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1. Introduction

S.M. Ulam, in his famous lecture in 1940 to the Mathematics
Club of the University of Wisconsin, presented a number of
unsolved problems. This is the starting point of the theory of
the stability of functional equations. One of the questions led
to a new line of investigation, nowadays known as the stability
problems. Ulam [62] discusses:

. . . the notion of stability of mathematical theorems consid-
ered from a rather general point of view: When is it true that
by changing a little the hypothesis of a theorem one can still
assert that the thesis of the theorem remains true or approxi-
mately true? . . .

For very general functional equations one can ask the
following question. When is it true that the solution of an
equation differing slightly from a given one, must of necessity
be close to the solution of the given equation? Similarly, if we
replace a given functional equation by a functional inequality,
when can one assert that the solutions of the inequality lie
near to the solutions of the strict equation?

Suppose G is a group, H(d) is a metric group, and f :
G — H. For any € > 0, does there exist a § > 0 such that

d(f(xy), f(x)f(y)) < &
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holds for all x,y € G and implies there is a homomorphism
M : G — H such that

d(f(x),M(x)) <&

for all x € G?

If the answer is affirmative, then we say that the Cauchy
functional equation is stable. These kinds of questions form
the basics of stability theory, and D.H. Hyers [35] obtained the
first important result in this field. Many examples of this have
been solved and many variations have been studied since (one
can refer [2, 32, 48, 54, 60]). Several investigations followed,
and almost all functional equations are stabilized.

The solution and stability of following additive - quadratic
functional equations

Fa+y)+fx—y)=2f)+f)+f(=y) QD)
f(i%’) +(ﬂ—2)zn}f(xi) = Y flutx)
i=1 i= 1<i<j<n
' (1.2)
fl=x)+f <2x1 - ixl) +f <2ix,>
i=2 =2
+f<x1 i )-f(-m-i%)
i=2 i=2
-f (xl i)ﬁ) -f (—X1 +Zn:x1>
i=2 i=2
=3f(x1)+3f <Zn:xi> (1.3)
=2
i [f (X2 +x2i1) + f (%21 — X2i1)]
i=0
i [2f (x2i) + f (x2i1) + f (—x2i41)] (1.4)

where introduced and discussed in [4, 5, 9, 37].

A. Najati, Th.M. Rassias [45], introduced and investigate
the general solution the generalized Hyers - Ulam stability of
the functional equation deriving from additive and quadratic
functions
n 1 n n 1 n
Y./ <Xi— - ij> =Y f(x)—nf ( ij>
i=1 n i i=1 i3

(1.5)

where n is a positive integer with n > 2 in Banach modules.
It is easy to see that the function f(x) = ax -+ bx? is the so-
lution of the functional equation (1.5). Also, S. Zolfaghari
[66] establish the generalized Hyers-Ulam stability of the
functional equation (1.5) in p— Banach space. The general
solution and generalized Ulam - Hyers stability of various
mixed type functional equations were discussed in [7, 8, 11—
13, 15, 16, 33, 46, 47, 51, 52, 60].
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In this paper, authors proved the generalized Ulam - Hyers
stability of the additive quadratic functional equation (1.5) in
Fuzzy Banach space via two different techniques.

2. Definitions on Fuzzy Banach Spaces

In this section, we present the definitions and notations on
fuzzy normed spaces. We use the definition of fuzzy normed
spaces given in [18] and [41-44].

Definition 2.1. Let X be a real linear space. A function
N : X xR — [0, 1](the so-called fuzzy subset) is said to be a
fuzzy norm on X if for all x,y € X and all s,t € R,

(FNS1) N(x,c) =0forc<0;

(FNS2) x=0ifandonly if N(x,c) =1 for all ¢ > 0;
(FNS3) N(cx,) =N (x, "7‘) if ¢ #0;

(FNS4) N(x+y,s+t)>min{N(x,s),N(y,t)};

(FNS5) N(x,-) is a non-decreasing function on R and
limy N (x,t) = 1;

(FNS6)  forx#0,N(x,-) is (upper semi) continuous on R.

The pair (X,N) is called a fuzzy normed linear space.
One may regard N(X,t) as the truth-value of the statement
the norm of x is less than or equal to the real numbert’.

Example 2.2. Let (X,||-||) be a normed linear space. Then

t
— t>0, xeX,
£+ x|

0, 1<0, xeX

N (x,t) =

is a fuzzy norm on X.

Definition 2.3. Ler (X,N) be a fuzzy normed linear space.

Let x,, be a sequence in X. Then x,, is said to be convergent if

there exists x € X such that lim N(x, —x,t) =1 for all t > 0.
n—soo

In that case, x is called the limit of the sequence x,, and we
denote it by N — lim x, = x.
n—o0

Definition 2.4. A sequence x, in X is called Cauchy if for
each € > 0 and each t > 0O there exists ny such that for all
n > no and all p > 0, we have N (x4 —Xp,t) > 1—¢.

Definition 2.5. Every convergent sequence in a fuzzy normed
space is Cauchy. If each Cauchy sequence is convergent, then
the fuzzy norm is said to be complete and the fuzzy normed
space is called a fuzzy Banach space.

Definition 2.6. A mapping f:X — Y between fuzzy normed
spaces X and'Y is continuous at a point x if for each sequence
{xn} covering to xy in X, the sequence f{x,} converges to
f(xo) . If f is continuous at each point of xo € X then f is
said to be continuous on X .

The stability of a quiet number of functional equations in
Fuzzy normed spaces was given in [3, 20, 21, 41-44]
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Hereafter, full of the paper, we consider .73, (.1, N) and
(S, N') are linear space, fuzzy normed space and fuzzy Ba-
nach space. Define a mapping f : .} — %, by

-

Fao(x1,%2,X3, - ,X,) =
1

12

where n > 2 for all x;,x2,x3, -+ ,X, € S].

3. Fuzzy Stability Results: Direct Method

In this section, we investigate the generalized Ulam-Hyers
stability of the functional equation (1.5) in Fuzzy normed
space using direct method.

