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Two point fuzzy boundary value problem with
eigenvalue parameter contained in the boundary
condition
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Abstract

In this article two point fuzzy boundary value problem is defined under the approach generalized Hukuhara
differentiability (gH-differentiability). We research the solution method of the fuzzy boundary problem with the
basic solutions @ (x,4) and  (x,A) which are defined by the special procuder. We give operator-theoretical for-
mulation, construct fundamental solutions and investigate some properties of the eigenvalues and corresponding
eigenfunctions of the considered fuzzy problem. Then results of the proposed method are illustrated with a

numerical example.
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1. Introduction

In this paper we consider the two point fuzzy boundary
value problem

Li=Au, tE€]a,b] (1.1)

which satisfy the conditions

ayii(a) = il (a) (1.2)

population, economics, dynamics and physics can be mod-
eled with FDE. The fuzzy boundary value problem depend-
ing on the eigenvalue parameter provides benefits in solv-
ing these problems. There are many suggestions to define
a fuzzy derivative and to study fuzzy differential equation
[1,3,5,6, 10, 11, 15]. One of the most well-known defini-
tions of difference and derivative for fuzzy set value functions
was given bye Hukuhara in [10]. By using the H-derivative,
Kaleva in [14] started to develop a theory for fuzzy differential
equations. Many works have been done by several authers
in theoretical and applied fields for fuzzy differential equa-
tions with the Hukuhara derivative [4, 14]. It soon appeared
that the solution of fuzzy differential equation interpreted by
Hukuhara derivative has a drawback: it became fuzzier as time
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goes [3]. So here we use gH-difference and gH-derivative to
solve FDE under much less restrictive conditions [11].

The paper is organized as follows; section 2 introduces the
basic concept of fuzzy function spaces, fuzzy Hilbert spaces
and fuzzy gH- derivative. In section 3, we define operator
formulation of the problem in the adequate fuzzy Hilbert
spaces. In section 4, we give a numerical example. In section
5, the results are stated gained through the study of the paper.

2. Preliminaries

In this section, we give some concepts and results besides
the essential notations which will be used throughout the
paper.

Let i be a fuzzy subset on R, i.e. a mapping : R — [0, 1]
associating with each real number ¢ its grade of membership
u(t).

In this paper, the concept of fuzzy real numbers (fuzzy
intervals) is considered in the sense of Xiaoand Zhu which is
defined below:

Definition 2.1. [2]. A fuzzy subset u on R is called a fuzzy
real number (fuzzy intervals), whose o.— cut set is denoted by
[U]a, i-e., [U]q = {1 :u(t) > a}, if it satisfies two axioms:

(N1) There exists r € R such that u(r) = 1.

(N2) Forall 0 < o < 1, there exist real numbers —oo < uy <
ul < +oo such that [u)q is equal to the closed interval

[ty ).

The set of all fuzzy real numbers (fuzzy intervals) is de-
noted by .7 (R). .Zk (R), the family of fuzzy sets of R whose
o— cuts are nonempty compact subsets of R. If # € % (R)
and u(r) = 0 whenever 7 < 0, then # is called a non-negative
fuzzy real number and .#* (R) denotes the set of all non-
negative fuzzy real numbers. For all # € .1 (R) and each
o € (0,1], real number u, is positive.

The fuzzy real number 7 € .% (R) defined by

l,t=r

={ o7

it follows that R can be embedded in .# (R), that is if 7 €
(—o0,00), then 7 € % (R) satisfies 7(t) = 0 (¢ — r) and or— cut
of 7is given by [r]q = [r,r], @ € (0,1].

Definition 2.2. [3] An arbitrary fuzzy number in the para-
metric form is represented by an ordered pair of functions
(ug sug ), 0 < a <1, which satisfy the following requirements

(i) uy is bounded non-decreasing left continuous function
on (0,1] and right- continuous for ot = 0,

(ii) ugy is bounded non-increasing left continuous function
on (0,1] and right- continuous for ot = 0,

(iii) ug <ug,0<a<l.
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Definition 2.3. [/3] Let [a®*b*],0 < o < 1, be a given family
of non-empty intervals. Assume that

(a) [a®,b%] D [a®,b%] forall 0 < oy < i,

(b) { lim a%, limbo‘k] = [a%*,b*] whenever {04} is an in-
k——o0 k—yo0
creasing sequence in (0,1] converging to o,

(c) —o0 < a® < b% < +oo, forall o € (0,1].

