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1. Introduction

In 1980 Nathanson [11] introduced the concept of Congru-
ences in Number Theory into Graph Theory and thus paved
the way for the emergence of a new class of graphs called
Arithmetic Graphs. According to him an arithmetic graph is a
simple graph whose vertex setis V = {1,2,...,n}, the set of
first n positive integers and two vertices x and y are adjacent
if and only if x +y = z (mod n) where z € S, a pre-assigned
subset of V. Later many researchers [5, 12, 14] followed this
trend and studied arithmetical graphs associated with various
arithmetical functions.

There is another class of graphs, called Cayley graphs. A
Cayley graph is the graph whose vertex set V' is the set of
elements of a finite group (X, ) and two vertices x and y are
adjacent if and only if x~'y , or, y~!x are in some symmetric
subset S of X (a subset S of a group (X, ) is called a symmetric

subset of X if s~ is in S for all s € S). This Cayley graph is
X118 edges
2

denoted by G(X, S) and |S|- regular and contains
(see pp 15-16, [8] ).

The cycle structure of Cayley graphs and Unitary Cayley
graphs were studied by Berrizbeitia and Guidici [1, 2] and
Detzer and Guidici [6]. Recently Maheswari and Madhavi [8—
10] studied the enumeration methods for finding the number of
triangles and Hamilton cycles in arithmetic graphs associated
with the quadratic residues modulo a prime p and the Euler
totient function ¢ (n) , n > 1 an integer. In [4] Chalapathi et al.
gave a method of enumeration of triangles in the arithmetic
Cayley graph, namely the divisor Cayley graph associated
with the divisor function d(n), n > 1 an integer. The main aim
of this paper is to give an enumeration process for counting
the number of disjoint Hamilton cycles in the divisor Cayley
graph. In this study we have followed Bondy and Murty [3] for
graph theory and Apostol [13] for number theory terminology.

2. The Divisor Cayley Graph and its
Properties

Definition 2.1. Let n > 1 be an integer. Consider the group
(Z,, @), the group of residue classes modulo n with respect
to the addition modulo n. The set D* = {d,n—d : d divides
n and d # n} is a symmetric subset of the group (Z,,®),
which does not contain the identity element 0 of (Z,,,®). The
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divisor Cayley graph G(Z,,D*) is the Cayley graph asso-
ciated with the group (Z,,®) and its symmetric subset D*.
That is the graph G(Z,,D*) is the graph whose vertex set is
Z,=1{0,1,2,....n— 1} and the edge set is E = {(x,y) : either
x—yory—xisinD*}.

In [4] it is established that G(Z,,,D*) is |D*|-regular with

D*
size M connected and the degree of each vertex in G(Z,,D")
is odd (even) if and only if n is even(odd). Further, it is not

bipartite and Eulerian if and only if » is odd.
Lemma 2.2. The graph G(Z,,D*) is Hamiltonian.

Proof. For0<i<n—1, (i+1)—i=1and 1 € D* since
1 divides n trivially. So i and i+ 1 are adjacent and thus
(0,1,2,...,n—1,0) is a cycle of length n which is a Hamilton
cycle in G(Z,,D*) so that G(Z,,D*) is Hamiltonian. O

Definition 2.3. The cycle (0,1,2,...,n —1,0) is called the
outer Hamilton cycle of the graph G(Z,,,D").

Lemma 2.4. If n is a prime then the graph G(Z,,D*) is the
outer Hamilton cycle.

Proof. Suppose that n is a prime. Then 1 is the only divisor
of n other than n so that D* = {1,n— 1}. Hence the graph
G(Z,,D*) is 2-regular and the only edges in G(Z,,D*) are
(i,i+1) for 0 <i<n-—1sothat G(Z,,D*) is the outer Hamil-
ton cycle. U

Lemma 2.5. Let n > 1 be an integer and d # n be a divisor
of n. Then G(Z,,D*) contains exactly d disjoint cycles each

n
length —.
of leng p

Proof. Let d be a divisor of n and let k = S.For 1 <i<k,
(i+1)d —id =d € D* so that (i,i+ 1) is an edge. Also
kd:(g)d:nzo. So

Co=(0,d,2d,....kd =0)

is a cycle of length k in G(Z,,D*). Similarly one can see
Cr=(1,d+1,2d+1,...kd+1=1),
Co=(2,d+2,2d+2,...kd+2 =2),