Theorem 3.1. Let p==+1 and A,A: S} — 73 be a func-
tion such that

lim N’ (A (2P9x1,2Px,2P0x3, -+, 2P%x,) 2P95) =1 (3.1)

g—reo
for all x1,x2,x3,-++ ,x, € S and all s > 0, for some t >0
t
with 0 < (§> <1and
N’ (Ap (2Px,2Px,2Px,--- ,2Px) )
> N (tPAa (2Px,2Px,2Px,- -+ ,2Px) ,5) (3.2)
forallx € & and all s > 0. Let [ : .1 — % be an odd
mapping fulfilling the inequality
N(FAQ(xl 3 X2, X3, ,)Cn),S)
ZN/(A’ (-x17-x27-x37"' 7-xn>7s> (33)

forall x1,x3,x3,+ , X, € ) and all s > 0. Then there exists
a unique Additive mapping < . .1 — . which satisfies
(1.5) and

N(f(x) = (x),5) > N (AA (x,%, - ,x),“_”) (3.4)

a

where a, Ag (x,x,--- ,x) and <7 (x) are defined by

4+n
= 3.5
7] o5
N/(AA(X,X,X, 7x)7s)
=min{ N (l —x,x,x x|, ],
—_——
n—1 times
, N’(?L X, —x,—x--,—x | ,s|,
[ ——
n—1 times
N’(l x,x,0,---,0 | ,ns |,
——
n—2 times
aws (3.6)

2x,0,0,---,0 ] ,s
N——

n—1 times
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and

3.7)

q— 2rq

lim N <;af(x) _ 2" ,s> =1

1 n n
1f (x,' T n ]le/) N ;f(x,') forall x € % and all s > 0, respectively.

Proof. Setting (x1,x2,x3,- - ,X,) by (nx,—ny, 0,---,0)in (3.3),
———

n—2 times
we get

N (f (nx— rll(nx—ny)) +f <—ny— rll(nx—ny))

+n=2)f(=(x=y) = f () = f(=ny) ~ (38)

+nf(x_y)as>
>N |24

nx,—ny, 0,---,0 |,s 3.9)
———

n—2 times

for all x € .7 and all s > 0. Using oddness of f in the above
inequality, we obtain

N(f((n=Dx+y) = f(x+ (n=1)y) = f (nx) + f (ny)

+2f(x—=),s) >N | A [ nx,—ny, 0,---,0 | ,s
——

n—2 times

(3.10)

for all x € .#] and all s > 0. Substitute y by 0 in (3.10), we
arrive

N (f (nx) = f ((n=1)x) = f (%) ,5)

>N | A|nx0,0,---.0],s 3.11)
——

n—1 times

for all x € .7} and all s > 0. Again substitute x by x —y in
(3.11), we have

N(f(n(x=y)) = f((n=1)(x=y)) = f(x=Y),5)

>N | A|n(x—y),0,0,---,0|,s
—_———

n—1 times

(3.12)

for all x € # and all s > 0. Putting (x;,x2,x3,--,%,) by
(ny,nx,nx--- ,nx) in (3.3), we get
—_————

n—1 times

N(f((n=D)(y=x)+(n—1Df(x—y) = f(ny)
—(n=Df(nx) +nf (n—1)x+y),s)

>N | A ny,nx,nx--- nx|,s
—_———

n—1 times
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for all x € .} and all s > 0. Using oddness of f in the above
inequality, we obtain

N((n—1f(x=y) = f((n=1)(x—y)) = f(ny)

—(n—=1)f(nx) +nf((n—1)x+y),s)

>N | A | ny,nx,nx--- ,nx | ,s (3.14)
n—1 times

for all x € .} and all s > 0. Interchanging x and y in the above
inequality and using oddness of f, we have

N(f((n=1)(x=y)) = (n=1)f(x=y) = f(nx)

—(n=1)f(ny) +nf(x+(n—1)y),s)

>N | A | nx,ny,ny--- ,ny | ,s (3.15)
_——

n—1 times

for all x € .} and all s > 0. It follows from (3.10), (3.14),
(3.15) and (FNS4), we arrive

NQ2f((n=1)(x—=y))+2f(x—y)
—2f(nx)+2f(ny),s+s+ns)

> min {N (f (= D) = £ (- (n = 1)y) = £ (nx).,

+f (ny) +2f (x—),s)
N((n=1)f(x—y) = f((n—=1)(x—y)) — f(ny)
, =1 f(nx)+nf((n—1)x+y),s)
(n—1)f(x—y)— f(nx)

(n
N ((n=1)(x—)) -
—(n=1)f () +nf (x+ (1= 1)y) m5) }

> min{N’ (/'L (ny,nx nx- ) ,s) ,
%/_/
n—1 times
N’ (l (nx ny,ny-- ) ,s) ,
%,_/
n—1 times
N ()L (nx, —ny, 0 ) ,ns) }
n— 2 times

(3.16)

forall x € .} and all s > 0. Using (FNS3) in above inequality,
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we get

N(f((n—l)(x—y))+f(x—y)
s+s+ns
s 58
2
> min A ny,nx nx- s,
n— l times
A | nx,ny,ny-- ) ,s) ,
\‘,_/
n—1 times
A | nx,—ny, 0 9.0 NS (3.17)
n— 2 times

for all x € ] and all s > 0. From (3.12), (3.17) and (FNS§4),
we obtain

>min{ N’ (2. (ny7nx,nx~-- ,nx) ,s) ,
—_———
n—1 times
1z
n— mes
N’ (k (nx, ny, 0,---,0 | ,ns
——
n—2 times
N (QL (n(xy),0,0,~~~ ,O) ,s) }
—_———
n—1 times
(3.18)
x —x\ .
for all x € .7 and all s > 0. Replacing (x,y) by ( ) in
n

245
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(3.18) and using oddness of f, we have
4
W (10 -1 - 10,257

> min{ N’ (l (ny,nx,nx~~- ,nx) s,
~—_————
n—1 times

N/ (2’ (”xyn)’y”)’"'yn)’>as )
_——
n—1 times

N (l n(x—y),0,0,---,0 | ,s
—_———

n—1 times
(3.19)
for all x € .#] and all s > 0. Define
4
a= { +”} (3.20)
2
N (Aa(x,x,x,-++,x),5)
=min{ N (l (ny,nx,nx~~~ 7nx) s,
1t
N (ﬂ, (nx ny,ny- -
%,_/
n—1 times
N (l (nx,—ny, 0,---,0 | ,ns
——
n—2 times
N’ (l (n(x—y),0,0,m ,0],s
——
n—1 times
(3.21)

for all x € .#] and all s > 0. Using (3.20) and (3.21) in (3.19),

we arrive the inequality

N (f(2x) —2f(x),as) > N (Aa (x,x,x,- -

,X),8)
(3.22)

forall x € .77 and all s > 0. It follows from (3.22) and (FNS3)
that

N (f(;X) _f(x)’ ;S) > N (AA (x,x,x, T ’x) ’S)
(3.23)

for all x € .7 and all s > 0. Replacing x by 29x in (3.23), we
obtain

— f(29x), ;s> >N (Aa (29x,2%9x,29x,- - ,29x) ,5)
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(3.24)

for all x € 7 and all s > 0. Using (3.2), (FNS3) in (3.24),
we arrive

2q+1
(1 ) s .3
(3.25)

for all x € .4 and all s > 0. It is easy to verify from (3.25),
that

Q) f(2%) a / s
N< 2(q+1) - 24 72q+ls EN (AA(X,X,)C,"',X),;])
(3.26)
for all x € .} and all s > 0. Switching s by #%s in (3.26), we
get
fI)  f@%) @ 1y
N( 260 24 ’2'(2) y
> N (Ag (x,x,x,- -+ ,X),5) (3.27)
for all x € .7} and all s > 0. It is easy to see that
f2) _§ [y f@)
T —flx)= L | 50 T (3.28)

for all x € .#|. From equations (3.27) and (3.28), we have

(15 g B G

r=0
%) f(2'x) a stN\T
>man{ < (r41) o or ’5(5) S>}
g—1
> min U {N"(Ap (x,x,x,++ ,x),5)}
r=0
=N (Aa (x,x,x,--+ ,X),5) (3.29)

for all x € .7 and all s > 0. Replacing x by 2"x in (3.29) and
using (3.2), (FNS3), and substituting s by s, we obtain

f(2q+mx) f(2'"x) a q+m—1 ENT
N< 2tm) om0 & (5) g
>N (Aa (x,x,%,--+,X),5) (3.30)

forall x € . and all s > 0 and all m > ¢ > 0. Using (FNS3)
in (3.30), we obtain

N (f (27x)

