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Abstract

The total product cordial labeling is a variant of cordial labeling. We introduce an edge analogue product
cordial labeling as a variant of total product cordial labeling and name it as total edge product cordial labeling.
Unlike to total product cordial labeling the roles of vertices and edges are interchanged in total edge product
cordial labeling. We investigate several results on this newly defined concept.
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1 Introduction

We begin with simple, finite, connected and undirected graph G = (V(G), E(G)) with order p and size q.
The members of V(G) and E(G) are commonly termed as graph elements while |V (G)| and |E(G)| denotes
number of vertices and edges in graph G respectively. For all standard terminology and notations we follow
West [10]. We will give brief summary of definitions which are useful for the present investigations.

Definition 1.1. A graph labeling is an assignment of integers to the vertices or edges or both subject to certain
condition(s). If the domain of mapping is the set of vertices(edges) then the labeling is called a vertex(an edge)
labeling.

Most of the graph labeling techniques trace their origin to § - labelings introduced by Rosa [5] in 1967.
This labeling was renamed as graceful labeling by Golomb [3] and it is now the popular term which is defined
as follows.

Definition 1.2. A graph G = (V(G), E(G)) of order p and size q is said to be graceful if there exists an
injection f : V(G) — {0,1,2,...,q} such that the induced function f* : E(G) — {1,2,...,q} defined by
fe=wv) = |f(u) — f(v)| for each edge e = wv is a bijection and f is said to be graceful labeling of G.

Vast amount of literature is available on different types of graph labeling. Labeling of graphs is a potential
area of research and more than 1500 research papers have been published so far in past five decades. For an
extensive survey on graph labeling and bibliographic references we refer to Gallian [2].

Graham and Sloane [4] have introduced harmonious labeling during their study on modular versions of
additive bases problems stemming from error correcting codes.

Definition 1.3. A graph G = (V(G), E(G)) is said to be harmonious if there exists an injection f : V(G) — Z,
such that the induced function f* : E(G) — Z, defined by f*(e = wv) = (f(u) + f(v)) (mod q) is a bijection
and f is said to be harmonious labeling of G.
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In 1987, Cahit [I] have introduced cordial labeling as a weaker version of graceful labeling and harmonious
labeling which is defined as follows.

Definition 1.4. For a graph G, a vertex labeling function f: V(G) — {0, 1} induces an edge labeling function
f*: E(G) = {0,1} defined as f*(uv) = |f(u) — f(v)|. Let vg(i) be the number of vertices of G having label
i under f and e;(i) be the number of edges of G having label i under f* for i = 0,1.The function f is called
cordial labeling of G if |ef(0) —es(1)] <1 and |vp(0) —vs(1)| < 1. A graph is called cordial if it admits cordial
labeling.

In the same paper Cahit [I] proved many results on cordial labeling.

After this some labelings schemes like prime cordial labeling, A - cordial labeling, H-cordial labeling, product
cordial labeling, etc. are also introduced as variants of cordial labeling.

The concept of E-cordial labeling was introduced by Yilmaz and Cahit [1I] which is defined as follows.

Definition 1.5. For a graph G, an edge labeling function f* : E(G) — {0,1} induces a vertez labeling function
f: V(G) = {0,1} defined as f(v) = > {f*(uwv)/uv € E(G)} (mod 2). The function f* is called E-cordial
labeling of G if |e;(0) —es(1)] <1 and |vs(0) —vp(1)] < 1. A graph is called E-cordial if it admits E-cordial
labeling.

Definition 1.6. For a graph G, an edge labeling function f* : E(G) — {0,1} induces a vertez labeling function
f:V(G) = {0,1} defined as f(v) = [[{f*(wv)/uv € E(G)}. The function f* is called edge product cordial
labeling of G if |e;(0) —ef(1)| <1 and |vs(0) —vy(1)] < 1. A graph is called edge product cordial if it admits
edge product cordial labeling.

The concept of edge product cordial labeling is introduced in recent past by Vaidya and Barasara [7] and
they have investigated several results on this newly defined concept in [7H9].

