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Abstract

In this paper, we give an estimate from below and from above of a variant of Jensen’s Inequalities for convex
functions in the discrete and continuous cases.
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1 Introduction and main results

Throughout this note, we write I and I for the intervals [a,b] and (a,b) respectively. A function f is said to
be convex on T if A\f (z) + (1 —A) f(y) = f(Ax+ (1 —A)y) for all z,y € T and 0 < A < 1. Conversely, if the
inequality always holds in the opposite direction, the function is said to be concave on the interval. A function
f that is continuous function on I and twice differentiable on I is convex on I if f” () = 0 for all z € I
(concave if the inequality is flipped).

Let 1 < 22 < ... < &, be real numbers and A, (1 < k < n) be positive weights associated with xy and whose
sum is unity. Then the famous Jensen’s discrete and continuous inequalities [2] read:

Theorem A. [2] If ¢ is a convex function on an interval containing the xy, then

® (Z /\k$k> PPICICHE (1.1)
k=1 k=1

Theorem B. [2] Let ¢ be a convex function on I C R, let f : [¢,d] — I and p : [c,d] — (0,+00) be
continuous functions on [c,d]. Then
d d
JLop@) f@)de\ _ [Tp@)e(f(2))de
® i < 5 . (1.2)
fc p(z)dx fc p(z)dx

If ¢ is strictly convez, then inequality in (1.2) is strict.

In [3], S. M. Malamud gave some complements to the Jensen and Chebyshev inequalities and in [I], I. Budimir,
S. S. Dragomir, J. E. Pecarié¢ obtained some results which counterpart Jensen’s discret inequality. Recently, A.
McD. Mercer [4] studied a variant of the inequality (1.1) and have obtained:

Theorem C. [ If ¢ is a convex function on an interval of positive real numbers containing the xy, then

¥ <$1 + T — Z )\kl'k> <@ (1) + o (zn) - Z Ak (1) - (1.3)
k=1

k=1
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Our purpose in this paper is to give an estimate, from below and from above, of a variant of Jensen’s
discrete and continuous cases inequalities for convex functions. We obtain the following results:

Theorem 1.1. Assume that ¢ is a convex function on I containing the xp and A\, (1 < k < n) are positive
weights associated with xy and whose sum is unity. Then

n

<a+b> Z)‘k(p -'1719 (a—‘,—b—Z)\kafk)
k=1

<p(@) +o0) =D e (). (1.4)

If ¢ is strictly convez, then inequalities in (1.4) are strict.
Remark 1.1. If [a,b] = [z1, ], then the result of Theorem C is given by the right-hand of inequalities (1.4).

Theorem 1.2. Let ¢ be a convex function on I C R, let f: [e,d] — I and p: [¢,d] — (0, +00) be continuous
functions on [e,d]. Then

atb)  [p@)e(f (@) d . Jp(@) f (@) de
2@( 2 ) fcdp(x)dx SQO( b fcpx dx )

S (@) e (f (2)) dr
S p () dx

<e(a)+¢ () - (1.5)

If ¢ is strictly convez, then inequalities in (1.5) are strict.

Corollary 1.1. Under the hypotheses of Theorem 1.1, we have

@ (a +b— ZM%) + ) Ak ()
k=1 k=1

cone o (53]

Corollary 1.2. Under the hypotheses of Theorem 1.2, we have

S0<a+b_fdp ) Jip @) ¢ (f (z) da
e fcp(w)dx

comfi(22)]

In [5], S. Simié have obtained an upper global bound without a differentiability restriction on f. Namely,
he proved the following:
Theorem D. [5] If ¢ is a convex function on I containing the x) and \; (1 < k < n) are positive weights
associated with xj and whose sum is unity, then

ZAW (ax) (ka)\ o)+ -20(“5). (18)

In the following, we improve this result by proving:

@+e 0} (16)

(a) +<P(b)|}~ W
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Theorem 1.3. If ¢ is a convex function on I containing the xp and N\, (1 <k < n) are positive weights
associated with xj and whose sum is unity, then

0< Z)\U(k)cp(a+bxk)gp(a+b2)\k:ck>
k=1

k=1

+> Aoty P (1) (Z Aka)

k=1

2

<p@+o0) -2 (50 (19)

holds for all permutation o (k) of {1,2,...,n}.

Theorem 1.4. Let ¢ be a convez function on I C R, let f : [c,d] — I and p : [¢,d] — (0,400) be continuous
functions on [e,d]. Then

(< fp@e(f@)dr ¢<M>
Jip (@) da S
<ffp<f>w<a+bf<x>>dw@<a+b Eriostoe)
[ p (@) do S ()
fp ))dx_ u . . (a+b
fp <P< 1p@) ><<P()+so(b) 2@( 5 ) (1.10)

Corollary 1.3. If ¢ is a convex function on I CR, f:[0,1] — I is a continuous function on [0, 1], then

0</01<p(f(x))dw—so</olf(m)dw>
go(a—i—b—/olf(x)dx) —/Olgo(a—&—b—f(a:))dx—l—/olgo(f(x))dx
—w(/olf(w)dx><90(a)+90(b)—290<a;rb)- (1.11)

Corollary 1.4. If ¢ is a convex function on I containing the xp and A\, (1 <k < n) are positive weights
associated with xj and whose sum is unity, then

0<> Mg (ar) — ¢ <Z Ak%)
k=1 k=1

n

Akgo(a—kb—xk)—cp(a—kb—Z)\kxk) +Z>\kg0 l’k (Z)\kxk>

<gp(a)+tp(b)—2g0(a;b). (1.12)

k=1

Remark 1.2. If ¢ is a concave function, then the above inequalities are opposite.

