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Abstract
In this work we study some spectral properties, normalized eigenfunction, Green’s function and
expansion formula of a nonlocal boundary value problem of the Sturm-Liouville equation.

Keywords
Sturm-Liouville boundary value problem, nonlocal condition, normalized eigenfunction , expansion
formula.

AMS Subject Classification
34A55, 34B10, 34B15, 34B18, 34L10, 34L40, 34K10.

' Faculty of Science, Alexandria University, Alexandria, Egypt.
2 Faculty of Education, Alexandria University, Alexandria, Egypt.
8 Faculty of Science, Omar AlMukhtar University, Albada, Libya.

*Corresponding author: ' amasayed@gmail.com; 2zaki55@hotmail.com; 3buhalima77@gmail.com
Article History: Received 24 July 2017; Accepted 09 January2018

©2018 MJM.

Contents
1 Introduction...........ccviviiiiiiiiiiiainn, 338
2 Some spectral properties .............ovuen 339
3 Green’sfunction...........cocvviviiiiiinna 339
4 Expansionformula..............ccocviunnn 341
References .......ccoviiiiiiiiiiiiiiinns, 342

1. Introduction

In differential equation theory Many interesting ap-
plications appear (see for example [1], [2] and [5], [6]
and [10]-[12]). The eigenfunction expansion of non-
local boundary value problems can be investigate through
the method of Green function.

For the solution of problem (1.1) when p(x) # 1 under
different conditions the spectral expansion formula was
investigated with different methods in [7]-[9]. In present
work we find the eigenfunction expansion formula and
prove its convergence for following version of the Sturm-
Liouville equation with a non-local boundary condition

(1.1)-(1.2).

Consider the following Sturm-Liouville problem

" +q(x)y =A%, x € (0,7), (1.1)

¥(0)=0, ¥(&)=0, §e(0,x], (12

where the non-negative real function ¢(x) has a second
piecewise derivatives on (0,7) and A is spectral param-
eter.

In [3] the author proved that the eigenvalues A,,n =
0,1,2,.. of problems (1.1)-(1.2) are real and the corre-
sponding eigenfunctions ¢(x,A),y(x,A) are orthogo-
nal.

In present work we study the eigenfunction, expansion
formula.

Let ¢(x,A) be the solution of the differential equation,
which satisfies the conditions

P(0,A)=0 ¢'(0,4)=1 (1.3)
and then
—¢"(x,A) +q(x)o(x,A) =A%@(x,A), (1.4
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taking the complex conjugate we have

—¢"(x,A) +q(x)9(x,A) = 2% (x, A).

By the aid of the uniqueness theorem, we have @ (x, 1) =
@(x,A). In a similar way, we can see that y(x,A) =
y(x,A) where y(x,A) is the solution of (1.1)-(1.2), way
as [3] which is given by

(1.5)

cos(g —x §sinA(x—
wed)= 0 PIANED gy o 2

(1.6)
where

w(ﬁ,?t):O, 1[/’(&,2,):1,

that is, the eigenfunctions of the problem (1.1)-(1.2) are

real.

As we know from [3], the eigenvalues of problem (1.1)-

(1.2) coincide with the roots of the function W(1) =

0, where W(A) is the Wronskian of the two solutions

@(x,A),y(x,A) of (1.1)-(1.2) and we have in [4]
P(A) =Wle(x,4),w(x,1)] =0, (1.7)

so that y(x, A,) is a constant multiple of @(x, 4,), say

V(x,An) = Ba@(x, 4n),  Bu #O. (1.8)
2. Some spectral properties
Definition 2.1. For every n=1, 2, ... the numbers
¢ & 1
_ 2 _— _
an _/0 O (x, Ay)dx = > +O(n2>’ 2.1

are called the normalization numbers of boundary value
problem (1.1)-(1.2).

Lemma 2.2. The eigenvalues of the non-local boundary
value problem (1.1)-(1.2) are simple and give by

lP()Ln) - 2lnﬁnanv (2.2)
where ¥(A,) = ﬁW(?L).

Proof. Since

—" (0, A) +q(x)9(x, A1) = A7 9(x, ),
—y' (0 A) () w(x,A) = Ay (x,1),

we get

%WW = (A =A%) 9 (6, 4n) W (x, An).