Ci1=d-1,d+(d—-1),2d+(d—-1),...kd+(d—1) =
d—1)

are also cycles of length k. Further no two of these cycles have
a vertex in common so that they are disjoint cycles. Moreover
the vertex set of Co UC; UC, U...UCy_1 is equal to the vertex
set of G. Hence corresponding to each divisor d of n there are

d disjoint cycles, each of length k(= g) in G(Z,,D"). O

Remark 2.6. For any divisor d of n the d disjoint cycles
Co,C1,Cy,...,Cy_1 are referred to as the cycles corresponding
to the divisor d. These cycles play a crucial role in determin-
ing the edge disjoint Hamilton cycles in the divisor Cayley
graph G(Z,,D*).
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3. Enumeration of disjoint Hamilton
cycles in a Divisor Cayley graph

Definition 3.1. Hamilton cycles H, and H) are said to be
edge disjoint if the edge sets E(Hy) and (H,) are disjoint.

Theorem 3.2. If n is even then the graph G(Z,,D*) cannot
be decomposed into edge disjoint Hamilton cycles.

Proof. Let n > 1 be an even integer. Then by part (a) of
Lemma 2.4 of [4] the degree g of each vertex is odd and the

number of edges in G(Z,,D*) is " i G(Z,,D*) is decom-
posed into the union of k disjoint Hamilton cycles (since each
Hamilton cycle contains n edges) then the number of edges

in G(Z,,D*) is nk so that nk = M or, k= 4. This is not

possible since ¢ is odd. So G(Z,,D*) cannot be decomposed
into edge disjoint Hamilton cycles. O

Theorem 3.3. The graph G(Z,,D*) can be decomposed into
edge disjoint Hamilton cycles if, and only if, n is odd.

Proof. First suppose that the graph G(Z,,D*) is a union of k
number of edge disjoint Hamilton cycles, say Hy,H>, ..., H.
Since each H;, 1 <i < k contains n edges the number of edges
in G(Z,,D") is kn. If G(Z,,D") is r- regular then the number
of edges in G(Z,,D*) is also equal to % so that g = nk.
This gives r = 2k so that r is even. That is, each vertex of
G(Z,,D*) is of even degree so that n is odd.

Conversely assume that n is odd. Adopting the following
procedure all the edge disjoint Hamilton cycles of G(Z,,D*)
can be found. Letd, > d, > ... > d,, be divisors of n other than
1 and n. Then d;’s are also odd. Choose the outer Hamilton
cycle 7% = (0,1,2,...,n—1,0) and consider the d disjoint
cycles Cy,Cy,Ca, ...,Cq—1 corresponding to the divisor d = dj.
Each of the C;’ s is edge disjoint with 7). Let the spanning
subgraph ) = CoUCUC,U...UCy_q .

Using the following procedure in d stages in which a pair
of edges are deleted in each stage from %) and adjoined to
the spanning sub graph % and on the other hand a pair of
edges are deleted from %) and adjoined to %) and J% is
transformed into a Hamilton cycle .7 while the cycles in %
are merged into a Hamilton cycle 7. More specifically at the
i stage
(i) the edges (i—1,1), (d+ (i —1),d + i) are deleted from
Hp1». ;-1 and these are adjoined to Cpi. ;—1 and the edges
(i—1,d+(i—1)) and (i,d 4 i) are deleted from Cp;».. ;1 and
these adjoined to Hyjz.. ;1 to get Hypo.; and Cypo. ; if i is odd
and
(ii) the edges (i — 1,i), ((i—1)4+d~",i+d~") are deleted from
Hpp». ;-1 and these are adjoined to Cpiz. ;—1 and the edges
(i—1,(i—1)+d™"), (i,i+d") are deleted from Cy2. ;1
and these are adjoined to Hypjs. j—1 to get Hypz.; and Coiz..
if i is even. Here d ! is the inverse of d in (Z,,®) and d~! =

(k — 1)d where k = Z.
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We repeat this process by taking the divisor d» in place of
d; and the Hamilton cycle %] in place of the outer Hamilton
cycle 7 and the union of disjoint cycles corresponding to
d in place of €} and obtain a Hamilton cycle J# = Hy23. 4,
from %3 and a Hamilton cycle 63 = Cp;23...4, by merging the
d, disjoint cycles corresponding to the divisor d>. Applying
this procedure for all the divisors of n other than 1 and n
we obtain the required disjoint Hamilton cycles of G(Z,,D*).
This procedure is illustrated for a divisor d in step 1.

