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Qualitative behaviour of solutions of hybrid
fractional integral equation with linear perturbation
of second kind in Banach Space

Kavita Sakure'* and Samir Dashputre?

Abstract

In this paper, we present existence and qualitative behaviour of solution of hybrid fractional integral equation with
linear perturbation of second kind by applying measure of noncompactness in Banach space. We established
our result in the Banach space of real-valued functions defined, continuous and bounded in the right hand real

axis.
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1. Introduction

Measure of noncompactness and fixed point theorems are the
most valuable and effective implements in the framework of
nonlinear analysis , which acts as principle role for solvabil-
ity of linear and nonlinear integral equations. Recently, the
theory of such integral equations is developed effectively and
emerge in the fields of mathematical, analysis, engineering,
mathematical physics and nonlinear functional analysis (e.g.,
1,3-5,9, 10, 15-17, 19).

Nonlinear integral equation with bounded intervals has
been studied extensively in the literature as regard various
aspects of the solutions. This includes existence, uniqueness,
stability and extremality of solutions. But the study of non-
linear integral equation with unbounded intervals is relatively
new and exploited for the new characteristics of attractivity

and asymptotic attractivity of solutions. There are two ap-
proaches for dealing with theses characteristics of solutions,
namely, classical fxed point theorems involving the hypothe-
ses from analysis and topology and the fixed point theorems
involving the use of measure of noncompactness. Each one of
these approaches has some advantage and disadvantages over
the others was discussed in Dhage [12]. In 2005, Apell [2]
discussed some measure of noncompactness in the application
of nonlinear integral equations.

Let J = [f9,t0 +a] in R be a closed and bounded inter-
val where 7p € R and a € R with a > 0 and a given a real
number 0 < g < 1. Consider the hybrid fractional integral
equation(HFIE) with linear perturbation of second type

a(t)=h(t)+f(t,a(t))+ Fiq /[f(t—s)qflg(t,a(s))ds (1.1)

where t,s € J,h: J - R, f:J xR — R is continuous and
g :J xR — R is locally Holder continuous.

In this paper,we are going to discuss two qualitative be-
havior such as global attractivity and positivity of hybrid
fractional integral equation (1.1) with linear perturbation of
second type using measure of noncompactness under certain
conditions. We established our result in the Banach space of
real-valued functions defined, continuous and bounded on the
right hand real half axis R...
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2. Basic Definitions and Results

This section is devoted to conflict to collect some definitions
and auxialiary results which will be needed in the further
considerations of this paper. At the beginning we present some
basic facts concerning the measure of noncompactness. We
accept the following definitions of the concept of a measure
of noncompactness given in Dhage [7].

Let X be a Banach space, P(X) a class of subset of E
with property p. Pei(X),Ppa(X),Pei pa(X),Prep(X) denote the
class of closed, bounded, closed and bounded and relatively
compact subsets of X respectively.

A function d : P(X) x P(X) — R defined by

dy(A,B) = max{supD(a,B),supD(b,A)}
acA beB

2.1

satisfies all the conditions of a metric on P(X) and is called
Hausdorff Pompeiu metric on X, where D(a,B) = inf{||a —
b|| : b € B}. Tt is clear that the space (P (X),dy) is complete
metric space.

Definition 2.1. A sequence {X,} of non-empty sets in P,(X)
is said to be converge to a set X, called the limiting set if
du(X, — 0) as n — . a mapping U : P,(X) — Ry is called
continuous if for any sequence {X, } in P,(X) we have

Ay (X, X) = 0= 1(X,) —H(X) |40 as  n—oo

Definition 2.2. A mapping p: P,(X) — Ry is called if X1, X, €
P,(X) are two sets with A C B, then [1(X) < u(Xz), where
C is a order relation by inclusion in P,(X).

Now we define the measure of noncompactness for a
bounded subset of the Banach space X.

Definition 2.3. Ler X; C X. A function [ : Ppy(X) — Ry is
called a measure of noncompactness, if it satisfies:

L ¢ #u='(0) C Prp(X),
2. u(X1) = u(Xy), where Xy is closure of Xj,

3. w(Xy) = u(Conv(Xy)), where Conv(Xy) is convex hull
0fX1,

4. W is nondecreasing, and

5. if {Xu} is a decreasing sequence of sets in Ppy(X)
such that lim,,_,. U (X,,) = O, then the limiting set Xoo =
lim,, o = ﬂ;c':O)Tn is nonempty.

