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1. Introduction

In daily life, the problems in many fields deal with un-
certain data and are not successfully modeled in classical
mathematics.There are two types of mathematical tools to
deal with uncertainties namely fuzzy set theory introduced
by Zadeh [26] and the theory of soft sets initiated by Molod-
stov [14] which helps to solve problems in all areas. Maji et
al.[12] [13] introduced several operations in soft sets and as
also coined fuzzy soft sets. In [21] Thangaraj Beaula et. al
defined fuzzy soft metric space in terms of fuzzy soft points
and proved some results. On the other hand several authors
proved so many results in fuzzy soft sets and fuzzy soft metric
spaces (see [6, 7,9, 10],[17, 19, 21-23]).

Recently Ma et.al in [11] introduced the concept of C*-
algebra valued metric space and established some fixed point

results for mapping under contractive conditions. This line of
research was continued in (see [1], [2],[3], [4], [5], [8], [16],
[181,[20], [24],[25]1,[271,[28]).

In this setting we are motivated their ideas and results, we
will introduce definition of C*- algebra valued fuzzy soft met-
ric space in terms of fuzzy soft points and defined converges,
Cauchy sequence. Further some basic fixed point theorems for
self mapping under different contractions conditions relating
to these concepts are established. Some suitable example and
an applications to integral equations are given here to illustrate
the usability of the obtained results.

2. Preliminaries

In this section we recollect some basic definitions and
notations.

Throughout our discussion, U refers to an initial universe,
E the set of all parameters for U and P(U) the set of all fuzzy
set of U. (U,E) means the universal set U and parameter
set E, C refer to C*-algebras. The details on C*-algebras are
available in [15]. An algebra *C’together with a conjugate
linear involution map *: C — C, defined by @ — a@* such
that for all &@,b € C, we have (ab)* = b*a@* and (a*)* = @, is
called a * - algebra. Moreover , if C an identity element icU
then the pair (C,x) is called a unital * - algebra. A unital x
- algebra (C,x) together with a complete sub multiplicative
norm satisfying @ = @* for all @ € C is called a Banach * -
algebra. A C* - algebra is a Banach x-algebra (C, ) such that
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a@*d=a> for all @ € C, An element a € Cis called a positive
element if @ = @* and o(d@) C R(C)* is set of non- negative
fuzzy soft real numbers, where ¢(d) = {A € R(C)* AT —

is non-invertible}. If @ € C is positive, we write it as @ > OC
Using positive elements, one can define partial ordering on
C as follows;d < b if and only if Oz < b — d. Each positive
element *a’of a C*-algebra C has a unique positive square
root. Subsequently, C will denote a unital C*-algebra with the
identity element I. Further, C; is the set {d@ € 0z < @} of
positive element of C. a C*-algebra-valued Fuzzy soft metric
space is defined in the following .

Definition 2.1. ([14] A Fuzzy set A in U is characterized by a
Sfunction with domain as U and values in [0,1]. The collection
of all fuzzy set U is P(U).

Definition 2.2. ([12]) A pair (F,E) is called a soft set over
U if and only if F: E — P(U)is mapping from E into P(U)
the set of all sub set of U.

Deﬁnition 2.3. ([17]) Let C C E then the mapping

: C — P(U), defined by Fg(e) = uFg ( a fuzzy sub set
of U), is called fuzzy soft set over (U, E) where ,u°Fg = 0 if
e € E—Cand uFg # 0 if e € C. The set of all fuzzy soft set
over (U,E) is denoted by FS(U,E).

Definition 2.4. ([17]) Let Fg € FS(U,E) and Fg(e) = 1 for
all e € E. Then Fg is called absolute fuzzy soft set. it is
denoted by E.

3. Main Results

Here we introduce the notion of C*-algebra valued fuzzy
soft metric space.

Definition 3.1. Let C C E and E be the absolute fuzzy soft
set that is Fg(e) = 1 for all e € E. Let C denote the C*-
algebra. The C*-algebra valued fuzzy soft metric using fuzzy
soft points is defined as a mapping d: E x E — C satisfying
the following conditions

(Mo) Oz = d(F.,,
(M) des (e, Fey) =

F,) forall F, F,, € E.
0z < F, =F,

€

d;*(ng,Fe])

A
S
&
—~
=
o
I
S

*(FelvF )+d;*(F€2’F€3)

The fuzzy soft set E with the C*-algebra valued fuzzy soft
metric de is called the C*-algebra valued fuzzy soft metric
space. It is denoted by (E,C,d~).

It is obvious that C*-algebra valued fuzzy soft metric
generalize the concept of fuzzy soft metric spaces, replacing
the set of fuzzy soft real numbers by C. .
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Definition 3.2. A sequence {Fe,,} in a C*-algebra valued
fuzzy soft metric space (E,C,d.) is said to converges to F,
in E with respect to C.

If ||de (F,,,F, Ne = O as n — oo that is for every Oz < &
there exists Oz < & and a positive integer N = N(&) such that
dze (Foy Fu)]| < 6
implies that ||u, (s)— Hi, (s)|| < & whenever n > N. It is
usually denoted as lim,,_,. F,, = F,.