With the help of (1.2) and using (2.1), (1.8), we get

$0) = (-1 108, 5 0 )],

for A — A, we arrive at (2.2).

3. Green’s function
We introduce the function R(x,7, ) by

1 (p(x7l)‘l/(t7l)7 th,
R(x,t,A) = ——
A owawea),  x<i
3.1)

which is called the Green’s function of the nonhomoge-
neous problem

- +qx)y =A%+ f(x), 0<x<m,

(3.2)

y(0)207 y((S)ZO, 66(0771‘-]'

Where f(x) € D(A). The function R(x,,A) is also, called
the kernel of the resolvent R; = (A —A%I)~!, where A =
—(d/dx?) + q(x), D(A) = {y(x) : ", 3(0) = y(€) =
0}. In the following lemmas, we prove some essential
properties of R(x,7,A) which are useful in the forthcom-
ing study of the eigenfunction expansion of the problem
(1.1)-(1.2)

Lemma 3.1. Ler f(x) be any function belonging to
L,(0, 1), then the function

¢
V(5 A) = /0 R(x,1, 1) (1)dr (3.3)

is the solution of problem (3.2).

proof. By applying the method of variation of pa-
rameters. We seek the solution of the nonhomogeneous
problem (3.2) in the following

y(X,)L):Cl(P(x,)L)—i-Czl[/(X,l), (3.4)

o
Q000
S5272
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and we get the coefficients Cj (x,4) and Co(x, 1) as

Ci(x.2) = —q,(lw [ venswar,

(3.5)

¢
cz(x,z):—lp(l“/x o(t, M) f(1)dr.

Substituting (3.5) into (3.4) and keeping in mind (3.1),
we get the required formula (3.3).

Now we show that (3.3) satisfies the non-local boundary
condition (3.2). From (3.2) by using (1.1)-(1.2), we have

1 ré
30 =g [ 0.1y, 2)(0)dr =0,

(3.6)

1 /¢
1) =—5 [ ot M) () =0

The proof is completed.
Lemma 3.2. Under the conditions of Lemma 2.3, the
function R(x,t, 1) satisfies the following formula

¢
Resi_iy(x,A) = Res;_, / R(e,t, ) f()dt
0

-1 S
= M(P(X’M/o o1, 4,) f(t)dr.
(3.7
proof. With the help of (3.1) and (3.3), we get
g 1
Resioa, | Rt 2)(0)d1 = s Wi

Aﬁﬂalwr+mm&045wmkgﬂgm]

~ i [Brote ) | é ole.2) 0]

(3.8)
by using (2.2), we arrive (3.7).

Lemma 3.3. Under the conditions of Lemma 3.7 in [3],
the resolvent R(x,t,A) satisfies the following inequality:

A=)

0<x<tr<&<m,

0<x<t<&<m.

(3.9

proof. From [3], we have

elAlx
O( >, 0<x<m,

PxA) = I

elM(E—x)
y(x,A) = 0( T >, 0<x<é<m.
(3.10)
It can be easily seen that,
q%l)gco<MkM5>,C:nmm. (3.11)

We have two possibilities, one of which for x <t and the
other one for + < x. by direct substitution from (3.10),
(3.11) into the first branch of (3.1), we obtain

SlAI—x)
0( e )

In the case of x < ¢, again by substituting (3.10), (3.11)
into the first branch of (3.1), we obtain

Sl IG—)
0( e )

In the following lemma, we prove an integral formula
which is satisfied by R(x,#,A) and help in proving the
eigenfunction expansion formula

0<x<r<&<m (3.12)

0<x<r<&<m (3.13)

Lemma 3.4. If the function f(x) on [0, 7] has a second-
order derivatives and satisfies the non-local condition
£(0) = f(&) =0, then the following integral formula is
true

¢ _ f)
/0 Rt A)f (1) = —L5

¢ R(x
+/o R(;zl) [—f”(t>+q(t>f<t> dr

3.14)

where R(x,t,A) is the kernel of the resolvent of the non-
homogeneous

proof. By the aid of lemma 3.1, we have

[ Rt a0 =g v [ o) 0
0 w ¥ o ’

¢
+o(ea) [ yie.2) f(t)dt]
(3.15)

o
Q000
S5272
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where the functions @(x,A) and y(x,A) are the solu-
tions of the homogenous (1.1)-(1.2), so that