Definition 1.7. For a graph G, a vertez labeling function f : V(G) — {0,1} induces an edge labeling function
f*: E(G) = {0,1} defined as f*(uv) = f(u)f(v). The function f is called total product cordial labeling of
G if | (vr(0) 4+ ef(0)) — (vp(1) +ep(1)) | < 1. A graph is called total product cordial if it admits total product
cordial labeling.

In 2006, Sundaram et al. [6] have introduced total product cordial labeling and also proved some general
results.
In this paper we introduce an edge analogue of total product cordial labeling which is defined as follows.

Definition 1.8. For a graph G, an edge labeling function f* : E(G) — {0,1} induces a vertex labeling function
f:V(G) = {0,1} defined as f(v) = [[{f*(uwv)/uv € E(G)}. The function f* is called a total edge product
cordial labeling of G if | (vr(0) + ef(0)) — (vy(1) +€e7(1))| < 1. A graph is called total edge product cordial if
it admits total edge product cordial labeling.

This work also rules out any possibility of forbidden subgraph characterizations for total edge product
cordial labeling as it is established that for n > 2, K, is total edge product cordial graph.

Definition 1.9. Let C’T(f) denote the one-point union of t cycles of length n.

Definition 1.10. The wheel W,, is defined to be the join C, + K1. The vertex corresponding to Ki is known
as apex vertex, the vertices corresponding to cycle are known as rim vertices.

Definition 1.11. Let e = uv be an edge of graph G and w is not a vertex of G. The edge e is subdivided
when it is replaced by the edges ¢/ = uw and e’ = wv.

Definition 1.12. The gear graph G,, is obtained from the wheel W,, by subdividing each of its rim edge.

Definition 1.13. The fan f, is the graph obtained by taking n — 2 concurrent chords in cycle Cp11. The
vertex at which all the chords are concurrent is called the apex vertex. It is also given by f, = P, + K;.

Definition 1.14. The double fan DF,, is defined as P, + 2K;.
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2 Main results

Theorem 2.1. Fvery edge product cordial graph of either even order or even size admit total edge product
cordial labeling.

Proof. Let G be an edge product cordial graph with order p and size ¢q. To prove our claim we consider following
three cases.

Case 1: When p is even and ¢ is even.

Since G is edge product cordial graph, v¢(0) = vs(1) = g and ef(0) =ef(1) = % Therefore, | (vs(0) + ef(0))—
(vr(1) +ef(1)) | = 0.

Case 2: When p is even and ¢ is odd.

Since G is edge product cordial graph, v;(0) = vs(1) = g and |e;(0)—es(1)| = 1. Therefore, | (v;(0) + ef(0))—
(05 (1) + es (1)) = L.

Case 3: When p is odd and q is even.

Since G is edge product cordial graph, ef(0) = e (1) = g and |vy(0)—vf(1)| = 1. Therefore, | (v;(0) +ef(0))—
(vr (1) +ep(1)) | =1.

Thus in either case G satisfies the condition for total edge product cordial. i.e. G admits total edge product
cordial labeling. U

Theorem 2.2. The graph with degree sequences (1,1),(2,2,2,2) or (3,2,2,1) are not total edge product cordial
graphs.

Proof. For the graph with degree sequence (1,1) has one edge and two vertices. If we label the edge with 1 or
0 then both the vertices will receive the same label. Consequently | (v;(0) + ef(0)) — (vy(1) +ef(1))]| = 3.

For the graph with degree sequence (2,2,2,2) or (3,2,2,1) has four edges and four vertices. If we assign
label 0 to any edge then two end vertices will receive label 0 then v;(0) +e¢(0) = 3. If we assign label 0 to two
incident edges then three vertices will receive label O(including a common vertex and two remaining vertices)
then vy (0) + ef(0) = 5. If we assign label 0 to two non-incident edges then four end vertices will receive label
0 consequently vy (0) + e£(0) = 6. Hence in all situations | (vf(0) +e(0)) — (vs(1) + (1)) | > 2.