%o and adjoin to J7%). By this 4 transforms into Hy =
0,d,d—1,d—2,..,3,2,1,d+ 1,d+2,....,(k—1)d + (d —
1),1,0) which is a Hamilton cycle and %) transforms into
Co1, which is a union of the disjoint cycles C!,C,,...,Cy_,
where C! = (0, (k—1)d, (k—2)d, ...,3d,2d,d,d+1,2d +1, ...,
(k—1)d +1,1,0), which is the cycle got by merging the first
two cycles Cy and Cj in 6, by the construction it is clear that
Hp; and Cy are disjoint.

(k-Dd+@-1) o 1 2
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Figu\r¢; 2. Graph %j.

Using the procedure outlined above in d stages we construct a
pair of Hamilton cycles, one from .74 and the other by merg-
ing the cycles Cy,C1,C3,...,C4—1 in the following way.

Stage 1: Delete the edges (0,1), (d, 1 +d) from % and ad-
join these to €j and delete the edges (0,d), (1,1 +d) from

Step 1: Choose the outer Hamilton cycle 55 = (0,1,2,...,n— ‘HHV/\ 3
1,0) and the divisor d(= d}) of n. Let us take its complement 5 AN
ji’()c of J#) and the spanning sub graph % that contains all L
o o e o . itk
disjoint cycles Cp,C1,Ca, ...,Cy—1 generated by the divisor d iR
in %C. It is easy to observe that the vertices 0,1,2,...,(d — 1)
lie in distinct cycles that are generated by d. (e-bd +3
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\ ot f
: : Stage 2: Delete the edges (1,2) and (1+ (k—1)d,2+ (k—

1)d) from Hy; and adjoin these edges to Cp; and delete the
edges (1,14 (k—1)d) and (2,24 (k—1)d) from and Cy;
adjoin these edges to Hy;. By this Hy; transforms into Hyj»
which is the disjoint union of the two cycles (0,d,d —1,...,2,
(k—1)d+2,(k—1)d+3,...,(k—1)d+d—1,0) and (1,d +
1,d+2,..,(k—1)d,(k—1)d + 1,1) while Cp; transforms
into Cp12 which is the disjoint union of C2,C3,C4, e Ca_1,
where C% = (0, (k—1)d, (k—1)d —1,...,3d,2d,d,d +1,2d +
L. ,(k=1)d+1,(k—1)d+2,..,2d +2,d +2,2,1,0). By
the construction it is clear that Hyj, and Cyp, are disjoint.
Observe that starting with Hamilton cycle % this process
after i stage transforms the Hamilton cycle .74 into

494
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(1) a Hamilton cycle Hyp3.. ; if i is odd and
(ii) a subgraph Hyj»3..; which is a union of two disjoint cycles
if i is even.

Repeating this process successively d times the outer
Hamilton cycle .77 transforms into the Hamilton cycle (since
d is odd)

Hoyz..0=1(0,d,2d,...,3d,3d+1,...,4d,4d + 1, .. ( 1)d, (k
-d+1,1,d+1,d+2,2,(k—1)d+2,(k— ) 3,d+
3,d+4,4,(k—1)d+5,5,d+5,....2d —2,2d - 1,d — 1, (k—
d+(d—1),0)

and the subgraph %) is transformed into the Hamilton cycle

(which is got by merging the cycles Cy,Cy,...,Cy—_1 )
Con..a=(0,(k—1)d,...,3d,2d,2d —1,3d — 1, (k—1)d — 1,
kd—1,(k—1)d+(d—2),....,(k—1)d+5,...,d+4,2d +4,...,

(k—1)d+4,(k—1)d+3,....2d+3,d+3,d+2,2d +2,...,(k
-Dd+2,(k—1)d+1,...,3d+1,2d+1,d+1,d,d—1,d —
2,...,5,4,3,2,1,0).

Let us take Hyjo. 4 = 47 and Cy1o._q = %). The construc-
tion of the Hamilton cycles 74 and %) shows that they are
edge disjoint. The following edges of .7#] are transmitted to

6.
2),(2,3),...,

(1) (071)7(17 (dl_ladl)
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Figure 8. Graph Cy1». 4 = 4.

(ii) (d1,dy +1),(d1 +2,d1 +3),...,(2d; — 1,2d,) (since d +
d—1=2d—1andd+d=2d)

(i) n—di+1,n—d1+2),(n—d, +3,n—d| +4),...,(n—
2,n—1) (since (n—d)+d—-2=n—2and (n—d)+d—1=
n—1).

