1), g(r) =1", a <t < bin (3.21), we obtain
—NEx.o (t) $M,_ g(t) — SEx g (1) sMo_1 4 (1)

(L)) (0 - 0.

FNR.

ELFO) S [ 0] = (I F )2 <

We have also

(3.22)
2 ,L t ot
k2r // s+l s+1 (;H‘_pﬁl)%_lmlﬁ.n), we take ¢ = b” and ¢ = a’, then we have
k Ol
a a 1 2
x(t p)( — o) F(2) f(p)drdp 0< GHF (0] V6 [ (0] = (I F0)? < 5 (0 =) (W)
M tt (3.23)
Y+1 s 1_ v 1 %* s+1 s+1 %71 S NS
< MRS / / A L R L
1 2
<(e—p) (¢~ dedp 1 O] $Mara(r) = M2 () < 3 (0" =) (W 70)])
= ||f|\w[’v“u [ eV ANV (3.24)
AR AR O

0ol
<S80,
S5272
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