Definition 3.3. A sequence {F,,} in a C* - algebra valued
fuzzy soft metric space (E,C,d,) is said to be Cauchy se-
quence. If to every OC < & there exist OC < 6anda positive
mtegerN N(& ) such that ||de(F,,, F,, )|| < 8 implies that
lluf, (s)—ug, (s)|| <&whenever n,m > N. That is

||+ ( ens Feu)llc — Ocasn m— oo
Definition 3.4. A C*-algebra valued fuzzy soft metric space

(E,C dc*) is said to be complete . If every Cauchy sequence
in E converges to some fuzzy soft point of E.

Example 3.5. Let C C R and E C R, let E be absolute fuzzy
soft set, that is E(e) =1 forall e € E, and C = Mp(R(A)*),
define do«: E x E — C by
i 0
wirr=] 0]

l

where | = inf{|[.t,‘éel (s) — “?}z (s)|/s € C} and F,,,F,, € E.

Then d~ is a C*-algebra valued fuzzy soft metric and (E,C, d+)
is a complete C* - algebra valued fuzzy soft metric space by
the completeness of R(C)*.

Proof. i) Let F,,,F,, € E, then inf{|uf, (s)—ug, (s)|} = 0.
So OC =< d.(F, e Fey)

0 )
ii) Suppose d.+ (F,, , F,,) = 0z = [ (l) ; } =0¢

then i = inf{|ug, (s) 8, (5)]} = Oe
implies /.Ll‘éel (s) = IJ'?’Q (s) thatis F,, = F,,.
Similarly the reverse process.
Hence d. (F. ers F,) =0s < F, =F,
iii) Clearly, d,- (Fel Fo,) =de(F,,  F))

N [k 0]
w)de (Fe, Fey) = 0 k

where k :_inf{|/.11,‘§el (s)— /,Ll‘ie3 (s)|/seC}

(i 0] j 0
=lo "o
whereizinf{|,u,‘,ie1 (s)—,uféZ(s)|/seC}

and j = inf{|uf. ()~ g, ()]/s € C)

d (FEUF )+d6*( (23] )

Hence from all above de+ is C* - algebra valued fuzzy soft
metric and (E,C,d,+) is C* - valued fuzzy soft metric space.
Now we have to verify that the completeness.
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Let {F,,} in E be a Cauchy sequence with respect to C.
Then for given Oz < &, 3 a natural number N = N(&) > for all
n,m > N(E)

~ 0
dC*(FelﬂFem): |: g n

where = inf{[u. (s) g (s)|/s € C}

e+ (Fe, ,Fe,, )l = Ilinf{|n, (s)—uf, (s)I/s€CY| <&

Then {F,,} is a Cauchy sequence in the space E. Thus
there is a F, € E and natural number Ny = N; () such that
lin{|ug, (5)— g (5)/s € CH| < Eif n> N,

It follows
Kk 0
0 «x

where k = inf{|uz, (s)— b, (8)|/s € C}

|ldex (Fe,., Fo)lle = [|inf{[p, (s) = pi (s)|/s € CH| <&

vV n Z N1

Therefore, the sequence {F,,} converges to F, € E with re-
spect to C, that is (E,C,d.+) is a complete C* - algebra valued
fuzzy soft metric space with respect to C. O

dy+(F,,,F,) = [

Lemma 3.6. A C*-algebra valued fuzzy soft metric space
(E,C,d.+) is complete . If every Cauchy sequence in E has a
converges sub sequence.

Proof. Let {F,, },—1~ be a Cauchy sequence in (E,C,d,+)
We show that if {F,, },—1~ has a sub sequence {Fenk}nzloo
that converges to a point F, then the sequence {F,, },—1~
converges to F,.

Given O < &, there exists O < 8 > ||d.+ (F.,, Fy,)|| < g for
all n,m > N which implies [|uf. (s)—pug (s)|] <.

Then choose n; > N and ||d+ (Fe,» Fo)ll < g implies

g, ()~ mg ()] < §

Using fact that ny <np < .......... is an increasing sequence of
integers and {F,, } converges to F,,

Therefore, n > N , we have

ldes (Fe, Fo)ll - < |ldes (Fe, s Fe,,,) + dev (e, For)

em;r " e

|
et (Fey s Fey I+ ldes (e, Fo )|

<
<5+

lon
N[O
O

and|g, (5)— g (NI < Ilug, ()~ ()]
+lug, () —ug ()|
<i4E%
Hence (E,C,d.+) is complete C* - algebra valued fuzzy soft
metric space. O

Lemma 3.7. Let (E,C,d.) be a C*-algebra valued fuzzy
soft metric space. Then every C*-algebra valued fuzzy soft
convergent sequence is a C*-algebra valued fuzzy soft Cauchy
sequence .
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Proof. Let {F,,}n—1" be a C*-algebra valued fuzzy soft con-
vergent sequence in E converging to F,,

Since ||d (F,,,F.)|| = 0g as n— oo

That is given Oz < &, there exist a 0; < 8, choose N = N(&)
such that ||d.(F.,,F,)|| < $ for all n > N which implies

g, (s) = pg ()] < 5.
Then for all n,m > N, we have

(e (Feys Fe || < Nlder (Fe, , Fo) || + [ des (o, Fe,, )|

N[O
[NS]{e7))

<849-§

and

g, () —ug, I <Ilug, (s) = ug (I +I[ug, (s) = ug, ()]

=€

(STl

_|_

NSl

<
Hence {F,, } is Cauchy sequence in (E,C,d). O

Definition 3.8. Ler (E,C,d.+) be C* - algebra valued fuzzy
soft metric space. A mapping T: E — E is said to be a C* -
algebra valued fuzzy soft contraction mapping. If there exists
ae Cwith ||d|| < 1 and

d.+(TF,,,TF,,) < d d(F,,,F,,) for all F,, ,F,, € E.