Step 2: Let us take %7 in place of .74 and the spanning sub-
graph consisting of all cycles generated by the divisor d> in
the complement &7 of %7. Since d; and d, are also odd, d» <
dy — 2. Hence the set as edges {(0,1),...,(d2 — 1,d2) } belong
to the set of edges given in (i). Moreover, d;,d; +2,2d; —
Iin—di+1,n—d; +3,... are all odd and d, < d; so that
the set of all edges {(d2,d> +1),(d2+2,dr +3),...,(2d> —
1,2dy),(n—dr+1,n—dr +2),...,(n —2,n— 1)} belong to
the set of all edges given in (ii) and (iii).

Repeating the procedure given in stepl with d; in place
of di one obtains the Hamilton cycles Hyz. 4, = % and
Co12...4, = ©>. From the construction of J#, .54 and ¢, it is
clear that they are mutually edge disjoint.

Repeating the same procedure as in the step 1 and step
2 for the divisors d3,ds, ...,d,,, one gets edge disjoint Hamil-
ton cycles /43,42, ..., ¢, and 5¢, 1 = 6, which are edge
disjoint with J#] and J43.
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Further each 57, 1 <i < m+ 1 being Hamiltonian con-
tains exactly n edges. So the number of edges in J# U 745 U
.Uyt is equal to n(m+1).

Also dy,d,...,dy, 1 are the only divisors of n other than
n.So
D*={d\,dp,....dn,1,n—dy,n—dy,....n—dpy,n—1}
and |D*| =2(m+1). Since G(Z,,D*) is |D*|- regular and the

D
number of edges of G(Z,,D*) is | |, or, n(m+ 1), which

is equal to the number of edges in S UJB U...U 1.
Thus G(Z,,D*) is a disjoint union of the Hamilton cycles
%N%a“v%n-ﬂ-l' O

The following corollary is immediate from the Theorem
3.3.

Corollary 3.4. Ifn > 1 is an odd integer then G(Z,,D*) has
m+ 1 disjoint Hamilton cycles, where m is the number of
divisors of n other than 1 and n.

Corollary 3.5. Ifn > 1 is an odd integer then the number of
edge disjoint Hamilton cycles of G(Z,,D*) is d(n) — 1, where
d(n) is the number divisors of n.

Proof. For any odd positive integer n > 1, the divisor function
d(n) denotes the number of divisors including 1 and n. By
the Corollary 3.4 the number of disjoint Hamilton cycles in
G(Z,,D*) is m+ 1 where m is the number of divisors of n
other than 1 and n. So m = d(n) — 2 and the number of disjoint
Hamilton cycles of G(Z,,D*) is d(n) — 1. O

Example 3.6. For the divisor Cayley graph the G(Z15,D*) let
us enumerate the edge disjoint Hamilton cycles. The divisors
of 15 other than 15 are 1,3 and 5. So D = {1,3,5} and D* =
{1,3,5,10,12,14}. The graph of G(Z5,D*) is as follows.

8 7
Figure 9. The Graph G(Z5,D").

Step 1: For the divisor d =5, the 5 disjoint cycles of length
3 are (0,5,10,0), (1,6,11,1), (2,7,12,2), (3,8,13,3) and
(4,9,14,4).

The outer Hamilton cycle 6 and the spanning sub graph
%0 which is the union of the above 5 cycles are as follows.
(i) Deleting the edges (0,1),(5,6) from %) and adjoining
these to 6y and deleting the edges (0,5),(1,6) from €y and

11 o

8

Figure 10. The Graphs of 74) and %) respectively.

adjoining these to 6, 7 transforms into the Hamilton cy-
cle Hy = (1,2,3,4,5,0,14,13,12,11,10,9,8,7,6,1) and 6
into the subgraph Cy; = (0,1,11,6,5,10,0) U (3,13,8,3)U
(2,7,12,2)U(4,9,14,4).

14
o 1
13
[ ]
4 "
12¢ *
/ o3
1e
‘I“ L,
0'e /
. 5
9
*_
8 . 6 g (i

Figure 11. The Graphs of Hy; and Cop; respectively.

(ii) Deleting the edges (1,2),(11,12) from Hy and adjoin-
ing them to Cy and deleting the edges (1,11),(2,12) from
Co1 and adjoining them to Hyy, Hy transforms into Hyjp =
(1,11,10,9,8,7,1) U (2,3,4,5,0,14,13,12,2) and Cy; trans-
forms into Cy1p = (0,1,2,7,12,11,6,5,10,0) U (3,8,13,3) U
(4,9,14,4).

6

o0,
o

Figure 12. The Graphs of Hyi> and Cyjo respectively.