Then the family [a%*,b%)] represents the ot—cut sets of a
fuzzy real number & € .# (R). Conversely if [a%,5%],0 < o0 <
1, are the a— cut sets of a fuzzy number & € .% (R), then the
conditions (a), (b) and (c) are satisfied.

Definition 2.4. [3] For u,v € .Z (R), and A € R, the sum
U@V and the product A © U are defined by for all a € [0,1]

e = [@*+M*={x+y:xe®yeM},

poit = Ao = {drixe [@%).
Define d : .7 (R) x .Z (R) — R* U{0} by the equation
d(u,v) ZOEzI;I{deHMo? — v |, lug —vg I}
where 1% = g ). 1% = v v |

Let T C R be an interval. We denote by the .# (C(T;R"))
space of all continuous fuzzy functions on T. For u, v €
Z (C(T;R")), define a metric

D*(@,5) = supd (a(t),7(1)).
=
From [3], 7 (C(T;R"),D") is a complete metric space.
A fuzzy function F : T — Z (R) is measurable if for all
o € [0, 1], the set valued mapping Fy : T — Fk (R) defined
o

bye Fy (1) = [1? (t)} is measurable.

Let L' (T;R) denote the space of Lebesque integrable
functions. We denote bye S}r the set of all Lebesque integrable
selections of Fy : T — Fg (R), that is

Sp={feL (T;R): f(t) € Fu () ae}

A fuzzy function F : T — % (R) is integrably bounded
if there exists an integrable function % such that ||x|| < A (z)
for all x € Fy (¢). A measurable and integrably bounded fuzzy
functions Fo : T — Fk (R) is said to be integrable over T if

there exists F € .%# (R) such that

/TFa (t)di = {/Tf(t)dt:fES}c},

forall a € [0,1] [7].
For measurable functions f : T — R define the norm

2.1
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1
(o lF 07 ey, < peo
infy, (7)=0SUP,er 7, lf @), p=oo

1fllp = { }

where 1 (T) is the Lebesque measure on 7 and Tp C T. Let
LP (T;R) be the Banach space of all measurable functions
f:T — R with ||fHLp < oo, By F (LP(T;R)), 1 < p < oo,it
is denoted the space of all functions : T — % (R) such that
the function t — d(ii(t),0) belong to LP (T; R, ). Then

! ;
) = ([ tan (@51 da 02
is ametric on .% (L? (T;R)), and for 1 < p < oo
de(@i,5) = d(i,7) = sup dy ([@]%[7]%) 23)

0<a<l1

is a metric on . (L™ (T;R)) [7].

So for p =2, let L? (T;R) be the Banach space of all mea-
surable functions f: T — R with | f|| 2 <ee. By # Z (L*(T;R)),
we denote the space of all square- 1ntegrable fuzzy functions
u:T — .7 (R) such that the function r — d(u(z),0) belong
to L?(T;R. ). Then from (2.2)

a9 = [ (an (e 1))

0

is a metric on .7 (L* (T;R)), for p = 2.

Definition 2.5. [9] Let X be a vector space over R . A Felbin-
fuzzy inner product on X is a mapping {.,.) : X XX — F 1 (R)
such that for all vectors x,y,z € X and all r€ R, have

(FIP1) {(x+y,z) = (x,2) & (y,2)

(FIP2) (rx,y) = |r| (x,7)

(FIP3) (x,y) = (%)

(FIP4) x#0= (x,x)(t) =0, forallt <0

(FIP5) {(x,x) =0ifand only ifx =0

Remark 2.6. Condition (FIP4) in the above definition is
equivalent to the condition for all (0#)x € X (x,x), >0,
for each a € (0,1] where [(x,x)]* = [(x,x) (x,x)] see in
[9].The vector space X equipped with a Felbin-fuzzy inner
product is called a Felbin-fuzzy inner space. A Felbin-fuzzy
inner product on X defines a fuzzy number

{x,x), forall x € X.

A fuzzy Hilbert space is a complete Felbin-fuzzy inner
product space with the fuzzy norm defined by (2.4).

[l = 24)

Example 2.7. Consider the lineer space L*([0,1];
square-integrable functions. Define

J|re [/ fagadX/ gWXH

R) of all

<f,g><>—sup{ae 0.1]
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(2.5)

for f,g € L2[0,1] such that F,G € F (L ([0,1]5R)). I can
be showed that (f,g) is Felbin-fuzzy inner product space on
L2[0,1] and a-cut set of {f,g) is given bye

[(f.8)la =[(f.8)q »{f8)a ]

[/fa X)8q (¥ dX/fa X)g4 (x }

(2.6)

forall o € [0,1]. From theorem 6 of [8], it is clear that (f,g)
is a fuzzy real number. So L*([0,1];R) is a fuzzy Hilbert
space.