Lemma 3.9. Let C be C* - algebra with the identity element
I and % be positive element of C. Ifa € C is such that ||d|| < 1,
then for m < n,

we have

lim ¥ (@)5(@)* < T2l 093] (””) Gy
e wn I ||aH

and

n

Y (@)@ — 0q asm — oo (3.2)
k=m
Proof. Since % be a positive element of C, we have
o\ kel ~ ol d
Tion (@)@ =X, (@) @ @)} @)
=Y, (F2d) (%2a")
=T, ¥
< || £
< [y |18 P
=Ll Py, lla|f
~ l ~||m
= @H(X)Z ||2 (Nj\l“ﬁu)
Moreover, ||d@||™ — 0 as m — oo. O

Theorem 3.10. Let (E,C,d,+) be a C* - algebra valued fuzzy
soft metric space. Suppose the mapping T: E — E satisfies
forall F,,F,, € E,

d+(TF,,,TF,,) < @*d.(F,,,F,,)d where a € C with ||| < 1.
Then T has a unique fixed point in E.
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Proof. 1t is clear that if C = Oc, T map the E into a single
point.

Thus without loss of gentility, one can suppose C # Oc, choose
fuzzy soft point F,, € E, Define the sequence {F,, },—1" in
away F,, =TF,, , F = TF,, = T?F,, and so on then the
follows F,, = T"F,, and F,, =T F, n=1,23,..
Notices that in C*- algebra if a,b € C, and d < b, then for
any X e C+ both ¥*ax and ~*bx are positive elements and

ax < #*bx.
Thus

d+(F,

en+17

F,) =d~(TF, TF,

€n—1

) 2 a'de(Fe, F, ,)a
< a*d~(TF,, ,,TF, ,)i

(~*)2d ( €n— 1’1761172)d2

< (@)'dy (Foy oy )

For n+ 1 > m, we have

d+ (F,

€n+1?

Fem) = dC*(FerH»l’ en)—"_dC*(Fen’Fenfl)

+ ....... +dc*( em+17F€m)

IA

(@) (Fo P
@y e (R !
bk (@) (Foy P )
ST @) (B Fo) @

=< Y4 (@)*D(a)* where D = d+(F,,,F,,)

7 ~1 ~
= IeTiy |ID2 [Pl [*

~1 ~
= IellDz|P X, lla]*

Therefore, |4z (F, ., Fo,)|| < Tel de |2 (14
m— oo,

Thus, {F,, },=1" is a Cauchy sequence with respect to C. By
the completeness of (E,C d;*) there is an F, € E such that
lim, e TF,, = F,.. That s ||de+(F,,,,,F,)|| = o0 as m — oo
We now claim that F, is a fixed point of T.

H) —>OA as

0c X dp+(TF,,F,) =dy(TF,,TF,)+d:(TF,,,F,)

< a* C*(F Fen)a—|—d (F, .., F,)

ept1rle
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So that

0 §||d2-*(T1fe‘ Fo)ll
< |[al|?|ldes (Fo, Fo, )| +de (F.
< ldes (Fy , Fe, )|l +lde (Fe, ..,

€n+|’ ‘)||
F,)||—0 asn— e

Hence TF, = F, , thatis F, is fixed point of T.
Now suppose F,: be anther fixed point of T
Since 03 < dy+ (F,,F,)) < dp+(TF,,TF,) < @de(F,,F,)a.
Then we have
0 SHdC*QFe‘aFe“)H
< ||a@*dex (For, o )al|

< [[al*[|des (For, Fo)
< |lde (Fy , o)

it is impossible, so d,«(F,., F,.) = 0 implies F, = F,..
Hence The fixed point is unique. O

Example 3.11. Let E = {e},e2,e3,e4} , R=U ={a,b,c,d}
and
C ={e1,er,e3,}, define fuzzy soft sets as

e1 ={ao3,b0.2,c04,dos},

(Fg,C) =1 ex=1{ao.1,bo4,co5,do2s},
e3 = {ao.6,b0.7,c0.8,do.o }
and
Fe1 =ur,, ={a03,b02,c04,do6} . Fe, = Ur,, = {a0.1.bo.4,co.5,do.2},

Foy = pr,, ={a06,b07,c08,doo}
therefore, FSC(Fg) = {F,,Fe,,Fe; } and F (e y=1VecE
We define d-: E xE — C by

~ ;10

dc*(F€|aFez):|:(l) l :|
where i = inf{|uf¢gI (s)—
T: E = E by TF,(a) =

)
where ¢ = 0 NG

,uﬁez (8)|/s € C} and also define
L forallac U and F,, ,F,, € E

1 eC’andHEH:@ <1
2
Then T has a unique fixed point.