216(g+m) a

f(2"x) )

216m »S

N

!

EN AA (xvxaxv"'vx)a gtm—1

a, y"

2 2
r=m
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q r
forall x € . and all s > 0. Since 0 <t < 2 and Z (ZL) <
=0

oo, the Cauchy criterion for convergence and (FN 55) implies
249
that {f( x)} is a Cauchy sequence in (-%3,N’). Since

29
(,N') is a fuzzy Banach space, this sequence converges
to some point o7 € .%,. So one can define the mapping &7 :

yl—n%by

JI_EEON(%(X) 5

(3.32)

forall x € .7 and all s > 0. Letting m = 0 and ¢ — oein (3.31),
we get

a

N (o (x) = f(x),8) = N’ (AA (2, 2,2, -+ 7x)’s(2 —f))

for all x € ] and all s > 0. To prove ./ satisfies the (1.5),

replacing (x1,Xx2,x3,- -+ ,x,) by (29x1,29xp,29x3,- -+ ,29x,) in
(3.2), we obtain
N(FAQ(.X] a-x23'x37 e a-xl’l)as)
1
_ _ q q Ayy ... D4
=N <2qFAQ (29x1,29x7,29x3, - -+ ,2 x,,),s)
>N (A (29x1,2%%2,2%x3, -+, 2%x,) , 2%5) (3.33)

for all xy,xp,x3,- -+ ,x, € . and all s > 0. Now,

(B (i) g
= Jj= i=

g
(£ (xl-i;xﬂ
1

for all xj,xp,x3,--+,%x, € %] and all s > 0. Using (3.32),

247
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(3.33), (FNS5) in and (3.34), we reach

(f <xl_]zlxj> Yo/

17‘[
+ned | =) x;],s

>min{1,1,1,N" (A (29x,2%x,,29x3, -+, 29x,) ,295) }
(3.35)

for all x,xp,x3,---,x, € .7} and all s > 0. Approaching ¢
tends to infinity in (3.35) and applying (3.2), we get

N(ilﬂf (xi—rllixj) —il@{(xi)

=1

+nof (i i}g) ,s) =1 (3.36)
j=1

,Xp € 1 and all s > 0. Using (FNS2) in
(3.36), it gives

lzn; <x,_1inzlxj> :ii,;zf(xi)—mz/ (ilnzlx,>

for all x1,x7,x3,- -+ ,x, € %]. Hence o satisfies the Additive
functional equation (1.5). The existence of 7 (x) is unique.
Indeed, if &’ (x) be another Additive functional equation sat-
isfying (1.5) and (3.7). So,

for all X1,X2,X3,° "

N( (x) = ' (x).5)

o (20x) o' (2%)
:N( 24 24 ’s>
zmin{N<£%(22:X)_ 2 2

RESRE P
>N <AA (29x,29x,2%x,- -+ ,29x), S(Zz—;)z‘l)

] =2

2t9a

f(2%x) S) 7

:Nl <AA (x,x,x,o o ,)C),

for all x € .7 and all s > 0. Since

s(2—1)29
2t9a

lim

g—reo

we obtain

lim N’ (AA (2, 2,2, ,X),

g—reo

s(2]°—t)2q) _,

2t a
for all x € ./ and all s > 0. Thus

N( (x)— ' (x),s) =1
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for all x € .} and all s > 0, hence &7 (x) = &' (x). Therefore  for all x1,x2,x3, -+ ,x, € .1 and all s > 0. Then there exists
& (x) — &/'(x) is unique. Hence for p = 1 the theorem holds.  a unique quadratic mapping 2 : /| — /5 which satisfies

Replacing x by g in (3.22), we arrive (1.5) and

(031 (3) ) 2 (1 (55 5)) - MU0 2 (gt 0

(3.37)

S|4_[> (3.43)
e

where e, Ag (x,x,--- ,x) and 2(x) are defined by
for all x € .1 and all s > 0. The rest of the proof is similar

ideas to that of case p = 1 Hence the theorem holds for the (2n+7)
case p = —1. This completes the proof of the theorem.  [J = {(Zn — 2)} (3.44)
The following corollary is the immediate consequence of
Theorem 3.1 concerning the stabilities of (1.5).
N/ (AQ(X,X,X, e ,x),s)
Corollary 3.2. Let f: 1 — % be an odd mapping. If
there exist real numbers d and b such that . /
=min{ N' | A | nx,nx, 0,---,0 | ,s |,
W'_/
N(FAQ(X17X27X37"'7xn),s) n—2 times
(ds) b N A |0,nx,nx-- nx|,s
( IHXIH )a b%lf ’%,_’/ ’ ’
2 (dnl 1 thHbas)a nb #1; (3.38) n—1 times
N(dXiy|lll%,s),  bi#1;
(dH, 1Hx,|\ i s) Tbi#L N |{A|nx00---,0],s],
NP
n— times
forall xi,x2,x3,++ ,x, € . and all s > 0, then there exists a
ique Additi ing of 1 1 — S such that
unique itive mapping 1 % such tha N2 [ n00.0..0) 05,
——
N(f(x) — %(X),S) n—1 times
( s|2—1]
P ) N | A | nx,0,0,---,0],s |,
N’ (mdllal P, 52 ), ra
n—1 times
2— 2n[7
> 4N (I, 227, (3.39) ,
V(e d||x||b 5ya “2*3""‘) , A Gl GGG R
¥ n—1 times
(d||X|Z" oy 2= )
2a ’
N |{A|nx00---,0],s],
forall x € A and all s > 0. n—1 times
Theorem 3.3. Let p=+1and A, Ao : .S? — S b -
. “p o ¢ i 3 be a func N [ A | nx,0,0,---,0 | ,ns |,
tion such that N ,
n—1 times
lim N’ (A (2P9x,2Pxy,2P9x3, - -, 2P9x,) ,4P95) = 1 (3.40)
g—reo
N | A[x,(n—1)x0,0,---,0|,s
for all x1,x3,x3,-++ , %, € ./ and all s > 0, for some t >0 02 times
(NP
with 0 < (5) <land (3.45)
N (A(2Px,2Px,2Px, -+ ,2Px) ,s) and
>N (tPA(2Px,2Px,2Px,--- ,2Px) ,5) (3.41) 2pq
lim N (Q(x) _ M) ,s) =1 (3.46)
gq—ro° 4[7‘]

forallx € A and all s > 0. Let f : 1 — S be an even

mapping fulfilling the inequality forall x € A and all s > 0, respectively.