Hence, the graph with degree sequences (1,1),(2,2,2,2) or (3,2,2,1) are not total edge product cordial
graphs. O

Theorem 2.3. The cycle C,, is a total edge product cordial graph except for n # 4.

Proof. Let v1,v,...,v, be the vertices of cycle C,. We will consider following two cases.
Case 1: When n is odd.

f(vivig1) =0; 1 <4 < {gJ
n
) —1- Jl<i<n—
flvivig1) =1, {2—‘ <i<n-1
f(vlvn) =1
Case 2: When n is even and n # 4.
-4
fuivig) =0; 1<i< n2
. n—2
Jlowin) =1 i=—
n
fvovip1) =0; = 5
f(v,-v,-+1):1; nglngnfl
f(vlvn) =1
In both the cases we have v (0)+e;(0) =n and vy (1)+er(1) = n. So, | (vr(0) +e(0)) —(vr(1) +er(1))] <

Hence, the cycle C,, is a total edge product cordial graph except for n # 4. O

Example 2.1. The cycle C5 and its total edge product cordial labeling is shown in figure 1.
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figure 1

Theorem 2.4. The graph Cff) is a total edge product cordial graph.

Proof. Let v 1,Vk,2,...,Vkn—1 be the vertices of k" copy of cycle C), and v be an common vertex of Cr(,,t). The
vertices vg 1 and vy ,,—1 of k' copy of cycle C,, are adjacent to v. \V(C’,(f))| =t(n—1)+1and |E(C'7(f))| =tn.
We will consider following three cases.
Case 1: When ¢ is even.

Here C,(Lt) is of even size and it is edge product cordial graph as proved by Vaidya and Barasara [9]. Then
by Theorem result holds.

Case 2: When t and n both are odd.

t—1
foijvijpn) =0; 1<i<—— and 1<j<n-—2
t—1
floviq) = 1<i<‘™ =
t—1
fWvi-1)=0; 1<i<-—
t+1 2
fvijvije1) =1, 5 <i<t—1 and 1<j<n-2
t+1
floviy) = Tr<i<t-1
t+1
fwvin1) =1, —'2_ <i<t—1
.. n—3
J(v,ivgi41) = 1<i< 5
flovg1) =0;
n—1
f('Utﬂ/tz-i-) 5 i1<n-—2
flovgp—1) =1.
Case 3: When t is odd and n is even.
t—3
f(’U%J'UZ,H-l) 0; 1<:i< T and 1< j<n-—2
t—3
flovi 1) = 1<i<—=
t—3
f(vvzn 1) 0; 1§Z§T
t—1
f(U ,]U1,J+1) 0; = T and 1< j<n-— 2
t—1
flovig) = Z’:T
t—1
f(vvzn 1) ]-; = —
t42—1 n—2
floigvige) =0; = —— and 1< <
t+1
Flovig) = i:%
t+1
J(Wijviji1) = 1 i:% and ggjgn_Q
t+1
f(UU,n 1) 1 Z'Z%
t+3
flovin) = P9 i<t
143
f(vijvij1) =1 TSZSt and 1<j57<n—-2
t+3
fovim) =1, T2 <i<y
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2nt—t+1 2nt—t+1
In case 2 and case 3 we have vy(0) + ef(0) = % and v(l) +ep(1) = % Therefore
| (vf(0) +ef(0)) — (vy(1) +ef(1))| < 1. Hence, the graph c is a total edge product cordial graph. O

Example 2.2. The graph C’f) and its total edge product cordial labeling is shown in figure 2.

Theorem 2.5. The wheel W, is a total edge product cordial graph.

Proof. Let vy,va,...,v, be the rim vertices and v be an apex vertex of wheel W,,. To define f : E(W,,) — {0,1}
we will consider following two cases.

Case 1: When n is odd.

f(vg— 1v21)f0, lgz_ngl

f(vivn) =

f(va U21+1) 1; 1§z‘§n;1

floy) = 1<i<n.