Proof. Tt follows from Theorem (3.10), (E,C,d~) is a
complete metric space. Moreover, T is a self mapping on £
, exactly as in the proof of Theorem (3.10). Notice that the
Fuzzy soft real number ¢ generating the constant C*- algebra

valued fuzzy soft number satisfies ||¢|| = g < 1. Finally, we
obtain the following contraction condition, for each Fe, , Fe, €
E

Fora e U, |ul’§e1 (s) —,u.fé ($)]=10.3-0.1]=0.2,

be Ul (5) 1k (5) = [02-02| =02

ce Ul (5) . (5) = [0.4-05] =0.1

deU,luf. (5)—ui ()| = 0.6 0.2/ = 0.4

Now
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inf{|ug, (s)—uf, (s)|/s € C}=inf{0.2,0.2,0.1,0.4} = 0.1

therefore, do+ (Fy, , Fp,) = [ 0(')1 001 } then
003 O
dy-(TF,,, TF,,) = { N 0.03]

So one can verify that

o
oo
_ 1

Therefore, d+ (TF,,,TF,,) < & dy(F,,,F,,)é.
Hence T has a unique fixed point. O

Definition 3.12. Let E be a absolute fuzzy soft set. We call
a mapping T is a C* - algebra valued fuzzy soft expansion
mappzng on E if T: E — E satisfies:

I)T(E) = )

2)d- (TFe1 ,TF,,) = a* o (Fe,,F.,))aforall F, ,F,, € E where
a € C is an invertible element and ||a~"'|| < 1.

Remark 3.13. Let (E,C,d+) be complete a C*-algebra val-
ued fuzzy soft metric space. Then there is an expansion map-
ping T has no fixed point.

Example 3.14. LetC=E = {e1,e2,e3,},U=R={a,b,c,d},

let E be absolute fuzzy soft set, that is E( y=1forallecE,
and C = (R(A)*), define dp: E x E — C by

@ En) = 9]

where i = inf{\uf@e1 (s)— ,LL,“,E2 (8)|/s € C} and define the map-
ping T: E — E by TF,(a) = &foralla €UandF,, ,F,, €E,

2o
where ¢ = 8 % ECand||c||*f<1
Then T has no fixed point.

Proof. Tt follows from Theorem (3.10), (E,C,d.+) is a com-
plete metric space. Moreover,T is a self expansion mapping
on E , exactly as in the Definition (3.12). Notice that the Fuzzy
soft real number ¢ generating the constant C*- algebra valued
fuzzy soft number satisfies ||¢|| = ? < 1. Finally, we obtain
the following contraction condition, for each F, ,F,, € E
ForaeU, |/.sz’,~’_01 (s)— ,uI?Ez (5)]=10.3-0.1]=0.2,

beU, Wg. (s)— Hz{iz (s)]=10.2-0.2|=0.2

ceU, |,ufpe1 (s) —[,Lﬁg2 (s)]=10.4—0.5|=0.1

deU, Wég1 (s)— u;%ez (s)| =0.6—-0.2| =0.4

Now

inf{|u§€] (s)—[,LI?-E2 (8)|/a€U}=inf{0.2,0.2,0.1,0.4} =0.1.

Therefore,

0.1 0
de “(Fey Fey) = [ 0 0.1}
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then
005 O
d+(TF, ,TF,) = { 0 0'05]
one can verify that
005 O
de (TFey TFy) _[ 0 0.05 ]
2o {01 0 } 2
I @ 0 0.1 0 %
tg*d;*(FelvFez)é
V2o ~
we have, d = l (2) % 1 6Cand||c||:£

but [|¢7 1| £ 1.
Hence T has no fixed point.
O

Before introducing another fixed point theorem, we give a
lemma first.Such results can be found in [15].

Lemma 3.15. Suppose C is a unital C*-algebra with unit 1.
DIfa € Cy with ||al| < % then I —a is invertible and

lal-a- 'l <1 o o
ii) suppose that a,b € C with a,b = Oz and db = bd then
ab ~ OC

iii) C' denote the set {a € C/ab=5baV becC}. LetacC,
lfbcEszthb>c>0andl—a€CJr is an invertible
operator, then (I —a)~'b = (I — a- le.

Notices that in C* - algebra, if0 < d,b, one can’t conclude
that 0 < a@b. Indeed, consider the c¢* - algebra (R(C)*) and

Fo,(a) F, (b)
= | F(c) Fo(c) | |04 05
and b= [ F,(c) F,(d) |~ |05 06
then clearly @ > 0 and b = 0 but @,b € (R(C)*) . while ab is

not.

Theorem 3.16. Let (E,C,d.+) be a C*-algebra valued fuzzy
soft metric space. Suppose the mapping T: E — E satisfies
forall F, | F,, € E,

de+(TF,,,TF,,) X @ (d+(TF,, ,F,,) +de+(TF,,,F,,)),
where @ € C with ||d|| < 3. Then T has a unique fixed point
inE.

Proof. Tt is clear that if C = O¢, T map the E into a single

point.