N(FAQ(.X]7.X27X3,' o 7-xl’l)7s) ZN/ (A‘ (X],X27x37' o 7xn) 7S)

Proof. Setting (x,x2,x3,- - ,%,) by (nx,—ny, 0,---,0) in (3.42),
(3.42) v

n—2 times

248 X
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we get

(s (e ) 1 ()

+(n=2)f(=(x—=y)) = f(nx) = f (=ny)
+nf(x_y)’s>
>N (l (nx,—ny, 0,--- ,O) ,s) (3.47)

for all x € .1 and all s > 0. Using evenness of f in the above
inequality, we obtain
N(f (= 1)x+y)+ f (e + (n—1)y)
—f(ny) +(2n=2)f (x—
0,---,0

>N (l (n)@—ny, ) ,s)
——

n—2 times
for all x € .#] and all s > 0. Substitute y by 0 in (3.48), we
arrive

— f (nx)
¥),5)

(3.48)

N(f (nx) = f((n=1)x) = (2n = 1) f (x),

)

forall x €.7] and all s > 0. Again substitute (x,y) by (%, (1 —n)x)
in (3.48), we arrive

N(f((n—1)x)

s)

1x,0,0,- - ,0 (3.49)
———

n—1 times

—f((n=2)x) = (2n=3)f(x),s)

>N (l (x, (n—1)x,0,0,--- ,O) 7s) (3.50)
——
n—2 times

for all x € # and all s > 0. Putting (x,x,x3,---,%,) by

(nx,ny,ny--- ,ny) in (3.42) and using evenness of f, we get

n—1 times

N(f((n=1D)(x=y)+(n=1)f(x—y)

—(n=1)f(ny) = f(nx) +nf (x+ (n—1)y),

)]

for all x € .} and all s > 0. Interchanging x and y in the above
inequality and using evenness of f, we have

N(f((n=1D)(x=y)+(n=1)f(x—y)
—(n=1)f(nx) = f(ny) +nf (n=1)x+y),

)]

y)
ny s)

nx,ny,ny--- ,ny 3.51)

n—1 times

s)

ny,nx,nx--- ,AX (3.52)

n—1 times
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for all x € .% and all s > 0. It follows from (3.48), (3.51),

(3.52) and (FNS4), we arrive

N (2f((n=1)(x=3)) = 2n—17f(x=y).5+s+ns)
> min {N (£((n—1)(r=3)) + (n = Df (x )
~(n = 1)f(m2) = F(my) +f (1= D +).
N(f((n=1) (=) + (1= 1S (=)
1) () = f(x) -nf (x4 (n = 1)),
(

—(n
N(f ((n—l)x+y)+f x4 (n=1)y)
¥)+ (2n=2)f (v ).ns) |

)
b))
M@ka )g}@m

for all x € .} and all s > 0. Replace y by 0 in (3.53) and
using (FNS3), we get

S (nx) —

EM%MQ(

ny,nx,nx-
\W_/

n—1 times

nx,ny,ny- -

0,---,0
——

n—2 times

F((n—1)(x)— (n—1)> (),S_H"H‘s>
2
{N’ (l (ny,nx nx- nx) ,s) ,
n—1 times

nx,ny,ny--- ,ny

(2 (rens))
ofemea) )} o

for all x € .} and all s > 0. From (3.49) and (3.54), we obtain
s+s+ns

N (f(nx)—n2f<x>, ; +s>
)= £ ((n—1)x) = 20— )£ (x),9)..

¥ (700 00) = (= 12709, S

0,---,0
——

)

n—2 times

> min{N (f (nx

$)s

s)

)}
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>min{ N | A | 0,nx,nx--- ,nx | ,s |, >mind N | A | nx,nx, 0,---,0 | ,s ],
———— ——r
n—1 times n—2 times
N (l (nx,0,0---,O s, N |{A|0,nx,nx-- nx|,s|,
—— —
n—1 times n—1 times
N (l (nx,0,0,~~-,0 ns |, N |{A|nx00---,0],s],
—— ~——
n—1 times n—1 times
N’ (l (nx 0,0,---,0],s (3.55) N (A | nx0,0,---.0] ,ns|,
——
n—1 times n—1 times
for a.llxeyl and all s > 0. Also, From (3.50) and (3.54), we N 4| nx00,---.0].s],
obtain ——
n—1 times
s+s+ns
N — 2 _—
<(( 2)x) = (1=2)°f (), 2 +s) N | A|0,nx,nx-- nx|,s|,
———r
> min{N (f((n— (n—=2)x) — (2n—3)f(x),s), n—1 times
S+s+ns
N{f((n=1)(x —1)2f(x),2>} N A nx00---.0],s],
——
n—1 times
>min{ N' | A | 0,nx,nx-- s,
%’_/ N [ A nx0,0,---,0] ,ns |,
n—1 times
n—1 times
N | A [ nx,0,0-- s,
n—1 times N[ A x,(n—l)x,0,0,---,O )
——
n—2 times
N (l (nx 0,0,- ns |, (3.58)
H,_/
n—1 times for all x € .} and all s > 0. Define
N (l x, x 0,0,---,0|,s N (AQ()C,X,)Q'” ,x),s)
W
n—2 times
(3.56) =min{ N [ A | nx,nx,0,---.0 | ,s |,
——r
n—2 times

for all x € .1 and all s > 0. Substitute y by —x in (3.48), we

have N |{A|0,nx,nx-- nx|.,s|,
%,._/
N(2f((n=2)x)) =2f (nx) + (2n—=2)f (2x) ;) nl vimes
N (A | nx,0,0---,0],s
>N | A | nx,nx, 0,---,0 |,s (3.57) Rehagini R
H’__/ n—1 times
n—2 times
for all x € .7 and all s > 0. It follows from (3.55), (3.56) and N (A | nx,0,0,---,0] ,ns |,
——

(3.57), we arrive n—1 times

N((2n—=2)f(2x) =4(2n—2)f (x),

N (A |nx0,0,---.0],s]|,
s+s+s+ns+2s+s+s+ns+2s)

|

Zmln{N(Zf((n—Z)x)_2f(nx)+(2n_2)f(2x)’s)’ n—1 times
N(Zf(n)c)—2nzf()c),s~¢-s+ns—l—25)7 N A 0,nx,nx-- nx|,s |,
—_——
N(zf((n—Z)X)—2(n—2)2f(x),s+s+ns+2s)} n—1 times