: 1 [vwA)
/OR(x,t,),)f(t)dt——lP[ e

3

/0 [—" (t, 1) +q(1)@(t,A)] f(¢)dt
X g

+(p(;t’zl)/ [_‘VN(I’A)+4(t)‘l/(t77t)]f(t)dt},

0

(3.16)

from which we have

/5R<x,t,z)f(z)dz = % ["’(;;M ‘/Oxcp”(r,x)

0

X g
s+ 2 [y sl

1 ¢
+ﬁ/0 R(x,t,A)q(t)dt
(3.17)

Integrating by parts twice (3.17) and then using the
boundary conditions f(0) = (&) = ¢(0,A) =0 and

F0)=f(&)=w(&,A) =0, respectively, and keeping
in mind (3), we get

x §
ved) [ 2010+ o) [y () f e

= W) f(x) —P(A) /0 " Rext, ) (1)diG.18)

Substituting from (3.18) into (3.17), we get the required
result.

4. Expansion formula

Theorem 4.1. The eigenfunctions (varphi(x,A,)n>0 of
the nonlocal boundary value problem (1.1)-(1.2) is com-
plete in L,(0, 7).

proof. Let f(x) € L(0, ) and assume

/05 FO@(x, A)dx =0, n>0.

Then from (3.7), we have Res; _, y(x,A) = 0 and conse-
quently, for fixed x € [0, 7] the function y(x, ) is entire

341

with respect to A. Let us denote

Gs:=A: A=A >8,n=0+1,42,...
where 4 is sufficiently small positive number from (3.11),

we have

oM
Al
for fixed 0 > 0 and sufficiently large A* > 0

W) =C

ly(x, A)| <|A|Cs, A €Gs, |A|> A%

Using the maximum principle and liouville theorem we
get y(x,A) = 0. From this we obtain f(x) =0 a.e. on
(0, 7). Thus we conclude the completeness of the eigen-
functions ¢(x,A,) in L (0, ).

Theorem 4.2. Let f(x) be a second-order integrable
derivatives on f € [0, | and satisfy the conditions f(0) =
f(&) =0, then the following formula of eigenfunction
expansion is true

) =Y beo(x, M),

k=0

4.1)

where by = ﬁ fog ©(t, ) f(t)dt and the series uniformly
converges to f(x),x € [0, 7].

proof. We write (3.14) in the form

s ~ —fx)
/OR(x,t,;L)f(t)dr_ 1

+r(x,A) 4.2)

where

§R(x
r(x,A) = /0 R(;’LZ’M [—f"(t) +q(t) f(1)] dt(4.3)

from the condition of the theorem imposed on g(x), it
can be easily shown that
My

(6 )] < oy

|
P Ace

4.4)

where M, is constant which is independent of x,z, A and
the contour I'},, defined for sufficiently large n on the
contours

rn:{x;w:m,?ué}, inf [A0 2 = 1> 0.

o
Q000
Ssa2ez
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We multiply both sides of (4.2) by zim.l and integrating
with respect to A on the contour I,

27 }{”A

mﬁnlr(x,l)a%.

—f(x)

27i

da

A)dA = 7

I

+
4.5)

Among the poles of the function R(x,7,1), as a func-

tion of A, lie only Ay, A1, ...., A, inside I',,. By using the
residues formula and (3.7), we have

(1]

[2]

[31

1
I = —
b= i A
n 5
= ZResl:M [/ R(x,t,A)f(t) } Zbk(p X lk)
k=0
4.6)
[5]
Further
—f) [ A
2mi Jr, A () @D g
By using (4.4), we have
A [71
d constant
< — e
27:17{,,7”” d’l‘ nj{— =
(4.8)
[81
By substitution from (4.7), (4.8) into (4.5), we get
! constant
_kgobk([)(x, Ak) § T (49) 9]

which completes the uniform convergence of the series
Y obk®(x,A) to f(x), x € [0,7]. Thatis

= i bk(P(X, /lk)

k=0

(4.10)

Since the system of eigenfunctions ¢(x,A,)n > 0 are

complete and orthogonal in L, (0, ), the Parseval equal-

ity
¢ 2 s 2
JAGCIRESS WAL
B k=0

hold.
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