Thus without loss of gentility, one can suppose C # O¢,Notices

that

aeCy,a (d-(TF,,F,)+d-(TF,,F,)) is also positive,

choose fuzzy soft point F,, € E, Define the sequence {F,, },—1”
in a way F,, = TF,, F,, = TF,, = T?F,, and so on then the

009 nn,,
5:

; ‘a’uv
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follows F,, = T"F,, and F,,,, = T""'F,, n=1,2,3,........ By

D denote the element d- (Fe, ,F,) in C, then we have

ent17" €n

( Z‘* (TFenVFenfl ) +d:* (TFen*I ’Fen))

1A

«(F,, ,,F,,)=d~(TF,, TF, )
a

A

d (dz* (TFeYl ? TFean) + d;* (TFen_l ) TFenfl ))
< (d-(TF,,TF,, ) +d-(TF,, 1,TF, ,))
< ade(TF,,,TF,, )+ ad-(TF,1,TF,, ,)

Thus (I —a)de+(F,,,,,F.,) < ade(F,,.F,, )
Since @ € C\, with ||d|| < % and furthermore, a(I—a)~' € C,.
with ||@(T—&)~!|| < 1 by Lemma (3.15). Therefore,

de+ (e, Fe,) Za(l—a)"'de(F,,, F, )
= id+(F,,,F, ) where f=a(l—a)~!
Forn+1>m
de+(F,,, ,  Fo,)

j dC* (Fen+l 7Fen) +d;* (Fen ’ Fenfl ) + T + d:’* (FenH»l ’ Fem)

_<(fn+fn*1_~_f”72+ ........ +fm)dc*(Fel?F€0)

= 1 ~k
=TIy, |ID2|PliF2 ]2

o1 -
<12 [P i, I

LIz[]™

5i||D%||2(17H,.H) 5 Oasm— oo

This implies {F, },=1" is a Cauchy sequence with respect
to C. By the completeness of (E,C,d,+), there exists F, € E
such that lim,,_. F,,, = F,. That is lim,_,.. TF,,—1 = F,.That
is
||de (Fy,, E,)|| — 0 asn— oo
Now we show that F, is fixed point of T

OC' jd:'*(TFe‘vFe‘)
< dy+(TF,,TF, ) +dy (TF, ,F,)
=a(de (TF,, Fp,) +de (TF,, Fy)) +de (Fo,i1, Fy)
=a (dZ* (TFe'a e‘) +d:* (Fe‘7F€n) +dZ* (TFenvFe‘))
—|—dZ* (F€n+1 aFe‘)

315 X

N
&

- )¢ '*(TFE‘?FC“) 5 B
a(de(Fy,F,,) +de (TF,, , F,)) +des (Fop1, Fy)

n

a(l—a)~!
+(I—a)™!

&
5
s
o
I A

(fl';* (Fe‘vFen) +d;* (Fe,,H aFe‘))
de- (Fen+laFe‘)

0 <llder(TF,, Fp)|| < |la(T @)~ |lllde- (F,, Fe, ) + dev (F,
HIT = a) " |lllder (Fey 1, Fo )|

n+17

() < ||dz't(TFe‘7Fe‘)|| < Hdz‘*<Fe‘7F€n>+dz’*(F€n+l7Fe')||

+|dex (Fe, 1, F) |
—0 as n— oo

Therefore, do+ (TF, ,F,) = 0 implies TF, = F,
Hence, F, is fixed point of T.
Now F, # F,' is another fixed point of T. Then we have

Oc

(TF,,F))+d-(TF},F)))

erte et e

(
a (d-(F,,F))+d~(F},F})).

ILTA I IA
N
*
QU

erte erte

That is

(I—a*)d~(F),F))

e’ e

= d*dZ* (Fu Fl)

ere

Sa(I-a)"'d(F,F,)

Since ||a*(T—a*) "] <1 so 0<||de- (Fy, )| < ||des (F, )|
which means d+ (F,,F)) =0; < F, = F,'.
Therefore, the fixed point is unique and the proof is com-

plete. O

Example 3.17. Let E=C=U = {1 :n € N}. and define
i 0
0 i
where i = inf{|ul‘§e1 (s)— ﬂ?«;z (8)|/s € C} is a C*-algebra val-

dot B E—C by do(Fo (a),Foy())(5) =

ued fuzzy soft metric on E. Furthermore, C* - algebra valued
fuzzy soft metric space (E,C,d+) is complete.

Let T: E%EbyTFAa)z# VF,cE andacU. We
show that T satisfies the conditions of Theorem (3.16) where

1 ~
= [ 8 (%) ] € C with ||¢|| = %. In fact,
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given Fy, ,F,, € E and a € U,s € C then we have

A+ (TF, (@), TF,,(a))(s) = do- (212 T2l )

A o0
10 A
where A = inf{] MF”}‘ - ”Feﬁ v |/s € C}
[i 07[i 0]
L0 )10 ]
where i = inf{\uﬁgl (s)— u,fiez (8)|/s € C}
Z[z 07[r o0
—lo 1 0 vy

L 4 1L J
where y = inf{|u. () + g (5)|/s € C}

10 TR0 v 0

3
<Lo (e u] 0 b))
where |1 = inf{\uﬁel (8)— uFei ’ |/s € C}
)|/SEC}

H,, (s

and v = inf{\u{égz (s) ——4

= &(der (Fey(a), Ty () (5) + der (TE,, (a), Fey () (5))

Hence du+(TF,,,TF,,) = ¢(d+(F.,,TF,,) +de(TF,,,F,,))
However, T has no fixed point.

Now present an example where we can apply Theorem
3.16 but not Theorem 3.10.

Example 3.18. Let U =R" and E = C = {0, 1}, define
~a = ~ i

s EXE-C byde (B o) Fula@)9)= | §

i= inf{|u1‘§gl (s) — ,u,?ez (8)|/s € C} and for all a € U and

F, . F, € E is a C* - algebra valued fuzzy soft metric on E.