(iii) Deleting the edges (2,3),(7,8) from Hy12 and adjoining
to Co12 and the Hamilton cycle deleting the edges (2,7),(3,8)
from Cy12 and adjoining them to Hy12, Hy12 transforms into
Hons = (0,5,4,3,8,9,10,11,1,6,7,2,12,13,14,0) and the
subgraph Co1o3 = (0,1,2,3,13,8,7,12,11,6,5,10,0) U (4,9,
14,4).

(iv) Deleting the edges (3,4),(13,14) from Ho123 and adjoin-
ing them to Cy\23 and deleting the edges (3,13),(4,14) from

000
AW
00 7.
3'&“'2’2”

)
AW

496
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8

Figure 13. The‘ Graphs of Hyi23 and Cyj23 respectively.

Co123 and adjoining them to Hyip3, Hoizz transforms into

Hoi234=(0,5,4,14,0)U(1,6,7,2,12,13,3,8,9,10,11,1) and
the subgraph Coj23 into Co1234 = (0,1,2,3,4,9,14,13,8,7,12,
11,6,5,10,0).

3 6

H]

Figure 14. The Gfaphs of Hyj234 and Cyj234 respectively.

(v) Deleting the edges (4,5),(9,10) from Hy234 and adjoin-
ing them to Cy1234 and deleting the edges (4,9),(5,10) from
Co1234 and adjoining them to Ho1234, Ho1234 transforms into
the Hamilton cycle Hy12345 = (0,5,10,11,1,6,7,2,12,13,
3,8,9,4, 14,0) and the subgraph Cy1234 into Co12345 = (0, 1,2,
3,4,5,6,11,12,7,8,13,9,10,0). We take Hoiozas = 4 and
Co12345 = 1.

14 0

14

B

Figure 15. The Hamilton cycles .71 and % respectively.

8

Step 2:Let us take the divisor 3 of 15 in place of the divisor 5
and the Hamilton cycle € in place of the outer Hamilton cycle
H. Consider the subgraph %(; consisting of the disjoint cy-
cles generated by the divisor 5 in the compliment €. That is
‘5(; = (0,3,6,9,12,0) U (1,4,7,10,13,1) U (2,5,8,11,14,2)
corresponding to the divisor 3 of 15 are as follows.

Let us apply the procedure enumerated in step 1 to 6| and ‘5(;
in the following three stages.

(i) Deleting the edges (0,1),(3,4) from €| and adjoining to

497

s

g 8

Figure 16. The Graphs of %] and %(; respectively.

‘5(; and deleting the edges (0,3),(1,4) from %(; and adjoining

these to 61,%) transforms into H(')1 =(0,3,2,1,4,5,6,11,12,7,
8,13,14,9,0) and €, into the subgraph Cy, = (0,1,13,10,7,4
,3,6,9,12,0)U(2,5,8,11,14,2).

(ii) Deleting the edges (1,2),(13,14) from H(/)1 and adjoin-
ing them to CE)] and deleting the edges (1,13),(2,14) from

C(/)1 and adjoining them to H(ln, H(;I transform into H(’)12 =

(0,3,2,14,9,10,0)U(1,4,5,6,11,12,7,8,13,1) andC(l)1 into

Cly, =(0,1,2,5,8,11,14,13,10,7,4,3,6,9,12,0).

(iii) Deleting the edges (2,3),(5,6) from H(')12 and adjoining

them to Cy,, and deleting the edges (2,5),(3,6) from Cy,, and

adjoining them to H(,)12r H(’)12 transforms into the Hamilton cy-
cle H(/)123 =(0,3,6,11,12,7,8,13,1,14,5,2,14,9,10,0) and

Cyya3 into the Hamilton cycle Cy 53 = (0,1,2,3,4,7,10,13, 14,
11,8,5,6,9,12,0). We denote Hy,; = 5 and Cp 53 = A3

10

6

g
Figure 17. The Hamilton cycles .74 and

8

J4 respectively.

Thus the three edge disjoint Hamilton cycles of the divisor
Caley graph G(Z,5,D*) are 54, 56 and 54 given in Figure
18.

4. Conclusion

In [4] Madhavi et al. gave a method of enumeration of tri-
angles in a divisor Cayley graph and in [7] they could suc-
cessfully extend this enumeration process to general Cayley
graphs. The authors are working to extend the process of
enumeration of disjoint Hamilton cycles in divisor Cayley
graphs presented in this paper to general Hamiltonian Cayley
graphs and some progress has been obtained in this direction.
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Figure 18. The Hamilton cycles 771, 7% and .73
respectively.
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