Definition 2.4. The family kery is said to be the kernel of
measure of noncompactness where

kerit = {X; € Pog(X) | 1(X;) = 0} C Prep(X).

Definition 2.5. A measure U is complete or full if the kernel

ker of U consists of all possible relatively compact subsets
of X.

The following definition appear in Dhage[12].
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Definition 2.6. A mapping K : X — X is called 9 — set —
Lipschitz if there exists a continuous nondecreasing function
¢ Ry — Ry such that n(K(X))) < ¢(u(Xy)) for all X; €
Ppq(X) with K(X1) € Ppq(X), where ¢(0) = 0. Sometimes we
call the function ¢ to be a 9 — function of K on X. In the
special case, when ¢(r) = krk > 0, K is called a k — set —
Lipschitz mapping and if k < 1, then K is called a k — set —
contraction on X. If §(r) < r for r >0, then K is called a
nonlinear 9 — set — contraction on X.

Theorem 2.7. ([14]) Let C be a non-empty, closed, convex
and bounded subset of a Banach space X and letK : C — C
be a continuous and nonlinear 9 — set — contraction. Then
K has a fixed point.

Remark 2.8. Let us write Fix(K) by the set all fixed points
of the operator K which belongs to C. It can be easily shown
that the Fix(K) existing in Theorem 2.7 belongs to family
kerpy. In fact if Fix(K) ¢ kerp, then u(Fix(K)) > 0 and
K(Fix(K)) = Fix(K). From nonlinear 9 — set — contraction
it follows that (K (Fix(K))) < ¢ (u(Fix(K))) which is a con-
tradiction since ¢ (r) < r for r > 0. Hence Fix(K) € ker(u).

Let the Banach space BC(R.,R) be consisting of all real
functions a = a(t) defined, continuous and bounded on R .
This space is equipped with the standard supremum norm

lall = sup{[ a(t) [: 1 € Ry}

We will use the Hausdorff or ball measure of noncompactness
in BC(R.,R). A formula for Hausdorff measure of noncom-
pactness useful in application is defined as follows. Let us fix
a nonempty and bounded subset X; of the space BC(R,R)
and a positive number T. For x € X; and € > 0 denote by
®" (a,€) the modulus of continuity of the function a on the
closed and bounded interval [0, 7| defined by

o’ (a,e) = sup{| a(t) —a(s) |:t,s € [0,T],| t —s |< &}
Next, let us
o’ (X,&) =sup{ o’ (a,€) :a € X, },
ol (X;) :éiLI(I)COT(Xl,S).

It is known that a)oT is a measure of noncompactness in the
Banach space C([0,T],R) of real valued and continuous func-
tions defined on a closed and bounded interval [0,7] in R
which is equivalent to Hausdorff or ball measure

1
x(X1) = Ew"T(Xl)
for any bounded subset X; of C([0,T],R). We define
(D()(X]) = lim CO({(Xl).
T—oo

For a fixed number ¢t € R let us write

X\ (t)={a(t):a X},
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| X1(2) |=sup{a(t) : a € X1},
and
| X1(t) —c ||=sup{a(t) —c:x € X1 }.
Let the functions 's be defined on the family P, ;4(X;) by
the formulas

Ua(X1) = max{@y(X;),limsupdiamX; (¢) }, (2.2)
f—3o0

(1) = max oy (). limsup [ X1 [}, @23)

He(X1) = maX{wo(Xl)vliItnSUP [ X1(t) —cll}. (24

Let T > 0 be fixed. Then for any a € BC(R,R) define
8r(a) =sup{| |a(t) | —a(t)| :a € X},
or(X1) =sup{dr(a):ac X}
6(X1) = lim 6r(X;)
T—ro0

Define functions Uy, Upd, ted : Pra(X) — R4 by

Haa(X1) = max{a(X1),6(X1)}, 2.5)
Mpa (X1) = max{p,(X1),8(X1)} (2.6)
Hea(X1) = max{pi(X1),6(X1)} 2.7)

for all X; € Py pa(X).