250 X
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N [A|nx00---.0],s],
——

n—1 times

N | A [ nx,0,0,---,0
—_———

n—1 times

L )

N | A|x,(n—1)x0,0,---,0|,s
—_———

n—2 times

(3.59)

for all x € . and all s > 0. Using (3.59) in (3.58), we arrive
the inequality
N((2n—2)f(2x) —4(2n—2)f(x),(2n+9)s)

>N (Ag (x,x,x,++ ,x),5) (3.60)

for all x € . and all s > 0. It follows from (3.60) and (FNS3)
that

V(120 -7 500 )

n
> N (AQ (x,x,x,~~~ ,X) ,S)

(3.61)
for all x € .#) and all s > 0. Again define
(2n+9)
=—". 3.62
T 2n—2) (3.62)

Finally, it follows from (3.62) and (3.61)

N(f(zx) _4f(x)76 S) 2 N/ (AQ (xvxvxa e ,X) 7S)
(3.63)

for all x € .7 and all s > 0. Using (FNS3) in the above
inequality, we arrive

N (f(EX) _f(x)a Zg) >N (AQ (x’x7x’ o ,X) ’S)
(3.64)

for all x € .7 and all s > 0. Replacing x by 2%x in (3.64), we
obtain

4

2q+1
N (f(x) — f(2%), Zs) >N (Ag (29x,2%x,2%x, - -+ ,29x) ,5)

(3.65)

for all x € .} and all s > 0. Using (3.41), (FNS3) in (3.65),
we arrive

f(29%1) N , ( s )
SN > =
N( ) f2 x),4s >N (Ag (x,x,x, ,x),tq
(3.66)
for all x € .} and all s > 0. It is easy to verify from (3.66),
that

v (L2

/ N
74q+ls ZN <AQ ()C7)C,X,"' ax)vt?)

f21) e
4+l 44
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(3.67)

for all x € .#] and all s > 0. Switching s by #9s in (3.67), we
get

fR7x)  f(29x) e 1N\4 )
N( 4(q+1) - 44 71(1) N ZN (AQ(X,XJC,...)X)’S)
(3.68)
for all x € .} and all s > 0. It is easy to see that
f(qu) B q—1 f(2r+lx) f(er)
2 = ;) I R (3.69)

for all x € .}. From equations (3.68) and (3.69), we have

(122 s E 1))

r=0
q-1 r+1 r
. FY)y F(27x) e seNT
ZmlanO{N< S T ,Z.(Z> s)}
q—1
> min U {N/ (AQ (xrxaxv"' ,x),s)}
r=0

:N/(AQ (x,x,x,m ,x),s) (370)

for all x € .} and all s > 0. Replacing x by 2"x in (3.70) and
using (3.41), (FNS3), and substituting s by s, we obtain

F27my)  F(2mx) e gtm=1 . r
N( d a1 b (Z)S
)

r=m

>N (Ag (x,x,x,++ ,x) s (3.71)

forall x € . and all s > 0 and all m > ¢ > 0. Using (FNS3)
in (3.71), we obtain

v (T f27x)
416(q+m) glom
>N | Ag (x,x,x,-- ,x), q+ms_ 1 (3.72)
e t\"
i L 3

q r
forall x € . and all s > 0. Since 0 < < 2 and Z (%) < oo,
r=0

the Cauchy criterion for convergence and (FNS5) implies that
249
% is a Cauchy sequence in (.#2,N'). Since (#2,N’)
is a fuzzy Banach space, this sequence converges to some
point 2 € .%. So one can define the mapping 2 : .S — .7
by

lim N(2(x) — L2)

g—roo 44 ,s) =1
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for all x € .7} and all s > 0. Letting m = 0 and ¢ — ocin (3.72),

we get

N(2(x) = f(x),s) =

Nl (AQ (x,x,x, T

x)

s4-1)

for all x € .7 and all s > 0. The rest of the proof is similar

ideas to that of Theorem 3.1.

O

The following corollary is the immediate consequence of
Theorem 3.3 concerning the stabilities of (1.5).

Corollary 34. Let f: .1 — % be an even mapping. If
there exist real numbers d and b such that

N(FAQ()C],)CQ,X3, cee ,xn),s)
N(d,s)
N (dXiy |lxill",s)
>4 N(dIl 1|\x1|\”,s),
N( lelH S)7
N(er:letH s)

forall x1,x2,x3,- -

b#2;

nb #72;

bi #2;
Z?=1 b; 7é 2;

(3.74)

X € .S and all s > 0, then there exists a

unique quadratic mapping 2 : 1 — 5 such that

=

/

=

(1
(

v (Il
N (z

forallx € % and all s > 0.

sl4=1]
s de ’

4 2"
nd||x|[?, 4-21) |
‘nh 5‘4 znb‘)
b
4-2bi
vd|lx| " T S'“ ).

( d ] [Eir b, S22 22’ . )

(3.75)

Theorem 3.5. Let p=+1and A : /¢ — 7 be a function

satisfying the conditions (3.1) and (3.40) for all xy,x2,x3,- -

,Xn €

A, for some t > 0 with (3.2) and (3.41) for all x € | and all
s> 0. Let f : A1 — S5 be a mapping fulfilling the inequality

N(FAQ(Xl,X2,X3,' o

forall x1,x2,x3,---

7xn)7s) >N (ﬂ, (x17x27x37'”

7xn) 7S)
(3.76)

Xn € S and all s > 0. Then there exists

a unique Additive mapping <7 : 1 — % and a unique
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quadratic mapping 2 : . — % which satisfies (1.5) and
N (f(x) = (x) = 2(x),s)

: s|2—1t|
> N A 2= A
_mm{ (A(x,& X)), = )
s|2—t
(AA _-x)a|2a|)7
s|4—t|
A )
W (ot ), )
s|4—1|
N (A -
<Q =X)s =y )}
3.77)
where a,e, Ap(x,x,---,x),Ag (x,x,---,x) and </ (x),2(x)

are respectively defined in (3.5),(3.44), (3.6),(3.45) and (3.7),(3.46)
forallx € A and all s > 0.

Proof. Let fo(x) = M for all x € .77} It is easy to
verify that fp(0) = 0 and fo(—x) = —fo(x) for all x € .77.
By definition of fo(x), we have

N (fo(x1,%2,X3,"+ ,Xn),5)
1
:N (2 (f(x17x27x37“' 7x}’l)

*f(*X],*Xz,*XS,"' af-xn))as)
:N(f(xlaXZax3a"' axn) _f(_xla_x2a_x3;"' )_xn)7zs)
>min{N (f(x1,%2,%3,"+*,X),5) ,

N(f(—XI,—Xz,—X3,' o 7_xn)7s)} (378)

for all xy,xp,x3,---
3.1,

, X, € ) and all s > 0. Hence, by Theorem

s|2—1t|
a

s|2—1t|
a

—x),

> min {N’ <AA (x, %, ,x),
N <AA (—x

for all x € .} and all s > 0.
Also, let fr(x) = f A=) ( Y for all x € .. Tt is easy to ver-

ify that f£(0) =0 and fE(—x) = fe(x) forallx € /. B
definition of fg(x), we have

—X.