Since Rjr is complete for the Euclidean metric, we deduce that

(E,C,d) is complete C* - algebra valued fuzzy soft metric

space.

where

s = [0, ifac]0,2)
LetT: E — E such that TF,(a)(s) = { U ifac[2e)

for all F, € E. Let ¢ be a constant C* -algebra valued
Sfuzzy soft real number such that ||¢|| < 1, choose b € [0,2)and

3
~ 5 0
b:[z
0 3
seC,

] such that ||@(21 — b)|| < 3. Then for each

we have

dc* (TFel (2)7TF31 (b))(s)

10 L9
— 2 2 _
[ 116 §ern
[ L o ] 1 9
> \g 1 (Zl—b)l\g 1]
L V2 V2
1 7] 1
v 0 207 _[3 0]\ v ©
0o X 0 2 0o 3 0o L
L V2 | 2 V2
r 1 7] 1
- | V2 0 [;0}[\& 0]
0o L 0o 1 0o L
L V2 2 2
L o0 ] . )
=L dc*(Fel(Z),Fel(b))l‘g 1]
L V2 ] V2

= &de (F,, (2),F,, (b))e.

Therefore, T does not satisfy contraction condition of
Theorem 3.10 for any ||¢|| < 1. However, taking, a € [0,2)

. 1 0 o 2 0
with d = 0 l}andbE[Z,oo), Wlﬂ’lb=|:0 2}we
obtain, for s € C,
ds §T1Fe1 (a), TF,, (b))(s)
_|z 0
L0 5]
rol 1/7 7 1
_ |3 0 200 |50
L0 4 J\|0 2 0 3
rol 1/7 1
z 0 1 2 0 5 0
< 3 — | 2
SRS FRIRERT)
(L o1/[1 o] [1 o 20
3 _| 2
Lo Vot [0 2 ))
rol 1 /7 1
= 0 5 0 2 0
< 3 2
SERY IR IRER)
Hence,

de=(TF,, (a), TF, (b))(s) i

=& (de(Fe, (a), TF,, (b))(s) + de+ (TF,, (a), F, (b)) (s))
Therefore, T satisfies contraction condition of Theorem (3.16)
Sor||d)| = % In fact, Fy = 0 is a unique fixed point of T.

4. On Caristi type contraction

We begin this section by introducing the notion of lower
semi continuity in the context of C*-algebra valued fuzzy soft
metric space. And we proved that many of the known fixed

0020
XYW

0,7 42
50827
“,

)
AW

316



Convergence properties on C* -algebra valued fuzzy soft metric spaces and related fixed point theorems — 317/320

point theorems can be deduced from caristi’s mapping.

Definition 4.1. Let (E,C dC*) be a C*-algebra valued fuzzy
soft metric space. Let T: E — C be a mapping, we say that ©
is lower semi continuous at Fe, with respect to Cif

Ie(FlI < Jim infll<(F)]

Example 4.2. Let E = {ey,ez,e3},U ={a,b,c,d} and C and D

are two subset of E where C = {e},ez,e3},D = {e}, ez, }.
Define fuzzy soft set as,

€] = {a0.17b043vc().47d0.6}a

(Fg,C) =14 e»={ao3,bo4,c06,d0s},
e3 = {ao.6,b0.7,c0.8,do.o}
(GE’D)
= {e1 ={a0.4,b05,c02,dos5}, €2 = {aos,bo6,c03,do7}}

Fo; = ur,, ={a0.1,b03,c04,dos}
F, = ur,, ={a03,b0.4,c06,dos}
Foy = ur,, ={a06,b0.7,c08,doo}

Ge, = Mg, ={a04,bo5,c02,dos}

Ge, = UG,, = {aos5,b0.6,c03,do.7}

and FSC(Fg) = {F., i Fey, Fey, Ge,,Ge,} , let E be abso-
lute fuzzy soft set, that is E(e) =1 for all e € E, and
C = My (R(C)*), be the C*-algebra with

||[(Fe, Fe)|| = V/|Fe,|? + |Fe, |- Define an order < on C as

follows ;

(F€17G€|) = (Fe2aGez) <:>Fe| SFeg and Ge1 < G€27

where < is the usual order on the element of R. It is easy to
verify that = is a partial order on C. Consider

d~c* :ExE—Cbhy

d+ (Fe,,Fe,) = (Inf{|F;, (a) — F¢,(a)|/a € C},0), then obvi-
ously (E,C,d.+) be a C*-algebra valued fuzzy soft metric
space. Define a mapping

E@ oy if F(a
,r(Fe){ ( %17,009 f Fela) >0

t:E—C
otherwise

then it is easy to verify that T is lower semi continuous at
F,, =0.

It is straight forward to prove the following lemma.
Lemma 4.3. (E,C,d+) be a complete C*-algebra valued
fuzzy soft metric space and t: E — C be the lower semi

continuous mapping. The order relation < on E , for each
F, ke, € E defined by

F,, =t Fy, & dp (F,, , Fyy) < T(F,,) — T(Fy,) .1

then =: is a partial order on E.
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Theorem 4.4. Let (E,C,d.) be a complete C*-algebra val-
ued fuzzy soft metric space. Suppose that ©: E — C, be a
lower semi continuous mapping and = on E defined by (4.1).
Then (E,=:) has a minimal element.