2 Lemma

Towards proving these theorems we shall need the following lemma.

Lemma 2.1. Let ¢ be convez function on I = [a,b]. Then, we have

20 (“52) < pla+b-2) +9(o) < ola) + 9(0) (2.)
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Proof. Let ¢ be a convex function on I. Then, we have

a+b at+b—x+zx 1
— (AT

5 5 ) < 5 (platb—a)+9().

If we choose z = Xa+ (1 —A)b (0 < A< 1)in (2.2), then we obtain

(pla+b—2z)+¢(x))

DN =

(pla+b—(Aa+ (1 =X)b) +pAa+ (1 —=X)Db))

|~

(pA+1A=Na)+e(ra+(1-X)D)).

N |

By using the convexity of ¢, we get

(A +(1=XNa)+pAa+(1-XN)b)) <

N | =

1
2\
(2.

Thus, by (2.2), (2.3) and (2.4), we obtain

2 (b;a> < %(@(cwb—x) +p(7)) < %(w(a) el

3 Proof of Theorems

(p(a) + ¢ (b))-

o7

Proof of Theorem 1.1. Let ¢ be a convex function and let A; (0 < k < n) be positive weights associated with

x, and whose sum is unity. Then, by using inequality (1.1), we have

(a-i-b—Z/\kxk)—@(Z/\k (a+b)— Z)\k$k>
k=1 k=1
—go(Z)\k(a—i—b—mk) Z/\kgo +b—xy).

k=1 k=1
By Lemma 2.1, we get

@(Z)\k(aerIk)) <D Ak(e(a) +¢(b) — ¢ (k)
k=1

From (3.1) and (3.2), we obtain

¢<a+b—zkkwk> <p(@) + o) =D g (i),
k=1

k=1

which is the right-hand of inequalities in (1.4). Now, using Lemma 2.1, we obtain

2<p<“+b> (ZW%)\ <a+b—kZ:Akxk>.

Since ¢ is a convex function, then from (3.3) and inequality (1.1), we deduce that

<a+b> imp @) <a+b> (ZWQ
<¢(a+b_jAkxk>,

k=1

(3.1)

(3.2)

(3.3)
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which is the left-hand of inequalities in (1.4). This completes the proof of Theorem 1.1.

Proof of Theorem 1.2. Let ¢ be a convex function. Then, by using inequality (1.2), we have

fdp(w)f(w)dfc> (fdpm <a+b—f<x>>dx>
a+b—e—r o ) = -
90( T @ : @)

f p( b—f(x))d:v_
f p(x
By Lemma 2.1, we get
Jip@patb—f f p () (p(a) + ¢ (b) — o (f (2))) da
f p(@ fcdp(w)dx
ot @) e @) de
=@ (a)+¢(b) Tpwyde

From (3.4) and (3.5), we obtain

19 (@) f () dx> J9p (@) e (f () da
at+b—— " < la b) — e ,
9"( + 10 @) ¢ (a)+¢(b) [y e) de

which is the right-hand inequalities in (1.5). Using now Lemma 2.1, we obtain

2w(a;b)<w<‘[}1p dm>+w<a+b fip dm).
2w<a;b)_¢<f£p dx><¢<a+b fjpp dx>.

This implies

Since ¢ is a convex function, then from (3.7) and inequality (1.2), we deduce that

oo (£52) - Lrlgellhis oy (o08) _, (Lpfn )

<<p<a+b fip dx>.

The left-hand of inequalities in (1.5) is proved. This completes the proof of Theorem 1.2.

Proof of Theorem 1.3. By using Lemma 2.1, we obtain for all x; € I

20 (“57) < plat b m0) + oln) < pla) + 90)

Multiplying (3.8) by Ay () and adding, we get

n

a+b
290( > ZMWGH*% +Z%<k>¢wk) p(a) + ().

2
k=1

On other hand by Lemma 2.1, we have

20 <“;b> <g <a+ b— ZAm) + (Z Wk) S ela) +elb).
k=1 k=1

(3.5)

(3.7)
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This implies

—(p(a) +0(b)) < —¢ <a +b—Y Ak%) —¢ (Z >\kl‘k>
k=1 k=1

< -2 (“;Lb>. (3.10)

By addition from (3.9) and (3.10), we get our result.

Proof of Theorem 1.4. By using Lemma 2.1, we obtain for all f (z) € I

20 (“30) < pat b 1(@) +0(f () < ola) + pl0). (3.11)

Multiplying (3.11) by p (z) and integrating over [c, d], we get

atb\ _ [Ip@elatb—f@)de [‘p@)e(f(2)de
% ( 2 ) s fcdp(:l:) dz " fcdp (z)dx
< p(a) + ¢(b). (3.12)

On other hand by Lemma 2.1, we have

d d
2¢<a+b> @(Hb J: P(as)f(:r)dx> W(L p(x)f(x)dx>

2 [4p(z) da [ (x) da

< p(a) +o(b). (3.13)

This implies

d d
—(pla) + p(b)) < —¢ <a+b— MW) oy (fcp(“’)f(x)d“>

J4p (2) da J4p (2) da

<20 (“;Lb) (3.14)

By addition from (3.13) and (3.14) , we get our result.

4 Applications

Let z € [a,b] (b>a>0), \;y € [0,1] such that > A\x = 1. Then, by Theorem 1.1 and Theorem 1.3 for

k=1

¢ (z) = —Inz, we obtain respectively

/ /

Jab < A'G+ AG < +0b
2 2
and
a+b
AA_ e

<4/
SVee S Vay

where A = 3 Moy, G = [[ 235, A’ =a+b— 3 Mg and G = ] (a+b—ap)™.
k=1 k=1 k=1 k=1
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