) )

)}

(3.79)

N (fe(x1,x2,x3,- -

_n(!
o 2

+Xn),S)

(f(x17x27x37"' 7xn)

FHf(=x1,=x2, =x3,-+ ,—Xn)) ,8)
=N (f(x1,x2,%3, - ,Xn)
+f(—x1,—x2, —x3, -, —X,),25)
> min{N (f (xl,xz,x_%,“' \Xn),S),
N (f(=x1,—x2,—x3,-+,—x,),5)}  (3.80)



Generalized Hyers-Ulam stability of functional equation deriving from additive and quadratic functions in fuzzy

for all xy,xp,x3,---
3.3,

,Xp € %) and all s > 0. Hence, by Theorem

for all x € .} and all s > 0. Define

f(x) = fo(x) + fe(x) (3.82)

for all x € .. Using (3.79), (3.81) in (3.82), we arrive

N(f(x) = (x) = 2(x),25)

=N (fo(x)+fe(x) — )

= min{N (fo(x) =/ (x),s) N (f&(x) - 2(x),5)}
t

> min {N’ <AA (x,x,
2—t
N/ (AA (—X,—)C,"' a_x)7S||> ’

2a
N (AQ (x,x,- - ,x),s|42;t|> ,
)
for all x € .1 and all s > 0. O

The following corollary is the immediate consequence of
Theorem 3.5 concerning the stabilities of (1.5).

Corollary 3.6. Let f: .1 — %5 be a mapping. If there
exist real numbers d and b such that

N(FAQ(.Xl,.Xz,.X?,,--- ,xn),s)
N(d.s)
N(dXi [lxills), b#1,2
>4 N(dII 1|\x¢|\”,S), nb#1,2; (3.83)
N( le,H s), b #1,2;
N(dH1:1 Hle lvs)v Z?:lbi 7é 172;

for all xj,x3,x3, -+ ,x, € S and all s > 0, then there ex-
ists a unique Additive mapping <7 . ) — Sand a unique
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quadratic mapping 2 : . — %5 such that

s 4de ’

nd| x|, B2 ) N (P, 242

n i (4

I :
mm{N'(| e, 252 ) (e, 22)

{

{

) (o) )

\\272’%\
2a )

( duxub,z L2

n Z, i
min J N <d|x|): i *|22‘|>7

Y

(3.84)

forall x € A and all s > 0.

4. Fuzzy Stability Results: Fixed Point
Method

In this section, we investigate the generalized Ulam-Hyers
stability of the functional equation (1.5) in Fuzzy normed
space using fixed point method. Now, we will recall the
fundamental results in fixed point theory.

Theorem 4.1. (Banach’s contraction principle) Let (X,d) be
a complete metric space and consider a mapping T : X — X
which is strictly contractive mapping, that is
(A1)(Tx,Ty) < Ld(x,y) for some (Lipschitz constant) L < 1.
Then,

(i) The mapping T has one and only fixed point x* =
T (x*);

(ii)The fixed point for each given element x* is globally
attractive, that is
(A2)lim, o T"x = x*, for any starting point x € X;

(iii) One has the following estimation inequalities:
(A3)d(T"x,x*) < 14 d(T"x,T""'x),V n >0,V x € X;
(Ag)d(x,x") < 1 d(x,x*),V x€X.

Theorem 4.2. [40] (The alternative of fixed point) Suppose
that for a complete generalized metric space (X,d) and a
strictly contractive mapping T : X — X with Lipschitz con-
stant L. Then, for each given element x € X, either
(F)d(T"x,T" " 'x) =00 V n>0,

or

(F») there exists a natural number ny such that:

(FPC1) d(T"x,T""'x) < oo for all n > ny ;

(FPC2)The sequence (T"x) is convergent to a fixed point y*
of T

(FPC3) y* is the unique fixed point of T in the setY = {y €
X :d(T™x,y) < <>°}

(FPC4) d(y",y) <

<17 L d(y,Ty) forally €Y.

Using 4.2, we prove the stability results of functional
equation (1.5).
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Theorem 4.3. Let [ : . — % be an odd mapping for which
there exist a mapping A : 5”12 — A3 with the condition

lim N' (A (Clx1,Clx2,Clx,),Cls) =1 4.1)
q o0
forall x € % and all s > 0 where
(2 if ¢=0,
Q_{;ifc=1 4.2)

and satisfying the functional inequality

N(FAQ()C],.XQ,)Q,' o ,xn),s) ZN/ (2’ (X],X27X37- o 7xn) 7S)
43)

Sfor all x\,x3,x3,++ ,xn, € S and all s > 0. If there exists
L = L(c) such that the function

AAF(X7X,.X,"',X):AA (x *z x)v

2727772
where Ag(x,x,x,--- ,x) is defined in (3.6) with the property

“4.4)

1
N (CAAF (Cex,Cex,Cexy - -+ ,Cex), s)

c

:N/(AAF(X,X,.X,"' ,)C),LS), (45)

for all x € A and all s > 0. Then there exists a unique
additive mapping <f : ) — % satisfying the functional
equation (1.5) and

W0 =092V (g - [£] 2

1-L|a
(4.6)
forall x € A and all s > 0.
Proof. Consider the set
¢ ={flfi: 51— P, £1(0)=0}

and introduce the generalized metric on € as follows:

d(f1,f2) =inf{p € (0,%0) : N (fi(x) — f2(x),s)

>N (Aap (x,x,%,+ - ,x,p5)) ,x € 1,5 >0} (4.7)

It is easy to see that (4.7) is complete with respect to the
defined metric. Define J : 4 — % by

1

Ef(CCx)a

for all x € .. Now, from (4.7), f1, f> € € and x € ¥},5 >0,
we arrive

Tf(x) =

d(flafZ) §P
:>N(f1 (X) —fQ(X),S) ZN/ (AAF(X,X,X,"' ,X),pS)
=N <(}Cf1 (ch) — Cl,cfz(cix),s)

> N (A (Cex,Cox,Cex, -+ ,Cex),C. P 5)
=N (Jfi(x) =T f2(x),8) = N' (Aag (x,x,x, -+ ,x), Lps),
:d(flafz) S Lp
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This implies J is a strictly contractive mapping on % with
Lipschitz constant L. It follows from (3.23), we reach