In view of the above defined labeling pattern we have v;(0) + e;(0) = 3n2—|— ! and vp(1) +ef(1) = 3n;— !
Case 2: When n is even.

f(v2i— 11121)*0; 1§Z§g

f(vivn) =

f(vg v21+1) 1; 1§z‘§n;2

floy) = 1<i<n.

3 3n
In view of the above defined labeling pattern we have v;(0) +e;(0) = 771 and vy(1) +es(l) = > + 1. Thus in

both the cases we have | (vy(0) + ef(0)) — (v(1) +ef(1)) | < 1. Hence, the wheel W), is a total edge product
cordial graph. O

Example 2.3. The wheel Wy and its total edge product cordial labeling is shown in figure 3.

figure 8

Theorem 2.6. The gear graph G, is a total edge product cordial graph.

Proof. Let vy, va,...,v2, be the rim vertices and v is apex vertex of gear graph G,,. To define f : E(G,) — {0,1}
we will consider following two cases.

Case 1: When n is odd.
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fvivig1) =0; 1<i<n-—1
flowiz) =1, n<i<2n-1
f(Ulvzn):
flovgi)=0; 1<i< [gw
flovgiog) =1, {g] +1<i<n.
Sn+1 5n+1

In view of the above defined labeling patten we have v;(0) + ef(0) = and vp(1) +ef(1) =

Case 2: When n is even. 2 2
Subcase 1: When n =0 (mod 4).
f(vvgi—1) = 0; 1<i<n
flvgi—qve;) =0; 1<i< g
fv1vn) = 1
fv2v2i41) = 1; 1§i§%
fvivigr) =1 %+1§i§2n—1
Subcase 2: When n = 2 (mod 4).
flvvgiz) =0;  1<i<n
flogicqve;) =0; 1<i< n;2
f(vavs) = 0;
flvgivgip1)=1; 2<i< n ; 2
flovip) =1 nIQ <i<2n-1
flvivg,) =1

) 5
In subcase 1 and subcase 2 we have v¢(0) 4+ ef(0) = ?n +1 and ve(1) +ef(1) = 771 Thus in both the cases

we have | (vs(0) +e5(0)) — (vp(1) +e4(1))| < 1. Hence, the gear graph G, is a total edge product cordial
graph. O

Example 2.4. The gear graph G5 and its total edge product cordial labeling is shown in figure 4.

figure 4

Theorem 2.7. The complete graph K,, admits total edge product cordial labeling for n > 2.
nin—1) .
Proof. For complete graph K,, |[V(K,)| = n and |E(K,)| = T.Hence total number of elements in

1
K, is M For m < n, K,, is a subgraph of K,,. Now we search for the smallest integer m for which

[n(n +1) - m(m+1) Denote m(m+1) [n(n +1) m(m —1)

< . — [ edges
4 2 2 4

of subgraph K, and assign label 1 to all the remaining edges of supergraph K,. Then v¢(0) = m, e;(0) =
m(m — 1) n(n—1) m(me 1) 1. Thus

—‘ by [ and assign label 0 to

—lvp(l)=n—mand ef(1) =
|(07(0) + €£(0)) = (vy (1) + 5 (1)
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_ <m—|— m(m —1) )_(n_m+n(n2—1)_m(m2—l)+l>’

_ ( m+1 l) ( n(n+1) (m2—|-1)+l>

B nn—|—1 nn—|—1 n(n+1)

B 4

] st H

<1.

Hence, K, admits total edge product cordial labeling for n > 2. O

Example 2.5. The complete graph K5 and its total edge product cordial labeling is shown in figure 5. Here
m=4andl = 2.

figure 5

Remark 2.1. There is no possibility for any forbidden subgraph characterization for total edge product cordial
labeling as K, admits total edge product cordial labeling.

Theorem 2.8. The complete bipartite graph K, , is a total edge product cordial graph except K1 and Ka .