Definition 2.8. [10]. Let u,v € .Z (R). If there exist w €
Z (R) such that u=v®w, then w is called the Hukuhara
difference of i and v and it is denoted by w S, v. If £O,V
exists, its o(—cuts are

[#6n % = [ug = v sug —vq]
Sforall a € [0,1].
Definition 2.9. The generalized Hukuhara difference of two
fuzzy numbers u,v € F (R) is defined as follows

[#Cgn V] =W & { or 82) p= 17:@ (eiiv)w.
In terms of o.-cuts we have

G = — Vg g —Vg |
Vav”a }]

and if the H -difference exists, then WS,V = U Q4 V; the

conditions for the existence of W =uCgy v € F (R) are

[min {u,

max {ug —

case (i) "W TUa ~Va andWa =uy —vg, Vo €0, 1]
with wg increasing, wy decreasingwg < wy
-yt 7
case (i) o = la ~Va andwg =g = Vg VO E [0,1]

with wy, increasing, wy decreasing,wy < wg .
It is easy to show that (i) and (ii) are both valid if and only
if wis a crisp number [11].

Remark 2.10. Throughout the rest of this paper, we assume
that WSen vV € F (R) and o-cut representation of fuzzy val-
ued function f : (a,b) — F (R) is expressed by [f(r)} “_
[(fa ) (©), (fo") (1)) 1 € [a, D] for each o € [0,1].

Definition 2.11. [11] Let ty € (a,b) and h be such that ty +

h € (a,b), then the gH-derivative of a function f : (a,b) —
Z (R) at 1y is defined as

fH (to) = lim flto+h) Sen [(to)
g .

2.7
h—0 h 27

Iff[:,H (o) € .F (R) satisfying (2.7) exists, we say that f is
generalized Hukuhara differentiable (gH-differentiable for
short) at 1.
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Definition 2.12. [11] Let f : [a,b] — .Z (R) and ty € (a,b)
with f,; (t) and fj (t) both differentiable at ty. We say that

- Fis [(i) — gH)-differentiable at 1, if
[ @) = [0) 0. 0] @®)

- [ is [(ii) — gH]-differentiable at tq if
o) “ =[Gy 0. ) 0] 9

Sforall a € [0,1].

Definition 2.13. The second generalized Hukuhara derivative
of a fuzzy function f : [a,b] — F (R) at ty is defined as

F'(to+h) Sen f(10)
p .

i (89) = lim

h—0

if :’}{ (o) € Z# (R), we say that féH (t) is generalized Hukuhara

derivative at t.
Also we say that f,

{

# (1) is [(i) — gH]

—differentiable at t

if

[(fo)" (00), (f5
[(F)" (t0) . (fir

) (t0)] . if f be [(i) — gH]
)" (t0)] , if f be [(if) — gH]

-
fi./gH (t()v Ot)

forall a €10,1], and that J?éH (¢) is [(i) — gH| —differentiable
atty if

_ ) (w0), (o ) (t0)], if f be [(i) — gH]
Rantom)={ (50 0 e 00—

Sforall a €0,1] [12].

3. Operator-Theoretic Formulation of the
Problem

Consider the (1.1) — (1.3) eigenvalue problem.

This is not the usual type of eigenvalue problem because
the eigenvalue appears in the boundary conditions; so, we
cannot put L = — 5722 and consider problem as a special case
of L = Au because D, the domain of L, depends upon 4. So
we enlarge our definition of L. To do this we formulate a
theoretic approach to the problem.

From theorem 6 of [8], we define a fuzzy Hilbert space
H =12 (]0,1];R) with a Felbin-fuzzy inner product

e = | [t Osatvars (g e

[ gswas (1); e

769

—

o ]
F} (fla,fl )CHandGe

where F €
o —(t + t
6] = ( 8 (1) 8a (1)) ) CHandF,Ge. 7+ (12([0,1];R))
[(gl)a 7(g1)oc]

such that fa (1), fd (1), 8 (1), 84 (t) € L*([0,1];R) and
(f1>a7(f1>a’(g1)a7(g1) ER. R
__ Consider the space of two- component fuzzy vectors F' €
H ,whose first component is a twice gH-differentiable fuzzy
function f (t) € Z T (L*([0,1];R)) and whose second com-
ponent is a fuzzy real number f, € F' (R). Here F, f (x)
and f are pozitive fuzzy numbers and their a—cut sets are
respectively [Fg , Fyf ], [fo (1), fo (1)) and [(f1)g > (fi)e -

In this fuzzy Hilbert space we construct the lineer operator
A : H — H with domain

o~

f@)

A~

1

£(1).f(¢) fuzzy absolutely
continuous (see [6]) in [0,1];

aif(a)=arf'(a), fi = baf (b)
0 >:A N0
bof’
> €D(A).