Proof. Let us consider the non-increasing sequence in E as
follows

Fo o Foy =c Foy =
Q j‘iNC*(Fez?F ) (Fel)—T(ng),

O = de (F“ s Fe, ) < (Fez) — ‘L'(Fe3),

which implies (F ) = T(Fe,) = ©(Fy)

Therefore, {7(Fe,) : B € A} is a decreasing sequence in C.,
where A is an indexing set. Let {3, } be an increasing sequence
of elements from the indexing set A such that

F,):B €A}

. It follows from (4.1),

............ , then from (4.1), we have

lim 7(F,) = inf{7(

n—yoo

4.2)
take m > n then Feﬁn = F, ™

d (Fel; 7F ) (F[; )_ (Feﬁm)

Tde(Fey oy I = 12y ) 2oy )
Letting n — oo then together with (4.2), it further, implies that
limy, oo [| e (F, Fey ol

eﬁ I
< limy e |[(Fey ) — T(Fey |

) 1B €A} —inf{1(F,;): B €A}|=0

therefore, {F, } is a Cauchy sequence in E by Definition 3.3.
As E is complete, there exist F, € E such that

Fe, — F,. Since {Fe,, } is decreasing sequence in E
follows F, <; Fep, for all n > 1. Which implies F,, is lower
bound for {Fe, }n>1.

We prove that F, is a lower bound for {F¢, }gea.

Let ¥ € A be such that Fey =z Feﬁ” for all n > 1 then

< ||inf{z(F,

O¢ < doe(Foy, \Foy) < T(Foy ) — 7(Fey)

taking limit n — oo which implies

©(Fe,) 2 inf{z(F,) : B € A} 4.3)
since Y € A, we have
inf{z(Fe;): B € A} X 7(Fey) (4.4)
Combining (4.3) and (4.4) we get
‘T(Fe,) = inf{r(FeB) 1B eA} 4.5)
As F < Feﬁ , it follows from (4.1),

d.+ (Fey, F, )= (Feﬁn) - ‘L'(ny), using (4.5) and the fact that
{F, n} is decreasmg chain in £, we obtain

O = de(limyse Fop  F)
2 imy e T(Fep, ) — T(Fey)

=1(F,,) —1(F,) = 0¢.
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Therefore, d+ (lim, e Fep, ,Fey) = (~)C~.

Hence lim,,_,c Feﬁn = Fe,. It follows from the uniqueness of
limit F,, = F,,. That is, F,: is a lower bound of {Fe‘G 1B e A}
Thus by using Zorn’s lemma we conclude that £ has a minimal

element. 0

As a consequence of above theorem we have the following
fixed point results.

Theorem 4.5. Let (E,C,d.+) be a complete C*-algebra val-
ued fuzzy soft metric space and Suppose T : E — C,. be a lower
semi continuous mapping. Let the self mapping T: E — E
satisfies for all F,, € E,

d+(F,,,TF,) < t(F, ) — ©(TF,) (4.6)

Then T has at least one fixed point in E.

Proof. Let F, € E be aminimal element of £. Since TF, € E,
it follows F, =< F,, forall F,, € E
In particular,

F, <. TF, 4.7

By combining (4.7) and the condition (4.6) we have
TF, = F,, that is T has a fixed point. O

Example 4.6. Let E = C = [0, 1] and let E be absolute fuzzy
soft set, that is E(e) = 1 for all e € E, and C = M>(R(C)*) be
a C*-algebra with the partial order as given in Example 4.2.

Define dp: E x E — C by dp+(F,,,F, ):{(l) ?]where

[,117-82 (s)|:s €C}and F,, ,F,, € E.
F, O
0 F,
ping, and T: E — E is given by the TF, = Fezl. Then it is
easy to see that all the conditions of Theorem 4.5 are satisfied
and T has a fixed point.

Corollary 4.7. Let (E,C,d+) be a C*- algebra valued fuzzy
soft metric space. Suppose the mapping T: E — E satisfies
forall F, | F,, € E,

= inf{|ug (s)

Andt:E—Cy, t(F,) = [ ] be a continuous map-

d (FelaF ) < (FEI,F) (TFeI,TF) (4.8)

where T: E x E — C is lower semi continuous with respect
to the first variable. Then T has a unique fixed point in E.

Proof. For each F,, € E, let we define F,, = TF,, and
©(F,,) = t(F,,,TF,,), then for each F,, € E, we have
de«(Fe,, TF,)) 2 ©(F,) — ©(TF,),

since 7 is lower semi continuous mapping. Thus, we can
applying Theorem 4.5 lead us to conclude the appropriate
result. To see the uniqueness of the fixed point, suppose
F, ,F, are two distinct fixed points of T. Then

o (Fy Fy) = T(Fy,F)—

= T(Fe\ ,Feu) -

T(TE, ,TF,)
T(Fe\ ,Feu) = OC

Therefore, we have F, = F,. O
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Corollary 4.8. Let (E,C,d) be a C*-algebra valued fuzzy
soft metric space. Suppose the mapping T: E — E satisfies
forall F, F,, € E,

d+ (TF,,,TF,)) 2 a*d(F,, ,F,,)a

where i € C with ||d|| < 1. Then T has a unique fixed point
inE.