W (L2 10.55) 2V (A )0
(4.8)

for all x € .} and all s > 0. It follows from (4.7) and (4.5)
for the case ¢ = 0, we reach
N(Jf(x) —f(x),as) Z N/ (AA (x7x,x, e ,)C) ,LS) (49)

for all x € .1 and all s > 0. Again replacing x = 3 in (4.8) ,
we get

V(20 (3) ) 28 (3 5 3) )
(4.10)

for all x € .} and all s > 0. It follows from (4.7) and (4.5)
for the case ¢ = 1, we reach

N (f(x)—Jf(x),as) > N (Aa (x,x,x,-- ,x),s) (4.11)

for all x € .} and all s > 0. Combining (4.9) and (4.11), we
arrive

) > Nl (AA (X,X,X,"' ,)C) aLl_C S)
(4.12)

N (f(x) =Jf(x),as

for all x € . and all s > 0. Hence property (FPC1) holds. It
follows from property (FPC2) that there exists a fixed point
o7 of J in € such that

4.13)

for all x € .#]. In order to show that 7 satisfies (1.5) the
proof is similar clues to of Theorem 3.1. By property (FPC3),
&7 is the unique fixed point of J in the set

D ={A €€ :d(f,o) < oo},
such that
N(f(x)— o (x),as) >N (Ag (x,x,x,--- ,x) e 5)

for all x € .} and all s > 0. Finally, by property (FPC4), we
obtain

N(f(x)— (x).5) > N (AA (tr e ), [fﬂ :)

for all x € .} and all s > 0. This finishes the proof of the
theorem. 0

The following corollary is an immediate consequence of
Theorem 4.3 concerning the stabilities of (1.5).
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Corollary 4.4. Let f: .} — % be an odd mapping. If

there exist real numbers d and b such that =min{ N [ A | —x,x,x,---,x | ,s |,
n—1 times
N (Fag(x1,%2,%3,"+* ,Xn), )
N'(d, ) N|{A|lx,—x—x-,—x]|,s],
. —_—
( lelH )’ b 7é 1’ n—1 times
> E 1|x,|b,s)), nb # 1; (4.14)
1HX,H’S, bi#l; N/ Alxx.0---.0 ns
N (Tl Dl s) - b 1 )
forall xi,x2,x3,++ ,x, € . and all s > 0, then there exists a
unique Additive mapping <7 : . — 5 such that N | A [ 2x,0,0,---,0 ] ,s
—_——
n—1 times
N (f(x) = (x),s)
N( (n+3) ) =N A|—xxx-x|+A|x,—x,—x-,—x
Ia\ N —_—
N’( 2n+2+2b d||x||b ZT; ;f)' n—1 times n—1 times
3 2"1’.
v (allslai, ) walxxo.0
) N(B+2%)d]lx| | +3IIXI|"2+Z 3(n=2)[1x]]", e
( n (n+3)2 i v)) .
i=1"ap-2b| ) )’
<2d||x||2" 1 bi nLVZZZ‘:" S +4 | 2x,0,0,---,0 | ,(n+3)s
‘2*22":1 i n—1 times
4.15) N'(4d, (n+3)s);
b b
forall x € # and all s > 0. E2%1}|1|)t||%’ji+d3||)x')| (n+3)s);
Proof. 1f we take ) N (B+20)d|fx [ +3HXI|"2b
+Zl 3(n=2)|Al[", (n+3)s);
N'(d,s); N’ (2d||x|[F=1%, (n +3)s) ;
N (dZ il lP,5) ; 4.17)
N/(),(Xl,xz,)@,"',Xn),S): ( 1||xl||b7s);
,( i [l 5) for all x € . and all s > 0. Now, similarly by (4.5), (3.6) and
N (dH 1l [%5) 5
(4.16), we prove
(4.16)
1
for all x1,x2,x3,--- ,x, €.7] and all s > 0. Now N (CAAF(CCx)CCx)Cny . ,ch),s>
C
N (A(Cix;,Clxy,Clx3,- -+ ,Clxy,),Cl s) N (Lag (n+3)s) )
N’ (d Cq ) / C;r ’ / ’ ,
W aXE 1L ) N' (& (2n+2+2b)d||Cexl| 7(n—|—3)s>;
=¢ N (dIT- lHqulH Cq 5); N CLZdHCCx||”b7(n+3)s);
! q = c
N/ (d): IHCq-le )’ N/ 1 [(3+2b)d‘|cx||b1 +3||CX||b2
N (dH lHCCle ), C. . ¢ N ¢
—1las g— oo, 1+Zi:3(n _nz)HCCxH ] (n+3)s);
S las g oo, N (—Zduccxn&:lbf (n+3)s);
=¢ —las g— oo, ( (n+3)C
s (2n+2+2h d||x||h (n+3)Ct1s):
— las g —oo. (2d||x||"b n+3)C"b 1 )
_ ) b b
Thus, (4.1) holds. But from (4.4), (3.6) and (4.16), we have =q N (B +2°)d]lx|[Pr + 3| |x]|*> -
o Xy (=2l (n3) (T €21 ) )
( AF(-x7X7X7 ,X),S) N (2dHCCxHZ’(l:1bi’ (n+3)CCZ":'b'_1CC.s> :

v (e (55 2) )
- AN\ 2)7) =N (A, (x,x,%, -+ ,x),L s) (4.18)
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1
- C?bil

Hence, the inequality (4.6) holds for the following cases.
L=C'=2"" if ¢=0

=2"""" for mwb>1 if c=1

L= s
s
e )

Zl—nb)l—O s
AAI' X, X, X, .X)7 |:1_21nb:| a>

Y

2711707 s ,
:N/ AAF()C,X’.X7 .X), |:1_21 ; =N
o s " (n+3)2"bs
=N (4d,(n+3)2). <2d||x|| "Il (2bz)>
1 .
L===2 if c=1 L=Ct' =251 for bi<l if c¢=0

Llic N 1
Z L1-¢
(AAF(x,x,x, ,x)»{ L} a) S N (AAF (6%, ), L_L] ;)
1 N
:N/ A X, X, X, 3 X), | ——= | — Zb,'—l 1-0 s
( AF( ) {1_2} a) =N AAFxxx x)’|:1—2b)il}a)