1 (b)
(1.3) can be written in the form

D(A) =

which acts by the rule AF=A (

(

:f/\//(t) with F = ( Z
by f(b) fi

Thus the problem (1.1) —

AF = AF
f

1
eigenfunctions of the problem (1.1) — (1.3) are defined as the
eigenvalues and the first components of the corresponding

eigenelements of the operator A, respectively.

where F = < ) € D(A). Then the eigenvalues and the

4. Solution Method of the Fuzzy Problem

In this section we concern with fuzzy eigenvalues and
eigenfunctions of two-Point fuzzy boundary value problems
with eigenvalue parameter contained in the boundary condi-
tion. To do this, at first we need to use fuzzy derivatives. So
here we use gH-difference and gH-derivative to solve fuzzy
problem [11].

Definition 4.1. Let ii: [a,b] C R — % (R) be a fuzzy function
and [ (t,1)]% = [ug (t,1) ,ul; (t,1)] be the o.—cut represen-
tation of the fuzzy function u(t) for all t € [a,b] and o € [0, 1].
If the fuzzy differential equation (1.1) has the nontrivial solu-
tions such that ug (t,1) #0, ul (t,1) # 0 then A is eigenvalue

of (1.1).
Consider the eigenvalues of the fuzzy boundary value
problem (1.1) —(1.3). Using the a—cut sets and [i — gH|-
differentiability of u, [ii — gH|-differentiability of &’; we get
from (1.1) — (1.3) for A = &* (k > 0):
A\ "
- ()" ()~ ()" )]

+
a



Two point fuzzy boundary value problem with eigenvalue parameter contained in the boundary condition — 770/773

|
—
S
S)
~—
SH
—
S
N
~—
)
—
—~
<
K|
~
—
S
~—
—
<
R+
~—
—
Q
~
[E——

(01 (b1)g] [z (B) ,ug (5)]
2 [(b2)a s (b2)g]) [ () (), () ®)] . 43)

Suppose that the two linearly independent solutions of
u”" + Au = 0 classic differential equation are u; (f,A) and
up (t,1). Using these solutions the general solution of the
fuzzy differential equation (4.1) is

[ﬁ(tvl)]a = [u& (t’l) 7“3 (IJ‘)]

where

~ o
Let {qb (x, l)} be a solution which is satisfying

[ug (@) u (@)] = [(a2)q.(a2)g]
[(2) @, () @] = [(@)q ()]

initial conditions of fuzzy differential equations (4.1). This
solution can be expressed as

(4.4)

(D& (t,l) =C ((X,;L)ul (l‘,/l)—FClz (Ot,l)uz (t,l)

CI)&_ (tvl) =Cy3 ((X,/’L)Ml (ta;{’) +Ci4 (avl)MZ (tvl)'
4.5

and we write (4.4) in (4.5) such that

@, (a,A) =Cyi(et,A) cos (ka)+Ci2 (o0, A) sin (ka) = (a2),,
(@) (a,1) = C13 (a, 1) cos (ka) + Ci (o, A) sin (ka) = (a1), -

From the determinant of the coefficients matrix of the
above linear system, we get Cy; (at,A) and Cj2 (@, A) such
that

Ch1 = (az)&cos(ka)—(al)&Sinl(cka),
Co = (a), sin(ka)+(a1), C‘”}E’“’).