Remark 2.9. It is shown as in Banas and Goebel [7] that the
Sfunctions Ug, Up, Uy Lad, Upa and Ueq are measure of noncom-
pactness in the space BC(Ry,R). The kernels kerp,, keri,
and ker (i, of the measures U, [, and [, consists of nonempty
and bounded subsets X of BC(R,R) such that functions from
Xi are locally equicontinuous on R and the thickness of bun-
dle formed by functions from X tends to zero at infinity. The
Sunctions from kerl, come closer along a line y(t) = ¢ and
the functions from kerll, come closer to line y(t) = c as t
increases to o through R.. A similar situation is true for
the kernels kerlyq, kerpy and kerl.q. Moreover, these mea-
sure Ugq, Upa and U.q characterize the ultimate positivity of
the functions belonging to the kernels of kerl,q,kerlpq and
kercg.

The above property of keru,,keruy,kert, and kerpl,g,
kerlpq, kerll .4 permits us to characterize solutions of the in-
tegral equations considered in the sequel. In order to intro-
duce further concepts used in this paper, let us assume that
X =BC(R4,R) and Q be a subset of X. Let K : X — X be an
operator and consider the following operator equation in X,

Ka(t) = a(t) (2.3)

for all € R,. We give different characterizations of the solu-
tions for the the operator equation (2.8) on R, . The following
definitions appear in Dhage[13].
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Definition 2.10. We say that solutions of the equation (2.8)
are locally attractive if there exists a closed ball %, (ap) in
the space BC(R1,R) for some ay € BC(R.,R) such that
arbitrary solutions a = a(t) and b = b(t) of the equation(2.8)
belonging to %,(ap) N Q we have that

lim (a(r) — b(r)) = 0.

t—oo

2.9)

In this case when the limit(2.9) is uniform with respect
to the set %,(ap) N Q, i.e., when for each € > 0 there exists
T > 0 such that

la(t)—b(t) [< €

(2.10)

for all a,b € %, (ap) N being solution of (2.1) and fort > T,
we will say that solutions of equation(2.8) are uniformally
locally attractive on R .

Definition 2.11. The solution a = a(t) of equation(2.8) is
said to be globally attractive if (2.9) holds for each solution
b=b(t) of (2.8) on . In other words, we may say that the
solutions of the equation (2.9) are globally attractive if for
arbitrary solutions a(t) and b(t) of (2.8) on Q, the condition
(2.9) is satisfied. In the case when the condition (2.9) is
satisfied uniformly with respect to the set Q, i.e., if for every
€ > 0 there exists T > 0 such that the inequality(2.10) is
satisfied for all a,b € Q being the solutions of (2.8) and for
t > T, we will say that solutions of the equation(2.8) are
uniformly globally attractive on R .

Definition 2.12. A line b(t) = c, where ¢ a real number, is
called an attractor for a solution a € BC(R,R) to the equa-
tion(2.8) if lim;_,[a(t) — ¢] = 0 and the solution a to the
equation (2.8) is also called asymprotic to the line b(t) = ¢
and the line is an asymptote for the solution a on R .

The following definitions appear in Dhage[12].

Definition 2.13. The solutions of equations (2.8) are said
to be globally asymptotic attractive if for any two solutions
a=qa(t) and b = b(r) of the equation (2.8), the condition (2.9)
is satisfied and there is a line which is a common attractor to
them on R . When the condition (2.9) is satisfied uniformly
, L.e., if for every € > 0 there exists T > 0 such that the in-
equality (2.10) is satisfied for t > T and for all a,b being
the solution of (2.8) and having a line as common attractor,
we will say that solutions of the equation (2.8) are uniformly
globally asymptotically attractive on R .

Remark 2.14. The notion of global attractivity of solutions
are introduced in Hu and Yan [17] and concept of global and
local asymptotic attractivity have been presented in Dhage[13]
while concept of uniform global and local attractivity were
introduced in Banas and Rzepka [6] and concept of global
asymptotic attractivity of solutions are presented in Dhage[12]
and local attractivity of a nonlinear quadratic fractional inte-
gral equation have been presented in [11].
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Definition 2.15. A solution a of the equation (2.8) is called
locally ultimately positive if there exists a closed ball @r(ao)
in BC(R.,R) for some ay € BC(R,R) such that a € %,(ayp)
and

tim | a(e) | —a(t)] = 0.