Proof. Define ©(F,,,F,,) = (I—é&a*)~'d. (F,,,F,,) then (2.1)
show that
(I —aa*)d(Fp,,Feoy) = de(Fy,, Foy) — de+ (TF,,, TF,,)

which means

d (F€17F) ([_dd) ldC*( ers )_

and so we have

dy+(Fy,,Foy) = T(F,,,Fo,) — ©(TF,,, TF,,)

Therefore, by applying corollary 1, one can conclude that T
has a unique fixed point in E. O

Corollary 4.9. Let (E,C,d+) be a C*- -algebra valued fuzzy
soft metric space. Suppose the mapping T: E — E satisfies
forall Fy, | F,, ,F, € E,

d+ «(Foy, Feoy) 2 T(Fey Fey) —

T(Fey, Fey) 4.9)

where ©: E x E — C. is lower semi continuous with respect
to the first variable. Then T has a fixed point in E.

Proof. Foreach F,, € E, let we define F,, =TF,,
F,,=TF,, = TzFe1 and ©(F,,) = ©(F,,, TF,, ), then for each
F,, € E, we have

de+(F,,TF,) 2 ©(F,,) — ©(TF,),

since T is lower semi continuous mapping. Thus, we can
applying Theorem 4.5 lead us to conclude the appropriate
result. O

5. Applications to integral equations

As applications of contractive mapping theorem on com-
plete C* - algebra valued fuzzy soft metric spaces, existence
and uniqueness theorems for a type of integral equation and
operator equation are given.

Following example shows that a C*-algebra valued fuzzy soft
metric space.

Example 5.1. Let E = C = [0,1], and the absolute fuzzy soft
set E =L>(C) and H = L*(C), where the parameter set C
is a Lebesgue measurable set. By L(H) we denote the set of
bounded linear operators on Hilbert space H. Clearly L(H)
is a C*-algebra with usual Operator norm. Deﬁne

d:‘*: ExE _>L( )byd ( 813 ) 1nf{|uFe “Fe s)|/seC}

forall F, ,F,, € E, where M}, : H — H is the multiplication
operator defined by My, (t) = h.t for t € H Then d+ is a

(I-aa*)~'d.(TF,,,TF,,)
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C* - algebra valued fuzzy soft metric and (E,L(H),d.) is a
complete C* - algebra valued fuzzy soft metric space. -
Indeed, it suffices to verify the completeness. Let {F, } € E [ldes (TFe,, TFe, )| = HZHEI( inf{|tfr, (9)=Hir,, ( o)/secyhsh)
be a Cauchy sequence with respect to L(H). Then for a B

given € > 0, there is a natural numbers N (&) such that for all

nm> N(e), wpfhﬂfmmxm@»amwawmwﬂmmmw
[[nl|=1C L C

der (Foy Fop) = Mine(ug, (-, (9)]/seC)

< sup [ |[inf{|G(t,5.F, (s)) —G(t,s,FeZ(s))}ds] (1) [2dr
[[=tears

e (Fey Feu)Il = [1Mine(ug, (s)-ng, (s))jsecy]

< sup g _c[rinf{’c(t,s)(Fe1 (s) Fez(s))|}dS:| () 2d
= [[inf{|pf, (s)—pfs (s)|/s € CHle < nfj=1C L

then {F,,} is a Cauchy sequence in the space E. Thus, there <rsup [ [f inf{|7(z,s)|}inf{|F,, (s) — 2(s)|}ds} |h(t)|dt
is a F, € E and natural number Ny (€) such that llll=1C
Hinf{\uﬁgn (s) = ug (s)|/s € C}|| < € if n > Ny. Its follows,

<mwf@mwoww$Mwaﬂmm>nmnm

\|de+ (F,, F) | = [Mintglug, (5)-ug )/}l l1|=1€
. <r sup [inf{|7(t,s)|}ds. sup [|h(t)|?dt.||inf{|F, (s)— Fp,(s)|}||-
= |linf{|uf, (s)—pg (s)|/s € CYll <& < Hhugu{ {lz(@.9)[} Hhuzlgl (6)dt.||inf{|F, (5) — Fey (s)[
Thfrefore, the sequence {F,,} converges 1o the fu.nction < r|[inf{|Fy, (5) = Fop (5)] }]oo

F, € E with respect to L(H), that is, (E,L(H),d.~) is com-
plete with respect to L(H). < r||d (F., F)||
Theorem 5.2. Consider the integral equation < llal|[|dc- (F: el ’Fe2)H

F.(t) = [G(t,s,F.(s))ds+ f(t),t €E Since ||d@|| < 1, the integral equation has a unique solution

' F, e L*(C). O

Where C is a Lebesgue measurable set. Suppose
6. Conclusion
In this paper we introduce C* - algebra valued fuzzy soft
(ii) there exist a continuous function T : C x C — R(C)* metric space, under the restriction that a set of parameters
and r € (0,1) such that is finite. We also studied some essential properties of the
induced metric thus obtained. In this paper we conclude some
inf{|G(¢,s,u) — G(t,s,v)|} < rinf{|z(t,s)|}.inf{|(u —v)|},  fixed point results in C* -algebra valued fuzzy soft metric
spaces and suitable examples that supports the main results.
fort,s € Candu,v € R(C)* Also, applications to integral equations are provided.

(iii) sup [inf{|(z,s)|}ds < 1
teCC

(i) G:CxCxR(C)* = R(C)* and f € L>(C).
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