Substituting this C1; and Cj» coefficients the above equations
in (4.5), the general solution is obtained as
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O (1,1) = ((az); cos (ka) — (ar); ™ (’“’)) cos (kt)
+ <(“2)a sin (ka) + (a1), cm(ka)) sin (kt).
(4.6)
Similarly we find @, (z,1) as
DL (t,A) = ((az):;cos (ka) — (a1)}, sm(ka)) cos (kt)
+ ((az);sin (ka)+ (a1), Cos(ka)) sin (kt).
4.7

Let [¥ (x,A)]% be a solution which is satisfying

[(b2)g+ (b2) )
[(b1)g > (b1) 4]

[ug (b) ,ug (b)] 4.8)

()" (), () ()

initial conditions of fuzzy differential equations (4.1). This
solution can be expressed as

Xo (l‘,l) =y (Oc,l)ul (I,l) +Cr (OC,A)MQ (Ll)

Lo (t,A) =Caz (o, A) uy (t,A) +Cy (a, 2) up (£,1).
(4.9)

and we write (4.8) in (4.9) such that
X (a,2) = Coy (@, 4) cos (ka) + Cap (at, A) sin (ka) = k2 (b2),
(Xa) (@, 2) = Cx3 (@, A) cos (ka) +Caq (01, A) sin (ka) = (b1)g,

From the determinant of the coefficients matrix of the above
linear system, we get C1 (o¢,A) and Cy; (o, A) such that

O = =K (ba)gcos (k) — (b1)g T
Cn = K (ba)gsin(kb)+(b); C‘”}Ekb).

Substituting this C>1 and C», coefficients the above equations
in (4.9), the general solution is obtained as

2o (02) = (k2 (bs)5 cos (kb) — (1) Si”g‘“) cos (kr)
+ (k2 (b2) g sin (kb) + (b1),, coslgkb)) sin (kt)
(4.10)

Similarly we find x (z,1) as
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x5 (t,A) = <k2 (b cos (k) — (b D)

+ (k2 (b2) sin (kb) + (by) mk(kb)> sin (kt).

4.11)

Then from (4.6) — (4.7) and (4.10) — (4.11) we find
W ( Dy, x5) (t,A)and W (®F, x2) (¢,4) Wronskian functions
as

W ( Py, xq ) (1,1)
= @ (1,A) (xa) (1.2) — (@5) (1, 1), 2 (1. 1)
= ((a2)g (b1)g — K (a1)g (b2)g) cos (k(a—b))

- <k3 (a2)y (b2)g + (al)‘;k(bl)‘;> sin(k(a—Db))

and

W (@g, xq ) (1, A)
= qD(Jxr(tal) (%&r)/(t,l)—((I)(Jxr)/(t,l%)(&r(t,ﬁ,)
= ((a2)g (b1)g — K (a1)g (b2)§) cos (k(a—b))

+(p 0\t
- <k3 (a2) & (b2) g + (al)"‘k(bl)"‘> sin (k(a —b))

Theorem 4.2. The Wronskian functions W (®g, x5 ) (t,A)
and W (®§, xd) (t,1) are independent of variable t for t €
[a,b], where functions ® g, x5 , P, X4 are the solution of the
Sfuzzy boundary value problem (1.1) — (1.3) and it is show that
W (A) =W (@g, 1) (12) and Wy () =W (03, 23) (1, )
Sforeach a € [0,1] [4].

Theorem 4.3. The eigenvalues of the fuzzy boundary value
problem (1.1) — (1.3) are coincided zeros of the functions
Wy (L) and W," (A) [4].

Example 4.4. Consider the two point fuzzy boundary problem

@ = Ad 4.12)
@(0) = 0 4.13)
mli(l) = (1) (4.14)

where [1]* = [o,2 — o], A = k> (k> 0) and u(t) is [i — gH]-
differentiable and i (1) is [ii — gH|-differentiable fuzzy func-
tions. u

Let [&5 (t, l)] be the solution which is satisfying

(1 (0) 1 (0)] =0
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> cos (kt)

initial condition of fuzzy differential equations (4.12). Then
~ [0
we find {CID (t,k)] as

[&n(z,/l)r — sin (kx). 4.15)

Similarly let [X (t,A)]* be the solution which is satisfying
[ug (1), ug ()] = 2
() (1), () (D] =

initial conditions of fuzzy differential equations (4.12). Then
we find [7 (t,1)]% as

[a,2 —a]

Ao (t,A) =k cos (kt — k) + % sin (kr — k)

2
X (t,A) =k*cos (kt —k) + (7koc) sin (kr — k).
(4.16)
From theorem 4.3, , eigenvalues of the fuzzy problem (4.12)-

(4.14) are zeros of the functions Wy, (A) and W, (). So we
get

asink — k> cosk
(2 — o) sink — k> cosk.