1—oo

@2.11)

When the limit (2.11) is uniform with respect to the solution
set of the operator equation (2.8),i.e., when for each € > 0
there exist T > O such that

la@®) || = [a(r) <€

for all a being solutions of (2.8) and for t > T ,we will say that
solutions of equation (2.8) are uniformly locally ultimately
positive on R

(2.12)

Definition 2.16. A solution a € C(R,R) of the equation
(2.8) is called globally ultimate positive if (2.11) is satisfied.
When the limit (2.11) is uniform with respect to the solution
set of the operator equation (2.8) in C(R,R) , i.e., when
for each € > 0 there exists T > 0 such that (2.12) is satisfied
for all x being solutions of (2.8) and fort > T , we will say
that solutions of equation 2.8 are uniformly globally ultimate
positive on R .

Remark 2.17. The global attractivity and global asymptotic
attractivity implies the local attractivity and local asymptotic
attractivity, respectively, to the solutions for the operator equa-
tion (2.8) on R.. Similarly, global ultimate positivity implies
local ultimate positivity to the solutions for the operator equa-
tion (2.8) on unbounded intervals. The converse of the above
statements may not be true.

3. Attractivity and Positivity of Solutions

By a solution of FIE(1.1), we mean a function a € C(J,R) that
satisfies FIE(1.1) where C(J,R) is the space of continuous
real valued functions on J. Let FIE(1.1) satisfies the following
assumptions:

(Ky) The function 4 : J — R is continuous.

(K1) The function f: J x R — R is continuous and there
is bounded function / : / — R with bound L and a positive
constant M such that

(t)|a) —a |

1,a R s S H
| f(t,a1) M+ [ar—a |

_f(t,az) ‘S

for t € J and for all a;,a, € R. Moreover assume that L < M.
(K3) The function ¢ — f(z,0) is bounded on J with

Fo = sup{| f(1,0) [t € J}.
(K3) The function (7,5) — & (f —s)?~ ! is continuous and

there is a positive real number N such that

1
— (-9 <N
Fq( ) ’
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(K4) The function g : J x R — R is continuous such that
there is a continuous map B : J x J such that

| 8(1,a) [< B(7)

for t,s € J. Moreover, we assume that

t
lim [ B(s)ds=0.
t—oo ()
Theorem 3.1. Under the assumptions (Ky)- (K4), the FIE(1.1)
Sor ty = 0 has atleast one solution in the space C(J,R). More-

over solution of FIE(1.1) are globally uniformly attractive on
J.

Let the operator K be defined on the space C(J,R) such
that
Ka(t)=h(t)+ f(t,a(t / ,a(s))ds (3.1)
By assumptions, the function Ka(t) is continuous for any
function of a € C(J,R). For arbitrarily fixed r € J,

[Ka(r)| = ’()Jrfta /t—sql (t,a(s))ds

< |h@)|+|£(s,a() = £(2,0)] + | £(2,0)]

1 t
JrFq/ |(tfs)q_1||g(t,a(s))|ds
Lla()

< HMHWHJ”ZOHN/B

< [+ H||||H+F0+Nv)

< [+ H||HH+FO+NV)

< ||hl|+L+Fy+Nv(r)
IK@|| < lIll+L+Fo+NV (32)

for all x € C(J,R). This means that the operator K transforms
the space C(J,R) into itself. From (3.2), we obtain the op-
erator K transforms continuously the space C(J,R) into the
closed ball B,(0), where r = ||h|| + L+ Fy + NV. Therefore
the existence of the solution for FIE(1.1) is global in nature.
We will consider the operator K : B,(0) — B,(0). Now we
will show that the operator K is continuous on ball B,(0). Let
€ > 0 be arbitrary and take a,b € B,(0) such that ] |a — b’ | <e,
then

|(Ka)(t) = (KB)(1)| < |f(t,a() = £(2,6())|
[ 15 o lstato) -
< m—&—/otN2B(s)ds
TR0
< et2Nv()

5))|ds
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from assumption (K3), there exists 7 > 0 such that v(s) < €

fort > T. Thus fort > T, we have
|(Ka)(t) —

(Kb)(1)| < 3e.