4d,(n+3)s).
—a (3+2" d||x||bl+3||x||”2+): (n—2)l[xl",

L:Cf’1:2”’1 for b<1 if ¢=0
43 (%20 ) 2
n+ — .
“2-20 |a

N

=N

/\

Ll c
>N/(AAFXXX ),|:1 :|> 1
- L=——=2""% for b;>1 if c=1
=N [ Aa, (x,x,x, @) 2 c
£ 1-2-1 | g
217
(2042422, PE3) e
a(2—2b) ) L7 s
>N Aap (x,x,x,- -+ ,X), |2
_ __5l-b P
Lng’*liz for b>1 if c=1 (217171-)171 s
" Ay (e, x,x,- ), T h |
N (f(x) = (x),s)
L' s =N"| (3+2")d|lx[|” + 3| + Y (n —2)|1x]|",
ZNI AAF(X,X,X7"‘7X), - ( IZ?’
1-L|a
1-by1-1 nooobi \ g
_ A 2 § 3 = |1Z.
=N (AAF(x’x’xv"'v)‘)»Lw} ) " )<Zl 2”"—2> )
n+3)2°s
=N (2n+2+2%)d b(>. " e . 4
(( JIP ) L=cF" oIl for Y hi<1 if =0
L:cg”1 221 for nb<1 if ¢=0 -
N(f(x)— N(f(x) = (x),s)
Llfc s , Ll_c s
>N/<AAF.XXX ))lil—Lil a) >N <AAF(X,X,X,“~,)C)7|:1_L a
(znbfl)lfo s o (2):” h*l) -0 s
(AAFxxx x)’L—znhl - =N Aap(x,2,x,- -+ ,x), kT | 4
+3)2m s / n by (n3)2E=ibig
= N 2d) x|ba g, PED2T S =N’ ( 2d||x[| 2= " e )
(2alsiranie, 225 R sty
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1 _yn < .
L= T =21"Limibi for Zbi> 1 if c=1
Cc i=1
N(f(x) = (x),5)
L' s
ZNI (AAF()C,X,X,"‘ 7x)7 |:1 _L:| a>
1= bi\1-0
N (2 =1 ) S
=N (AAF(%LXW' ,X), {]_212:1_1,,!} a)
3)2ELibi
= (2alllrape, S,
a(2ri=1bi —2)
Hence the proof is complete. O

Theorem 4.5. Let f: .1 — % be an even mapping for which
there exist a mapping A : 5”12 — A3 with the condition

lim N’ (A (Clx1,Clx,Clxy) ,CH5) = 1 (4.19)
q (o=}
Sforall x € A and all s > 0 where
2 if ¢=0,
Cc—{é if c=1 (4.20)

and satisfying the functional inequality

N(FAQ(X17X27X3,~~' 7Xn)7S) ZN/ (;L (x17x27x37"' 7xn) 7S)
421

for all x\,x3,x3,+++ ,xn € % and all s > 0. If there exists
L = L(c) such that the function

A (xxx x)
o 27272a 72 ’

where Ag(x,x,x,--- ,X) is defined in (3.45) with the property

AQF (-x7x7-x7 e ,.X) = (422)

1
N (CZAQF (Cex,Cex,Coxy - -+ ,ch),s>
c

=N'(Agp (x,x,x,-+ ,x),Ls), (4.23)

for all x € A and all s > 0. Then there exists a unique
quadratic mapping 2 : ., — % satisfying the functional
equation (1.5) and

V()= 20009 2V (Agy rn o), [L] ),

1-L]|e
(4.24)
forallx € % and all s > 0.
Proof. Consider the set
G ={flfr: S — F, £(0)=0}

and introduce the generalized metric on ¢ as follows:

d(f1,/2) = inf{p € (0,00) : N (fi(x) — f2(x),5)

> N (Agy (x,x,%,+ ,x,p5)) ,x € S1,5 >0}, (4.25)
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It is easy to see that (4.25) is complete with respect to the
defined metric. Define J : ¥ — € by

IF() = 3 F(C),

for all x € .1. The rest of the proof is similar to that of
Theorem 4.3. O

The following corollary is an immediate consequence of
Theorem 4.5 concerning the stabilities of (1.5).

Corollary 4.6. Let [ : ) — % be an even mapping. If
there exist real numbers d and b such that

N(FAQ(x17x27x37 T ,Xn),S)
N'(d,s)
>q N(dXiy[llls),  b#2
N' (X |xil",s) . bi#2:
forall xy,x2,x3,++ , X, € .7 and all s > 0, then there exists a
unique quadratic mapping 2 : .1 — % such that
N(f(x) — 2(x),s)
!/ N .
N (9d7(2n+7)m), b
N’ [(7+2n+2)nb+(n—1)h+1]d\|x||b,%
N (6101 4 1) [l P1 4+ [Bn®2 + (n— 1)12] 2
n ; : (yn  (@n+7)2b .
X 20n =2, (T BT ) )
(4.27)

(4.26)

TN

>

—,

forall x € A and all s > 0.

Theorem 4.7. Let f : . — %3 be a mapping for which there
exist a mapping A 5”12 — S5 with the conditions (4.1) and
(4.19) for all x € A1 and all s > 0 and satisfying the functional
inequality

N(FAQ(Xl,XQ,X:;,“' ,Xn),S) ZN’ (l (X],xz,X3,"' ,xn),s)
(4.28)

for all x\,x3,x3,-++ ,x, € S and all s > 0. If there exists
L = L(c) such that the functions (4.4) and (4.22) with the
properties (4.5) and (4.23) for all x € ) and all s > 0. Then
there exists a unique additive mapping <7 : ) — % and
a unique quadratic mapping 2 : .\ — 5 satisfying the
functional equation (1.5) and

N (f(x) = (x) = 2(x),)
> min {N’ (AAF(x,x,x,--- ,X), [L]C}

1-L

1—c
N/ (AAF(_X7 —X, =X, a_x)a |:1 L:|

Llfc
N, <AQF(X,X,X7"‘ 7x)7 |:1 _L:| Z) )

Ll—c
N/ <AQF<xa Xy Xy 7*x)7 |:1 —L:|
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forall x € A and all s > 0.

Proof. The proof of the theorem is similar ideas and clues
used in Theorem 3.5. Hence the details of the proofs are
omitted. O

The following corollary is an immediate consequence of
Theorem 4.5 concerning the stabilities of (1.5).

Corollary 4.8. Let f: /1 — 5 be a mapping. If there
exist real numbers d and b such that

N(FAQ(xl,)C2,)C3,---
N'(d,s)

>q N (dXl|xill’,s),
N (AT [lss).

ﬂ-xn)as)

b+#1,2;
b,‘;’él,z,’

(4.30)

for all x1,x3,x3,-++ ,x, € % and all s > 0, then there exists
a unique additive mapping o . ) — % and a unique
quadratic mapping 2 : .\ — %5 such that

N(f(x) = (x) = 2(x),5)

. 32
mm{N' ((2n+2+2”)d|| I, ';E 2,

N ([(7+2n+2)n" + (n—1)" +
(2n+7)20 s .
e|l4-20| >

min (V' ((3+2°)d ]| ¥ 3]

+ X5 (n=2) %, (2 ’;;3;”)),
N ((6.nb1 +1)||x[|P1 + [3.n%2 + (n— 1)2]
1%+ Xy 20— 2],

n (2nt7)2b s .
=1 4—2bi] ’

+1]d|1x]|",

Y

431)

forall x € A and all s > 0.
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