Wo (1) =
Wo' () =

For each o € [0, 1] if the k values satisfying (4.17) and (4.18)
equations compute with Matlab Program, then an infinite
number of eigenvalues such that A, = (k,)*are obtained. So
we show first four k values of (4.17) with ki ,, in table 1 such
that

4.17)
(4.18)

Table 1. For W, (A) ki, values corresponding to o

ac0,1] | ko ki ki ki3
oa=0 4.7124 | 7.8540 | 10.9956 | 14.1372
oa=0.2 | 47105 | 7.8536 | 10.9954 | 14.1371
oa=0.5 | 47176 | 7.8529 | 10.9952 | 14.1370
o=0.8 | 4.7147 | 7.8523 | 10.9950 | 14.1369
a=1 4.7028 | 7.8519 | 10.9948 | 14.1368

and first four k values of (4.18) with ki ,, in table 1 such that

Table 2. For Wy," (1) k., values corresponding to o

o c [0, 1] k2,0 k2,| kz"z k2,3
a=0 4.6930 | 7.8498 | 10.9941 | 14.1364
a=0.2 | 4.6950 | 7.8503 | 10.9942 | 14.1365
a=05 | 4.6979 | 7.8509 | 10.9944 | 14.1366
a=0.8 | 47008 | 7.8515 | 10.9947 | 14.1367
a=1 4.7028 | 7.8519 | 10.9948 | 14.1368

For each ky, values and o € [0,1] graphic of W, (1) and
W, () functions are given figures 1.
So if we write ki , and ka , values in (4.15) and (4.16)

~ a
equations, then [CIDn (t,l)} and [X, (t,A)]% are

[®0(1.2)]" = [(@a)g (), (@) (1] = [sin (k1 o) s (o)

0020,

W)
99%.

508267

AW
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(4.19)

and

[ (£, 1))
= [(Xn)& (t) ’ (%n); (t)]

o .
= [((khn)%os (ki ut — k1) + T sin (ky ot — k17n)> ,

1,n

_a)

2.n

((k27n)2 cos (ko ut — ko) + 2
(4.20)

Then for all o € [0,1], (4.19) are eigenfunctions cor-
responding to Ay, = (kLn)2 eigenvalues satisfying (4.17)
equation and (4.20) are eigenfunctions corresponding to
A= (kz,n)2 eigenvalues satisfying (4.18) equation.

Consider that eigenvalues of [39,, (¢, l)} “and [Xn (£,2)]%
eigenfunctions depend on oc—cut. So if we change o, then
this eigenvalues change and eigenfunctions corresponding
to A change. In particular, we select ky | = 7.8540 in table
1 and ky; = 7.8498 in table 2 for a0 = 0. If we substitute
this values respectively in (4.19) and (4.20), we have the
following figures for ¥ and @ functions.

100

L .
¥ B0 e 8L
= 5/9 kN
=
@ 0 \@\ el
% e ——
= -50 M@_@’ =y
100 I . . . . . . I .
o 0.1 02 03 0.4 05 06 07 08 08 1
t
56.2

55.8 . L " L . L
0.25460.2547 0.2548 0.2549 0.255 0.25510.2552 0.2553 0.2554 0.2555 0.2556
t

Figure 2. ¥ Eigenfunctions and fuzzy interval of ¥

772

sin (kz’nl‘ — k27n)):| .

0.806 x
0.2546 0.254

L I I L L
70.25480.25489 0.255 0.25510.2552 0.2563 0.2554 0.25655 0.2656
t

Figure 3. o Eigenfunctions and fuzzy interval of o
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=]
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Nox x'and ¢, ¢, ¢"
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=
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Xy x"and ¢, @, 0"

L L L
0.3998 04 0.4002
t

a5 L L L
0.399 0.3992 0.3994 0.3996 0.4004 0.4006

Figure 4. a— cut of ¥ and ® Eigenfunctions

Also X and @ functions are given same grafic with figure
4.

Infigure 2 x5, X, Xo functions and in figure 3 Py, D, P,
functions are seem to have the same graphic. But because of
eigenvalues have very close to each other, this eigenfunctions

~ a R
are different. Also [49,, (t,l)} and 7, (t,A)]* eigenfunctions
are fuzzy at certain intervals see figures.

5. Conclusion

Eigenvalues and eigenfunctions of the fuzzy boundary
problem are introduced and examined by using generalized
Hukuhara differentiability concept. In this problem, the eigen-
value parameter is contained in the boundary condition at b.
So we define lineer operator in fuzzy Hilbert space. To solve
this problem, we use some initial value problems. Then we
give a numerical example.
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