Let us assume that ¢ € [0, 7]. Then

(Ka)(r) —
g(t,a(s)) —g(t,b(s))|ds
< 8+N/Ota),T(g,e)ds
< e+NTo!(g,¢)
where
o/ (g.€) = sup{|g(t,a) —g(t,b)|:1€[0,T],
a,b e [—rr],la—b| <e}.

(3.3)

(3.4)

3.5)

By uniform continuity of the functions g(7,a) on the set

[07 T] X [_r7

r], we have o] (g,€) — 0 as € — 0. Now, by

(3.4), (3.5) and above established facts we conclude that the
operator K maps continuously the closed ball B,(0) into itself.
Further, let us take a nonempty subset X; of the ball B,(0).
Next, fix arbitrarily 7 > 0 and € > 0. Let us choose a € X
and t1,1, € [0,T] with |r, —#;]| < €. Without loss of generality
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we may assume that 11 < f. Then

(K

o’ (KX, €)

IN

IN

IN

IA

a)(t) —
+1f(t2,a(t2))

(Ka)(t)| < |h(t2) —
— f(t,a(t))]

h(t))|

‘ / tzri(rz—s)qflg(tz,a(s))ds (3.6)
*/ll L (01— 5)0 g(na(s)
o’ (h, €)+|f(127 (2)) — f(t2,a(t1)] (3.7)
+|f(t2,a ( ) — f(t,a(tr))]
’/ F =) Lo(t,als))ds (3.8)
[ 7= slonats)ds
+ /0 ? Fiq(tz — )9 Y g(11, als))ds (3.9)
- otlrl (1 — )7 g(t1, a(s))ds
T Lla(tz) —a(t)| T
w (h’8)+M+|x(a2)—a(t1)| @, (f7g)
=97 |stez.at6)) = stor..a(5) s
+ /0’2Fiq@z—s)q*g(zl,a(s))ds (3.10)
= =9 slonato)as
—&—./0121%]01—s)qflg(tl,a(s))ds (3.11)
7 =9 slonato)s
T
wT(h,s)+AM+w,T(f,e) (3.12)
d T
+N/O o, (g
=7 = 0 =577 sln.a(o)) s
[ =9 stonatep)]as
T
wT(h,e)+Mwa(T(a )8) T(f,€) (3.13)
T
+N/ o! (g,€)ds
/a) 577 e )Vds—l—N/ Ghds
T a
a)T(h,e)er ol (f,€) (3.14)
+N/ a) (g,€
/O ® (Fq(t—s) WVds+NeGr
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where
a)T(h,s) = sup{|h(t2) —h(t1)|: 11,12 € [0,T],
It —11| < €},
[ (f.€) = sup{|f(t2,a) — f(t1,a)| : t1,02 € [0, ],
|t —11] < &,x,y € [-1,7]},
T 1 q—1 1 q—1
@, Fq(t_s) ,€ | =sup l?q(fz—s)
1
—F—q(tl —5)7 ’ tt,0,s €0,T], | —11] < 8},
er(g7g) = Sup{|g<t2’ ) (tl7 )| l‘],l‘z,SE[O T]
|t2_t1| §8>aabe [_ I, ]}a

G = sup{|g(t,a)| : t,s € [0,T],x € [-r,r]}.

Thus from the above estimate, we have

Lo (X,€)

T T ’ T

KX < h —_

o ( 178)—60 ( 78)+M+0)T(X78) @, (f?g)
+N/ ol (g€ ds+/ o’ t—s) ,€)Vds
+NEG), (3.15)

By the uniform continuity of the functions f and g on the sets
[0,T] x [—r,7],[0,T] x
0, 0" (f,€) =0, 0" (f;(r—5)"",&) > 0and © (g,€) = 0.
It is obvious that G is finite. Thus,

Layg (X)

(00 < m (3.16)
Let ¢ € J be arbitrarily fixed. Then
|(Ka)(1) = (Kb)(1)] < [f(z a( )= f,b@)  B.17)
+/ (t—s)47"
8(t,a(s)) — g(t,b(s))|ds
Lla(t) =b()] |1 -
S e R
g(t,a(s)) —g(1,b(s)) |ds
Lla(t) = b(1)|
= Ml - b OV
diam(KX)(1) < AmHv(t)N
. . Llimsup,_,,, diamX (t)
115121pdzam(KX)(t) = M +limsup,_,, diamX (t)
(3.18)
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Using measure of noncompactness L,