Proof. For complete bipartite graph K, , |V (Km,n)| = m +n and |E(K,, )| = mn. Therefore total number

of elements in K, ,, is m + n 4+ mn. Without loss of generality assume that m < n. Let vy, v2,..., v, be the
vertices of one partite set and uy, us, ..., u, be the vertices of other partite set. We will consider following two
cases.

Case 1: When m =1 and n > 1.

Ky, is a tree of either even order or even size. But Vaidya and Barasara [7] have proved that all trees of
order greater than 2 are edge product cordial graph. Hence the result holds from Theorem [2:1}

Case 2: When m > 2.

For | < n, K, is a subgraph of K,,,,. Now we search for the largest integer [ for which m +1 4+ ml <

{WJ Let r = {WJ — (m+1+ml). We define f : E(K,, ) — {0,1} as follows.
floiug)=0;  1<i<m and 1<j<l
fuiugg) =0; 1<i<r-—1
foiw) =1, r<i<m
flviuy) =1, 1<i<m and [+2<j<n.

In view of the above defined labeling pattern we have v(0) + e;(0) = {

{m—l—n—kmn
2

—‘. Therefore, | (v;(0) +e7(0)) — (vr(1) +e5(1))] < 1.
Hence, the complete bipartite graph K, , is a total edge product cordial graph except K i and K> .

m—+n—+mn
2

J and vy(1) +ef(1) =

O

Example 2.6. The complete bipartite graph K3 4 and its total edge product cordial labeling is shown in figure

6. Here m =3, n=4. Hencel =1 and r = 2. For which v;(0) =5, e;(0) =4, vy(1) = 2 and ef(1)
Therefore, | (vs(0) +e(0)) —

(vp(1) +ep(1)) | =1

= 8.
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figure 6

Theorem 2.9. The fan f, is a total edge product cordial graph.

Proof. Let v be an apex vertex and vy, va, . .., v, be the other vertices of the fan f,,. To define f : E(f,) — {0,1}
we will consider following two cases.
Case 1: When n is odd.

-1
f(vivi+1) = O, 1 S Z ~ n 2
1
f(Ui’Ui+1) = 1, ’I’L—2|- <1 Sn—l
-1
Fvv;) = 0; 1§z’§“2
1
fev) =1, = <i<n
3 1 3n—1
In view of the above defined labeling pattern we have v;(0) + e;(0) = n2—|— and vp(1) +esf(1) = n2 .
Case 1: When n is even.
-2
f(uivig1) =0; 1<i< n2
f(vivi+1) = 1, g S ) § n—1
F(vv;) = 0; 1§i§g
2
flov) =1; n—2|— <i<n
. . 3n 3n
In view of the above defined labeling pattern we have v;(0) + ef(0) = - and vp(l) +er(1) = 5
Thus in both the cases we have | (vf(0) +e£(0)) — (ve(1) +ep(1)) | < 1.
Hence, the fan f,, is a total edge product cordial graph. O
Example 2.7. The fan f4 and its total edge product cordial labeling is shown in figure 7.
figure 7
Theorem 2.10. The double fan D f, is a total edge product cordial graph.
Proof. Let v and u be vertices with degree n — 1 and vy, vs,...,v, be the other vertices of the double fan

Df(n). We define f : E(Df,) — {0,1} as follows.

f(ov;) = 0; 1<i<n
f(vivi+1) = 1; 1 S 7 S n—1
fluwwy) =1, 1<i<n.
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In view of the above defined labeling pattern we have vf(0)+e7(0) = 2n+1 and v¢(1)+ef(1) = 2n. Therefore,

| (vr(0) +€£(0)) — (vp(1) +ep(1)) [ < 1.
Hence, the double fan Df,, is a total edge product cordial graph. O

Example 2.8. The double fan D fy and its total edge product cordial labeling is shown in figure 8.

3 Concluding remarks

Labeling of discrete structure is a potential area of research. We have introduced the concept of total edge
product cordial labeling and derive several results on it. To investigate analogous results for various graphs as
well as in the context of different graph labeling problems is an open area of research.
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