W (KX;) = max{wy(KX;),limsupKX;(z)}
f—yo0

max{ Lawo(X;)  Llimsup,_,., X (1) }
- M+ wy(X;) M +limsup,_,., X (t)
Lmax{my(X;),limsup,_,., X (1)}
M +max{wy(X;),limsup,_,,, Xi(¢)}
L.ua(Xl)
N M+/“lu(X1)

(3.19)

since L< M,
ua(KXl) = (P(ua(Xl ))

where 37 for r > 0. Now we apply Theorem 2.7 to deduce
that operator K has a fixed point a in the ball B,(0). Thus x
is solution of the FIE (1.1). The image of the space C(J,R)
under the operator K is contained in the ball B,(0) because
the set Fix(K) of all fixed points of K is contained B,(0).
The set Fix(K) contain all solutions of the FIE (1.1) and
from Remark 2.8 we conclude that the set Fix(K) belongs to
the family kerp,. Now, taking account the description of sets
belonging to kerl,, we have that all solutions for the FIE (1.1)
are globally uniformly attractive on J. In order to prove next
result concerning the asymptotic positivity of the attractive
solutions, we need following hypotheses.
(K¢) The functions f satisfies

tim | (t,a)| — £(1,)] =0

Lr

for all a € R.

Theorem 3.2. If the FIE (3.1) satisfies the hypotheses of
Theorem 3.1 and (Kg). Then the FIE (1.1) has atleast one
solution on J and solutions of the FIE( 1.1) are uniformly
globally attractive and ultimately positive on J.

Proof. Let B,(0) be a closed ball in the Banach space C(J,R),
where the real number r is given as in the proof of Theorem
3.1 and define a map K : C(J,R) — C(J,R) by (1.1). In
proof of Theorem 3.1, we have shown that K is a continuous
mapping from the space C(J,R) from the space B,(0). In
particular, K maps B,(0) into itself. Now we will prove that
K is a nonlinear-set-contraction with respect to measure U,q
of noncompactness in C(J,R). For any a,b € R, we have
la|+ |b| > la+b| > a+b,
therefore
lla+b] = (a+b)| <|la|+[b| = (a+Db)| < ||a] —a| +[[b| - b|
for all a,b € R. For any a € B,(0), we have

\|Ka<r>| — Kal)| < [If.a0))

\'/

f)+2Nv(t)
5T(f)+2NVT,

— f(t,a(t))]

$)7 g(t,a(s (s))ds| — /F (t,a(s))ds

IAIA
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where V7 = sup,~7 v(t). Thus we have
or(X1) < 6r(f)+2NVr

for all closed X C B,(0). On taking the limit superior as T —
oo, we have

limsup 67 (X)) <limsup O7(f)+2limsupNVy =0 (3.20)

T—o0 T—oo T—oc0
for all closed X; C B,(0). Hence,

O0(KX)) = TliELST(Xl) =0

for all closed X; C B,(0). By the measure of noncompactness
Ug, we have

Haa (KXI)

max{ . (KX;),6(KX1)}

IA

Litgq(X1)

S =N 7
M + Uaq(X1)

(3.21)

Since L < M, therefore we have

Haa(KX1) < ¢ (Haa(X1)),
where ¢ (r) = 375 for r > 0. By Theorem (2.7), the operator
K has a fixed point @ in the ball B,(0) and x is a solution of FIE
(1.1). The image of the space C(J,R) is contained in B,(0)
under the operator K because the set Fix(K) of all fixed points
of K is contained B,(0). The set Fix(K) contain all solutions
of the FIE (1.1) and from Remark 2.8 we conclude that the
set Fix(K) belongs to the family kerp, . Now, taking account
the description of sets belonging to kerpl,;, we have that all
solutions for the FIE (1.1) are globally uniformly attractive
and ultimately positive on J. O

4. Conclusion

The uniformly global attractivity and utimately posivity are
the main qualitative behaviour of solution of the nonlinear
integral equations and we have shown existence and the above
qualitative behaviour of solution of hybrid fractional integral
equation with linear perturbation of second kind with the help
of measure of noncompactness in our recent paper.
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